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“Nature doth not that by many things 
which may be done by few ” 

Galileo 




PREFACE 


The discovery and systematic formulation of quantum mechanics 
have opened up the possibility of understanding the inierostructure of 
matter. The years that followed the formulation of the basic laws of 
atomic physics have brought the explanation of the known regularities 
of spectroscopy, chemical-bond formation and metallic conductivity, to 
mention only some of the more important examplc.s. I’A'cn in fields as 
new and remote as nuclear physics and stellar structui’e, quantum 
theory proved to be the prerequisite to progress and under.staniling. 

The purpose of this book is to acquaint the reader with the scope of 
the phenomena that can be explained with the help of quantum me¬ 
chanics. We have tried to accomplish this with a minimum use of 
mathematics. Not even the Schroedinger equation was ponnitted to 
enter the following pages. Nor did we try to reproduce the important 
and beautiful discussions which revolve about the meaning of such 
words as causality and probability or particles and waves. We have 
instead emphasized the qualitative and the practical consequences of 
atomic theory. If in this way we lose in rigor and in depth, we at least 
can offer a broad informal review which will be useful to the chemist 
and may seiwe the physicist as a summary of topics which used to be in 
the forefront of his discipline only one or two decades ago. 

The bulk of this book was witten before the summer of 1941. The 
completion of the manuscript has been greatly delayed by the following 
troubled years which have given the adjective “atomic” a completely 
new meaning. It is significant that the spectacular accomplishments 
of these years produced no change in the basic theory or in the impor¬ 
tant applications described in the following pages. Quantum theory 
and its application to the structure of matter enabled scientists to 
construct the atomic bomb and to predict its behavior. This develop¬ 
ment is not essentially different from the applications of Maxwellian 
theory in electrical engineering or from the development of internal- 
combustion engines on the basis of thermodynamics. In no case did 
these practical applications introduce a major change in the fundamen¬ 
tal scientific concepts. 

In the last year physics is taking a new turn. The latest discoveries 
in the field of cosmic rays and artificially produced high energy particles 
will carry us far beyond the investigation of what we usually call mat- 
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ter. To a future physicist the contents of this book may look as com¬ 
monplace as the simplest facts of Newtonian mechanics seem to us 
now. We hope, however, that the main points will not appear obsolete 
to him. 

The purpose of this book is to serve as an introduction and not as a 
work of reference. \Vc have not quoted the original literature and have 
used names of scientists only where these names had been justly or un¬ 
justly attached to a well-known method or concept. 

We are indebted to Dr. John A. H. Duffie for help in reading the man¬ 
uscript, to Dr. Virginia Griffing, Dr. Lawrence B. Robinson, and Ben¬ 
jamin Sussholz for reviewing the proof, and to Dr. C. Beck for preparing 
Figure 11.11(2). Wealsowish to acknowledge permission received from 
the Office of Alien Property under license JA-1217 to publish Figures 
8.4(2), 8.5(2), 8.7(2), 8.8(1), 8.10(1), and 8.10(2), all of which are taken 
from Sirukturhericht, published by Akademische Vcrlagsgesellschaft, 
Leipzig. Finally, we wish to thank the Very Reverend James Marshall 
Campbell, professor of Greek in the Catliolic University, without whose 
help this book could not have been ended. 

Fuancis Owen Rice 
Edward Teller 
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1 . INTRODUCTION 


1.1 USE OF MATHEMATICS At present, atomic ph 3 'sical tiieorv 
in principle enables us to calculate all of the chemical and most of the 
physical properties of matter and thus makes the science of experimental 
chemistry superfluous. If, however, we consider things from an eco¬ 
nomic point of view, the human labor that must go into such calcula¬ 
tions is far greater than that which would be required to make the ex¬ 
perimental study. The situation at present is this: To calculate the 
properties of the hydrogen atom is quite easy, in fact, much easier than 
to investigate the hydrogen atom experimentally. For the h^'drogen 
molecule and the helium atom, the theoretical attack becomes more 
difficult and is perhaps about as difficult as the experiments; for atoms 
and molecules containing more than two electrons, exact calculations 
become so rapidly more and more difficult with increasing numbers of 
electrons that we cannot hope that the mathematical problems involved 
will ever be rigorously solved for more than a few, if any, examples. 

Of course, semiempirical calculations may prove to be useful, but as 
a general rule we feel that, since such calculations are from a mathe¬ 
matical point of view rather unsatisfactory, it is best if they contain a 
high percentage of empiricism and a low percentage of calculation. 
Thus we must be satisfied with a roughly approximate treatment which 
serves as a series of pictures that go along with experimental science, 
and it would be too much to say that they serve even as a guide. 

In the following pages we summarize those conclusions of atomic 
theory which are frequently used in quantum chemistry; no detailed 
proofs, either experimental or mathematical, are given, but only the 
general arguments are indicated. 

1.2 NUCLEAR ATOM The fact that matter is practically trans¬ 
parent if bombarded with alpha particles led Rutherford to his nuclear 
atom; this model has since been substantiated in all its main features. 

According to Rutherford’s model, an atom consists of a nucleus and 
one or more electrons. The nucleus carries most of the mass of the 
atom; it is positively charged, its charge being a multiple of the quan- 

1 
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turn of charAC, 4.80 X 10 K.S.U.* Nuclei of different atomic species 

fairy different diaries: nuclei of isotopes have the same charge but 
dilh'r in their mass. The radius of the nuclei is of the order of cm.; 

that is, it is 10.000 times smaller than the average atomic radius. 

In contrast to the different kind.s of nuclei, all electrons obtained from 
any atom or any other form of matter have identical basic properties. 
The mass of an electron is very small, 1/1840 times the mass of the 
hydrogen atom. The electron carries a negative charge of the magnitude 
of the quantum of electricity, 4.80 X 10-'“E.S.U. The number of elec¬ 
trons in an atom is characteristic of the atomic species and is equal to 
the number of positive charges carried by the nucleus, so that the atom 
is electrically neutral. Even a slight variation of this electrical balance 
m the atom would give rise to noticeable macroscopic electrical effects, 
and we therefore know that this electrical balance—and probably also 
the values of the individual electrical charges—must be maintained 
with extremely high accuracy. 

The intrinsic size and even the meaning of the radius of an electron 
are still much under debate; a value frequently given is 2.8 X 10“*^ cm. 
It is certain, however, that for the purpose of chemical processes we can 
treat both the electrons and the nuclei as mathematical points. 

1.3 QUANTUM THEORY In the early atomic picture of Ruther¬ 
ford, the electrons were supposed to rotate around the nucleus in a way 
analogous to the motion of the planets around the sun. This picture 
has now been abandoned, because it led to two difficulties. The first 
arose from the fact that the electrons rotating around the nucleus would 
continuously emit electromagnetic waves (either ultraviolet light or 
X rays) and would thus lose energy, finally falling into the nucleus. The 
other arose from the fact that equipartition of kinetic energy among all 
degrees of freedom of a mechanical system would require that the elec¬ 
trons contribute to the observed specific heats, which, for instance for 
a monatomic gas, is evidently not the case. 

These difficulties led to the formulation of the quantum theory. The 
first step toward the new theory of atomic structure was made by Bohr, 
who postulated that atoms exist in stable states \vith definite energy. 
Transitions between these states may occur, accompanied by emission 

° frequency of radiation being connected 

with thejinergy difference between the two states by the relation 

f roA t^n -27 ^ universal constant whose magnitude is 

6.026 X 10 g.-cm. -sec. It was introduced into physics by Planck 


* Electrostatic units. 
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in 1900 in the course of a study of the laws of black-body radiation, or, 
as we may say, in connection with the specific heat of a vacuum. 

One immediate verification of Bohr’s postulate is the sharpness of 
spectral lines emitted or absorbed by atoms, corresponding to the 
sharply defined energy values which atoms possess. 

The lowest state of any atom is called the fundamental state; all 
others are excited states. Excitation—that is, a transition to an excited 
state—may occur through a violent impact, as well as through absorp¬ 
tion of light of appropriate frequency. As a rule, the energy difference 
between the fundamental state and the lowest or first excited state of 
an atom is about 100 times greater than the temperature energy kT, so 
that in temperature equilibrium one atom in every or 10“*^ will be 
excited; thus the electronic contribution to specific heat is negligible. 
For a very large class of phenomena, we shall be dealing with atoms in 
the fundamental state. 

1.4 QUANTUM MECHANICS The postulates of Bohr and the 
empirical laws of spectroscopy and atomic physics were finally, about 
1926, welded (de Broglie, Heisenberg, Schroedinger, and Dirac) into a 
finished discipline called quantum mechanics. The most striking 
demonstration of quantum mechanics is the electron-interference experi¬ 
ment first performed by Davisson and Germer. Electrons deflected 
from crystals give rise to interference patterns similar to those obtained 
in X-ray crystal analysis; this indicates that electrons—like X rays— 
must have wave properties. However, it is impossible to relinquish the 
idea that electrons are particles. 

Interference experiments have also been performed using protons, 
that is, nuclei of hydrogen atoms, helium atoms, and hydrogen mole¬ 
cules. There is no doubt that only practical difficulties prevent us from 
demonstrating the wave nature of bigger particles. It becomes neces¬ 
sary to reconcile the particle and the wave picture as describing one 
and the same thing. This is done by quantum mechanics. 

According to quantum mechanics, an electron is described by a func¬ 
tion called the wave function which is capable of having both positive 
and negative values (sometimes even complex values must be intro¬ 
duced); the square of the absolute value of the wave function integrated 
over a certain part of space gives the probability of finding the electron 
within that part of space. The wave function of a free electron moving 
with a definite momentum p is a simple sine or cosine function (or, more 
accurately, The wavelength X and the momentum are con¬ 

nected by de Broglie’s relation p = h/\, where h is Planck’s constant. 
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The momentum is perpendicular to the wave front; we see that a small 
wavelength corresponds to a great value of the momentum. 

An electron inside an atom will be described by a wave function, the 
square of which at a definite point is proportional to the probability of 
finding the electron at that point. Thus the original picture of electron 
orbits within the atom is replaced by a more uniform structure in space 
which can be considered as filling the whole atomic volume, in spite of 
the fact that the electron, when considered as a particle, is small com¬ 
pared with the atom. 

1.5 UNCERTAINTY PRINCIPLE We have seen that by use of the 
wave function describing an atom we can make statements about the 
probability of the positions of an electron. It is also possible to fix the 
position with any desired accuracy. The electron would actually have 
a sharply defined position after a measurement had been carried out 
designed to find the position. But such a state will not correspond to 
the lowest or fundamental state of the atom. Even if we start from 
the fundamental state and carry out a determination of the position of 
the electron, the measurement itself will perturb the system to be meas¬ 
ured, and at the end of the experiment we will have an electron with a 
definite position but with an energy much greater than that of the 
fundamental state. 

In general, any physical quantity such as position, momentum, or 
energy can be measured according to quantum mechanics with an 
arbitrary accuracy, but, when one such quantity has been measured, 
frequently only probability statements can be made about the simul¬ 
taneous magnitude of another quantity. This is the essential content 
of the uncertainty principle. The uncertainty principle is not due to 
an incompleteness of the theory; in fact, interference experiments show 
that an electron is not a particle, but a wave; scintillation or Wilson 
chamber experiments show that the electron is not a wave, but a parti¬ 
cle; this direct contradiction can be avoided only if it is supposed that 
the physical quantities involved cannot all be measured simultaneously 
with an arbitrary accuracy, but an uncertainty exists which prevents us 
from following the processes into their minute details. 

The method of quantum mechanics is to use both particle and wave 
pictures in describing one and the same physical entity, for example 
the electron; to limit the applicability of these pictures with the help of 
the uncertainty principle; and to correlate by probability statements 
the results of mathematical theory with experiment. The relation be¬ 
tween particle picture and wave picture, both necessary in some cases 
yet mutually exclusive, is called complementarity. 
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The simplest formulation of the uncertainty principle is as follows: 
if the X co-ordinate of a particle is measured with an accuracy Ax, and 
if the X component of the momentum of this particle is measured at 
the same time with an accuracy Ap^, then the product of these two 
uncertainties cannot be smaller than h/^ir. We cannot localize an elec¬ 
tron without giving to it, with a certain probability, a rather high 
momentum. This can be seen in a qualitative way. If an electron is 
localized and if, therefore, its wave function becomes zero outside of a 
small region, its properties will become analogous to those of a wave of 
short wavelength, and therefore, according to do Broglie’s relation 
p =» h/\, a high momentum vill be obtained. 

1.6 CORRESPONDENCE PRINCIPLE It is undoubtedly true 
that no theory can provide us wdth exact information simultaneously 
about all the quantities of classical physics, since that would lead us 
into the wave-particle contradiction. One may be tempted, however, 
to discard both the wave and the particle picture and try to construct 
an atomic theory which permits exact determination of all quantities 
appearing in it. Such a plan would be all the more hopeful of attain¬ 
ment since the mathematical apparatus of quantum mechanics is com¬ 
plete and, of course, free from contradictions. However, an atomic 
theory of this nature would start from concepts having no immediate 
equivalent in our everyday experience; it would seem that in trying to 
explain the meaning of such an abstract theory one would run into all 
the difficulties avoided by formulating it. In addition, such a repre¬ 
sentation would fail to emphasize properly an important part of quan¬ 
tum mechanics, the correspondence principle. Tliis principle states 
that for certain limiting cases the laws of quantum theory converge 
toward and finally become identical with the laws of classical mechanics. 

In a loose way, this principle may be stated by saying that classical 
laws will be approached for the limiting case of high quantum numbers. 
A more rigorous formulation can be obtained in the following way. As 
a general rule, quantum transitions take place between states with dif¬ 
ferent physical properties. This constitutes a difference between classi¬ 
cal and quantum theory, since a transition in quantum theory corre¬ 
sponds to a process in classical theory, and a process in classical theory 
is connected wth one definite set and not with two sets of physical 
conditions. Now, if we are in a region in which, for all transitions 
occurring with a considerable probability, the per cent change of physi¬ 
cal properties between the initial and final states is small, the laws of 
quantum mechanics approach, according to the correspondence princi¬ 
ple, the laws of classical mechanics. 
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For the limiting case thus obtained the quantum and classical laws 
must show a one-to-one correspondence; hence the name correspondence 
principle. Historically, this principle Avas postulated by Bohr, and used 
by him most successfully to obtain the quantum laws for the high- 
quantum number region and to extrapolate them into the low-quantum 
number region. 

Even now, though the quantum laws are represented by a finished 
formalism, the correspondence principle may be used to understand 
and visualize the laws that otherwise appear to be a mere set of formal 
statements. Any attempt to divorce quantum theory from the classical 
picture of particles and waves w’ould destroy the significance of the 
correspondence principle and thus lead us into a field w’here one is not 
allowed to use the words in w'hich our everyday thinking and experience 
is expressed. We do not believe that a theory is possible which in its 
final analysis is not based on these w’ords and, therefore, on classical 
physics and common sense. 



2. THE HYDROGEN ATOM 


2,1 THE FUNDAMENTAL STATE One immediate use to which 
we may put the uncertainty principle is to estimate the binding energy 
of the electron in the hydrogen atom. The energy of the electron can 
be written 

^ = Epot + Ejtm =-h ^ 2.1(1) 

r 2ni 


where e is the charge on the proton, r is the distance of the electron from 
the proton, p is the momentum of the electron, and m is its mass. Evi¬ 
dently, the lowest total energy will be obtained if we substitute for both 
r and p as small values as possible; according to the uncertainty relation, 
however, one has ArAp ^ h/2v, and of course the average values of the 
distance from the nucleus f and the magnitude of the momentum p 
cannot be smaller than Ar and Ap, respectively. Therefore, we have for 
the smallest possible average value, f X p h/2w. Eliminating p and 
substituting in the expression for the energy, we have 





2 . 1 ( 2 ) 


If we differentiate the right-hand side, we obtain an expression which 
vanishes at a value of f = f„i_ for which E assumes its minimum. 








= 0.53 X 10“® cm. = 0.53 A, 


2.1(3) 


and we obtain 




2ir^me^ 

~ 1 ^ 


= —13.5 electron volts 


2.1(4) 


The latter value agrees with the ionization energy of the hydrogen atom. 
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The artual wave function or proper function of the fundamental 
stale of the liydiogen atom is given by 


xf/ = Ce ’■‘"In 2.1(5) 

wliere f,,,;,, is the quantity defined in equation 2.1(3), and the constant 
C, called the normalization factor, must be adjusted in such a manner 
that the integral of 4^^ over the whole of space is equal to unity. This 
must be so since 4'^ doj is the probability of finding the electron within 

the volume element do}, and J'4'^do} integrated over the whole space 

signifies the probability that the electron is anywhere in space. It 
may also be seen that gives a measure of the extension of the wave 
function around the nucleus. 

It will be noticed that the wave function for the fundamental state of 
the hydrogen atom depends only on the distance between the electron 
and the nucleus—that is, the hydrogen atom in its fundamental state is 
spherically symmetrical; such spherically S3mimetrical wave functions 
are called s functions, and for such cases it is said that an electron is in 
an s state; 5 functions have a considerable importance in chemical 
physics. The wave function of an electron in the state of lowest energy 
is always an s function; it is frequently denoted by the symbol (Is). 


2.2 FIRST EXCITED STATE The energy of the first excited state 
of the hydrogen atom is 


1 27r^me^ 
4 


2 . 2 ( 1 ) 


that is, one quarter of the energy of the fundamental state. Four dif¬ 
ferent wave functions belong to this energy. In other words, we have 
in reality four states of the hydrogen atom which happen to have the 
same energy. The four wave functions are 



Here x, y, and z are the x, y, and z components of the vector drawn from 
the nucleus to the electron. These four wave functions should be mul¬ 
tiplied by normalization factors, making the integral of the square equal 
to unity. We shall refer to the functions 2.2(2) occasionally as (2a:), 

(2y), ( 22 ), and (2s), the last function being spherically symmetrical and 
therefore an s function. 



ORTHOGONALITY 


9 


2.3 DEGENERATE STATES. SUPERPOSITION OF WAVE 
FUNCTIONS If more than one wave function belongs to one energy, 
we talk about a degenerate state, and each of the wave functions is 
called degenerate. According to one of the fundamental nile.s of quan¬ 
tum mechanics any number of new wave functions can be constructed 
^^^th the help of a set of degenerate functions. In fact, we may muitiply 
the wave functions by arbitrary constants and add them, and a new 
correct wave function is obtained.* One may also say that the wave 
functions have been superposed with arbitrary amiiiitudes. It must be 
kept in mind, however, that, for the kind of wave functions with which 
we are dealing here, superposition is permissible only if the wave func¬ 
tions belong to states of equal energy. 

It IS of interest to perform this superposition for one special case. 
Let us suppose that we have a direction in space which includes the 
angles a, y, with the three co-ordinates used in ccjuation 2.2(2), and 
let us call the co-ordinate measured along this new direction We 
now multiply the first three functions of 2.2(2) by cos a, cos (3, cosy, 
respectively, add, and obtain 


(x cos a y cos Q z cos y)e $ e 2 3(1) 

This removes one objection which could have been raised against the 
original wave functions which we have given for the first excited state. 
There it seemed that preference had been given to the x, y, and z co¬ 
ordinates, a preference about which nature must be ignorant. We now 
see that by superposition a new function can be obtained in which the 
co-ordinate measured along an arbitrary direction has the same sig¬ 
nificance as the original x, y, or x co-ordinates. It may appear unjus¬ 
tified at this stage that we have given four wave functions for the first 
excited state of hydrogen, while an indefinite number exist. This in¬ 
definite number can, however, be obtained from the original four with 
the help of superposition, whereas these four functions are independent, 
since none of them can be written as a superposition of the other three! 

We say, therefore, that the first excited state of hydrogen is fourfold 
degenerate. 


P^™'^*^9^ALITY If we have a set of degenerate functions, 
It wiU be a question of practical importance to find out whether they are 
mdependent of each other, or whether one of them can be obtained from 


appropriate normalization con- 
sUnt in order to make the integral of ita square equal to unity. The procedure of 

normahzatjon may however, be omitted U one ia not intercLd in the ab^Tute 

values of the probabibties of finding electrons in different volume elements. 
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tho others by superposition. The criterion frequently used to verify 
the independence of the functions is called orthogonality. Two func¬ 
tions and yf'k called orthogonal if they satisfy the relation, * 



2.4(1) 


where the integration is extended over the whole of space. It can be 
shown that a set of wave functions is independent if they are all mutu¬ 
ally orthogonal. The four wave functions, 2.2(2), have actually been 
chosen so as to fulfill this requirement. The concept of orthogonality 
gains in importance particularly since quantum mechanics shows that 
two wave functions belonging to two states of different energies are 
always orthogonal; thus it can be verified that any of the four wave 
functions of the first excited state, when multiplied by the wave func¬ 
tion of the normal state and integrated, gives zero. This fact can be 
utilized to get roughly qualitative information about proper functions, 
even where the mathematical problem of calculating them is practically 
insoluble. 


2.5 NECESSARY AND ACCIDENTAL DEGENERACY The 
four proper functions belonging to the first excited state of the hydrogen 
atom may be subdivided into two groups: {2x), {2y), and (2z) belong to 
the first group, and (2s) belongs to the second group. The last proper 
function is spherically symmetrical just as is the proper function of the 
fundamental state. 

The three proper functions of the first group on the other hand are 
not spherically sj^mmetrical; if rotations are pex'foiTned, they will not 
remain unchanged but will rather transform into superpositions of each 
other. It may be seen immediately for a rotation which brings the x axis 

r 

into the new position that the function ze will transform into 

r 

fe which, as has been shown, is a superposition of the three func¬ 
tions of the first group. Evidently wave functions which differ from 
each other by a mere rotation cannot differ in the energy belonging to 
them. Therefore, the degeneracy of these thj’ee states ^\'ill be called 
necessary, arising as it does from the spherical symmetry of our prob¬ 
lem. The degeneracy between the w'ave functions of the first group 
(that is, (2a;), (2y), and ( 22 )) and the wave function of the second group, 
(2s), is on the other hand called an accidental degeneracy since no rota- 

* For complex functions the orthogonality relation is = 0 where 

is the conjugate complex of 
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tion or symmetry operation can be devised which transforms the first 
kind of wave function into the second. 

Accidental degeneracy is a misnomer to the extent that there is a very 
good reason for that degeneracy in the mathematical properties of the 
coulomb potential acting between the electron and the nucleus. The 
word accidental simply signifies that the degeneracy is not a conse¬ 
quence of the symmetry of our problem. The difference between the 
two kinds of degeneracy may become clear if we modify the force acting 
between the electron and the nucleus as far as its dependence on the dis¬ 
tance is concerned while still assuming that the forces are radial and 
spherically symmetrical. Then the degeneracy of the three proper 
functions of the first group would be maintained while the s function 
of the second group would now have an energy different from that of 
the other three. 

2.6 THE p STATE The first group consisting of the three necessarily 
degenerate functions is an example of what is called the p proper func¬ 
tions or the p state. The p state is characterized by the behavior of the 
proper functions with regard to rotations. It may be remembered that 
an s proper function does not change if rotations are performed. The 
three p proper functions change if one performs a rotation in the same 
way in which the x, y, and 2 components of a vector change if the vector 
is subjected to a rotation. Thus the proper function, 


2 . 6 ( 1 ) 

is expressed by the three proper functions, 

- «• r r _^ 

2 ?inia = cos a-|-ye cos/3-f ze ^^“‘“cosy 2 .6(2) 

in the same way in which the unit vector pointing in the ^ direction 
lu is expressed by the three unit vectors, x^, i/u and 

= Xu cos a + cos ^ -H 2„ cos 7 2.6(3) 

The p functions as well as the s functions have a great importance in 
chemical physics. The common notation for the three wave functions 
(2i), (2y), and (2z) is (2p). The notation (2p) may stand for any of the 
three functions or for any superposition of them. 

2.7 HIGHER EXCITED STATES The energies of the higher 
excited states of the hydrogen atom can be summarized in the formula, 

^ 1 2Tr^me* 


2.7(1) 
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For n = 1, one obtains the energy of the fundamental state; for n = 2, 
the energy of the first excited state; for n = 3, and so on, the energies 
of the higher excited states. Subtracting such energies from each other 
and di\nding by h gives the frequencies observed in the hydrogen spec¬ 
trum. 

The second excited state {n = 3) is ninefold degenerate. Of the nine 
proper functions belonging to it, one will be spherically symmetrical 
and will be an s state. Three of them will be p proper functions having 
similar angular dependence and transforming under rotation in a way 
similar to that of the p functions of the first excited state. The remain¬ 
ing five will form a further gi’oup; they belong to a d state. The three 
proper functions of the p state are necessarily degenerate; the same holds 
for the five proper functions of the d state. However the degeneracy 
among the s, p, and d groups of states is accidental. The notations used 
for these proper functions are (3s), (3p), and (3d). 

The states belonging to n = 4 are 16-fold degenerate, being sub¬ 
divided into a spherically symmetrical s function, three p functions, 
five d functions, and seven / functions. 

In general, the degeneracy of the nth state is n^-fold and is subdivided 
into groups of necessarily degenerate states starting vnth. one s, three p, 
and five d states. 

2.8 THE ANGULAR MOMENTUM The angular dependence of a 
Is, an appropriate 2p, an appropriate 3d, and an appropriate 4/ function 
are pictured in Figure 2.8(1) which indicates the behavior of the respec¬ 
tive wave functions in a plane. In the areas shaded vertically, the wave 
function is positive; in the areas shaded horizontally, it is negative; and, 
on the lines passing through the center, the wave function vanishes. 
We shall consider a path around the center as indicated in the figure by 
the circle and the arrow. The length of the path indicated by the circle 
will be 27rr, r being the radius of the circle. In following the path along 
the circle we will find changes of the wave function similar to those in a 
plane wave. In the s function there is no change at all; this means that 
the wavelength along the circle may be considered infinite, and there is 
no momentum along the circumference; thus the angular momentum is 
zero. In the p state one maximum and one minimum wall be found in 
completing a circuit. Therefore 27rr will be the wavelength, h/2i7r the 

momentum (section 1.4), and r—— = — the angular momentum. In 

27it 27r 

the d state two crests and two troughs of the wave are found in complet¬ 
ing the circle so that the wavelength is 27rr/2, the momentum 2h/2‘!rr, 
and the angular momentum 2h/2ir. In a similar way we find three 



GRAPHICAL REPRESENTATIONS OF H STATES 13 

waves on the circumference for the f function and Sk/2Tr for the cor¬ 
responding angular momentum. 

The reason for the p, d, and f degeneracies as well as for the spherical 
symmetry of the 5 function is the spherical symmetry of the field in 
which the electron is moving. On the other hand we see that the 
quantity in classical physics characteristic of the p, d, etc., orbits is 





Fia. 2.8(1). Angular dependence of wave functions. Areas shaded vertically indi¬ 
cate positive values of the wave function, and horizontal shading corresponds to 
negative values. The magnitude of the wave function is not indicated. 

the angular momentum; the angular momentum of a particle remains 
constant during its motion only as long as the field has spherical sym¬ 
metry, and only in such cases is it of particular • usefulness in classical 
physics. 


2.9 GRAPHICAL REPRESENTATIONS OF H STATES Fic- 
urra 2.9(1) and 2.9(2) show the wave functions of the hydrogen atom 
^longmg to the three lowest energy levels. As in the previous figure 
the amplitude of the wave function is not indicated. Horizontal shad- 


• Part of this usefulness is retained in fields of cylindrical 
discussed m connection with diatomic molecules. 


symmetry. 


This ia 
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ing again corresponds to negative values of the wave function and ver¬ 
tical shading to positive values. Full lines and circles show the position 
of nodes in the actual three-dimensional model; nodes correspond to 
surfaces on which the \J/ function vanishes. In Figures 2.9(1) and 2.9(2) 





Fia. 2.9(1). Sketch of wave functions of the hydrogen atom. Vertical and horizontal 
shading correspond to positive and negative values of the wave function. The ampli¬ 
tudes of the wave functions are not indicated. On the bottom of each sketch the 
value of the wave function is plotted against the distance from the nucleus. 


the intersection of these surfaces with the plane of the drawing is shown. 

The three-dimensional model of the Is, 2s, and 3s functions can be 
readily visualized with the help of the drawing since these functions 
are spherically symmetrical. The nodes that appear as circles in the 
drawings for 2s and 3s are of course spherical. They correspond to 
momenta perpendicular to the spheres, that is, to a radial motion. It is 
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more difficult to visualize the other functions in space. Of the three 2p 
functions, only one has been drawn. 


which has a plane node perpendicu¬ 
lar to the plane of the figure. The 
spatial dependence may be easily 
visualized since the wave function 
has cylindrical symmetry around an 
axis passing through the nucleus 
and perpendicular to the node. 

A second 2p function could be ob¬ 
tained by rotating the figure in the 
plane of the paper by 90“; the third 
2p function would have its node in 
the plane of the paper and cannot 
therefore be shown. 

The 2p functions with nodes per¬ 
pendicular to the plane of the paper 
correspond to rotations of the elec¬ 
tron parallel to the plane of the 
paper. That there are two such 
functions corresponds to the two 
possibilities of clockwise and coun¬ 
terclockwise motion.* The 2p func¬ 
tion with the node in the plane of 
the paper represents a rotation of 
the electron perpendicular to the 
plane of the paper. 

Of the three 3p wave functions, 
again only one is represented in the 
drawing. The other two can be ob¬ 
tained similarly as \vith the 2p wave 
functions. The main difference be¬ 
tween the 2p and 3p wave functions 
is that in the latter a spherical 
node is present which appears in 
the drawing as a circle. 

•Tho wave function that would cor¬ 
respond to tho clockwise motion may bo 
obtained by multiplying one of the two 
wave functions with * and adding it to 
tho other. Tho counterclockwise motion 
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Fio. 2.9(2). Sketch of wave functions 
of the hydrogen atom. Vertical and 
horizontal shading correspond to posi¬ 
tive and negative values of the wave 
function. The amplitudes of the wave 
functions are not indicated. On the 
bottom of each sketch the value of the 
wave function is plotted against the dis¬ 
tance from the nucleus. 


IB represented by a similar sum using —t, Comolcx wavp i 

necessary if tho direction of motion is to be ^ 
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Of tlie five 3d functions only one has been dra^\^l, the nodes of which 
are perpendicular to the plane of the paper. A second 3d function may 
1)0 ul)taiiied by rotating the drawing in the plane of the paper by 45®. 
Tliese two wave functions correspond to rotation of the electron (clock¬ 
wise and counterclockwise) parallel to the plane of the paper. The re¬ 
maining three 3d functions have more complicated nodes some of which 
form cones around an axis perpendicular to the plane of the paper. The 
easiest way to visualize the spatial dependence of d functions is with 
the help of mathematical formulas. 

The wave functions describing the state of an electron in a spherically 
symmetrical field may be written as a product, one factor depending 
only on the distance of the electron from the center, the second factor 
depending only on the angles. The first factor, describing the radial 
dependence, is sho\\Ti for the wave functions of the hydrogen atom by 
the curves appearing at the bottom of the figures. 

2.10 TIME-DEPENDENT WAVE FUNCTION The interpreta¬ 
tion of the wave functions already given will become more complete if 
we include the dependence on time. This may be done by multiplying 
each of the wave functions by where may be called the electronic 
frequency and is equal to the energy of the electron in the quantum 
state under consideration divided by h. 


E 



Though it is not possible here to give the derivation of the complex 
factor we have just introduced, we shall point out the main consequences 
of its inclusion and also its usefulness. 

is a periodic function with the frequency in the same way as 
cos 2Trvet or sin 2irvet (in fact = cos 2iTVtt + i sin 2Trvet). The perio¬ 
dicity of the time factor is important in many ways, as, for instance, in 
picturing the process of oscillation 'wdthin the atom and the connected 
phenomenon of the emission of light. However neither cos 2iruet nor 
sin 2irvet would be an appropriate function, since each vanishes at cer¬ 
tain times causing the wave function to become equal to zero simultane¬ 
ously everywhere at such times; no physical interpretation of such a 
function could be given, and it has, therefore, to be excluded. 

The function on the other hand, has the property that the square 
of its absolute value (which according to an earlier interpretation gives 
the probability function for the electron) remains constant and more¬ 
over is always equal to unity. Thus multipl 3 dng the wave function of 
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a stationary state with this factor will not change the probability dis- 
tnbution at all. This means that the spread of the electron function in 
a state by no means corresponds to the motion of an electron in that 
state but merely to the fact that the position of an electron is uncertain 
if its energy (that is, the energy of the stationary state) is given. 

2.11 SUPERPOSITION OF TIME-DEPENDENT FUNCTIONS 
We have stated that the original time-independent wave functions can 




Pio. 2.11(1). Sketch of Is and 2p 
Wave functionfi. Vertical and hori¬ 
zontal shadiogs correspond to positive 
and negative values of the wave func¬ 
tion. The amplitudes of the wave 
functions arc not indicated. 



Fio. 2.11(2). Sketch of superposition 
of Is and 2p wave functions. (Is) H- 
(2p). Vertical and horizontal shadings 
correspond to positive and negative 
values of the wave function. The elec¬ 
tron is found with greater probability 
on the right of the nucleus shown by the 
solid circle. The probability is low near 
the node indicated by the solid curve. 


be superposed (that is, multiplied by appropriate coefficients and added) 
only if the wave functions to be superposed belong to the same energy. 
On the other hand, any two time-dependent functions can be super¬ 
posed. It wll be of interest to investigate the consequences of such 
superposition in a specific example. 

We will consider the function, 

^ ^ A 4-^26 * 2.11(1) 

where E' and E" are the energies of the fundamental and the first 
excited states of the hydrogen atom, respectively, and v'e and »«"* are 



IS 


THE HYDROGEN ATOM 


the corresponding frequencies E'/h and E"/h. We take for the 
wave function of the fundamental state and for \l /2 the fii'st of the four 
wave functions of the first excited state, equation 2.2(2). For the time 
f = 0 the complex exponential factors will become one, and the time- 
dependent function will reduce to + 1 ^ 2 - If we represent and V '2 
by drawings [see Figure 2.11(1)] similar to those given in Figure 2.9(1) 
where vertical and horizontal shading correspond to positive and neg¬ 
ative values, then + ^2 will be represented by Figure 2.11(2). On 



Fio. 2.11(3). Sketch of superposition of (Is) and (2p) wave functions. (Is) — (2p). 
Vertical and horizontal shadings correspond to positive and negative values of the 
wave function. The electron is found with greater probability on the left of th.; 
nucleus shown by the solid circle. The probability is low near the node indi¬ 
cated by the solid curve. 


the right-hand side of the figure the positive values of and ^2 have 
re-enforced each other so that now in this region the function + ^2 
is the biggest. On the left-hand side of the figure ^1 and ^2 tend to 
cancel each other, and on this side H- ^2 has small—partly positive 
and partly negative—values. On this side too is found the line along 
which the function vanishes, that is, the node. 

Let us now consider the original time-dependent function 2.11(1) 


1 


after the time t = - 


2E" -E 


- has passed. 


The wave function can be 


written 


i2TE"t i2r(E"-E')l 

= e (^1 -f ^26 * ) 


i2»E't i2rE't 

= C (^i+^2 c‘') = e ^ {^i-i' 2 ) 2.11(3) 


where use has been made of the fact that e*' = —1. Apart from the 

i2rB’t 

factor e * which does not affect probabiliti^, the wave function will 
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be pictured as in Figure 2.11(3). It is now on the left-hand side of the 
picture that and t /'2 re-enforce each other, and therefore the main 
probability of finding the electron will be on that side. 

It is easy to see that after a further period of i ^ ^ ^ the Avave 

function and with it the probability distribution will shift back to its 
original value whicji it had at t = 0; thus the fre<iucncies in the two 

electronic states produce beats with the total period --- or the 


E" - E' 


frequency 


E" - E' 


It may be seen that, although an electron does not “move” in a 
stationary state, motion can be readily produced as soon as an electron 
is in a superposition of two stationary states. In this case however we 
can make only probability statements as to the energy of the electron. 

E" — E' 

It seems very tempting to identify the frequency-of the elec- 

h 


tronic motion with the frequency of the light emitted or absorbed. But 
we must not consider emission or absorption of light as a consequence 
of this electron oscillation, but rather as a phenomenon corresponding 
to it. Otherwise, we would obtain the result that a hydrogen atom 
which at the moment is with certainty in the first excited state does not 
move, does not oscillate, and does not emit light. 
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3.1 ELECTRONS OF THE K SHELL As preparation for treating 
atoms heavier than hydrogen we will consider a single electron moving 
around a nucleus, the charge of which is equal to Z times the elementary 
charge. The total energy of such an electron will then be 

ZC^ p2 

E = Epot + -Skin =-1" — 3.1(1) 

r 2m 


This is the same formula that was obtained for the hydrogen atom with 
the exception that in the potential energy has been replaced by 
A similar reasoning to that used for the hydrogen atom yields 


4:ir^mZe^ 


3.1(2) 


and 


Emin ~ 


2ir^mZ^e* 

1? 


3.1(3) 


The last formula shows that with increasing Z the energy necessary to 
tear the electron away from the nucleus increases rapidly. Thus for 
fluorine this energy exceeds 1000 volts, and for the heaviest elements it 
will exceed 100,000 volts. In fact, spectra sho\ving a certain similarity 
to the hydrogen spectra have been observed for all elements; however, 
according to the relation E = hv, the frequencies soon become very 
great and shift into the X-ray region. Study of the X-ray spectra has 
proved to be the most reliable method of ascertaining the nuclear 
charge Z and with it the atomic number. 

According to formula 3.1(2), a decrease of the radius of the electron 
orbit wll accompany the increase of binding energy. Thus we might be 
led to the conclusion that atomic radii decrease as 1/Z wdth increasing. 
nuclear charge Z, whereas actually the atomic radius tends to increase 
slowly wth increasing atomic number. 

We might suspect that this disagreement betw'een theory and experi¬ 
ence might disappear if the repulsion between electrons is taken into 
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account. It can be sho\Mi, however, that the average repulsion between 
Z unit charges is always considerably outweighed by the attraction of 
these charges by the Z-fold charge of the nucleus. X-ray spectra more¬ 
over show that the electrons which are cK)se to the nucleus are not 
strongly affected by the other electrons. 

3.2 PAULI PRINCIPLE The difficulties that we have just pointed 
out prove to be by no means superficial. They reappear in somewhat 
varied forms whenever two or more electrons get into close interaction. 
Attempts to resolve the difficulties by application of principles or 
methods of classical or quantum physics proved unsuccessful. 

It was, however, possible to give satisfactory quantitative laws for 
the motion of more than one electron by introducing a new principle 
kno^vn by the name of Pauli’s Exclusion Principle. In its most primi¬ 
tive form this principle states that no two electrons can move in the 
same orbit or can be described by the same wave functions. Thus only 
a limited number of electrons nail be able to move in orbits close to the 
nucleus in a heavy atom; additional electrons occupy orbits of smaller 
binding energy and greater radius. The last electron, and mth it the 
atom as a whole, ^\all require a volume which according to more detailed 
calculations increases slowly \vith the atomic number. 

The “impenetrability” of matter, as manifested by the small com¬ 
pressibility of liquids and solids, can also be regarded as a consequence 
of the Pauli principle. In fact, if two atomic nuclei contained in two 
atoms could approach each other and the electrons around them remain 
undisturbed, the final result would be that the nuclei would coincide, 
and more than one electron originally coining from different atoms 
would be found in the same orbit. The actual repulsion between atoms 
arises from the increase of energy of the electrons in trying to get out 
of each other’s way when the atoms approach. 

For a somewhat more general formulation of the Pauli principle, it is 
necessary to state when two wave functions will be called different so 
that two electrons can be allocated to them without violating the exclu¬ 
sion principle. Of course, if two wave functions differed only slightly 
from each other, that would not suffice to make room for two electrons. 
The formulation of the Pauli principle as given here implies that a 
sufficient condition under which two wave functions are to be counted 
as different is that they belong to different energy levels. As stated in 
section 2.4, two wave functions belonging to different energy levels are 
always orthogonal. The orthogonality of two wave functions further¬ 
more has the necessary consequence that the two wave functions should 
differ strongly from each other. It seems therefore reasonable to use 
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ortliogonality as a criterion that tAvo wave functions are sufficiently 
different to accommodate two electrons. This generalization has actu¬ 
ally proved to be the reasonable mathematical formulation of the Pauli 
prmciplo for the simple case in whicli a definite wave function can be 
assigned to each electron. This will be po.<sible if the motion of each 
electron can l)e con.^idered as procewling independently of the rest of 
the elections as is described in the next paragraph. 

3.3 ELECTRONIC STRUCTURE OF THE LIGHTER ELE- 
MENIS In order to obtain a reasonable approximation for the many 
electron problems and to apply to it the Pauli principle in a simple form, 
we assume that the electrons behave to a certain extent independently 
of each other. By this we do not mean that one electron has no action 
whatsoever on another. We shall rather assume that each electron Avill 
act on another electron with an average force. The independence of 
the electrons merely means that Ave neglect the variation from this 
average force Avhich arises if one considers the force exerted by the first 
electron in each phase of its motion. 

After these simplifying assumptions have been made, it is permissible 
to consider tlie beha\ior of each electron by itself, each electron being 
pictured as moAing in the field of the nucleus and the average field of 
the other electrons. Each electron will be in a state of its OAvn and Avill 

a AA'ave function of its oaati; tliese AA’ave functions 
will be similar to the AA’ave function of the hydrogen atom described in 
the previous chapter. The simplest way in which the Pauli principle 
might be expected to operate would be to put successively into each of 
the hydrogen-like orbits one electron. Thus the loAvest element, hydro¬ 
gen, AA'ould have in its fundamental state one electron in the loAvest, Is, 
state. In the second atom of the periodic system tAvo electrons must be 
present, the first of which Avill be in the Is state, the second of Avhich 
will possess a Avave function similar to those of the firat excited state of 
hydrogen; thus the second electron may be either in the 2s or a 2p state. 
For the third atom of the periodic system, one electron can be in the Is 
state and tA\'o electrons in 2p states or one electron in the Is, one electron 
in the 2s, and one in the 2p state. It may be noticed that more than 
one electron can be put into 2p states, but not more than one electron 
can be put into the 2s state since there are three 2p states but only one 
2s state. Filling up the consecutive states in a similar manner, Ave will 
arrive at the fifth element for AA'hich the Is, 2s, and three 2p states are 
filled. In the sixth element of the periodic system, in addition to these 
states, a second excited state of the hydrogen atom must be filled which 
will be either a 3s, a 3p, or a 3d state. From the second to the fifth ele¬ 
ment, neAv electrons have gone into similar states all corresponding to 
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the first excited state of hydrogen. We arc led therefore to the following 
groups of atoms: Hydrogen corresponding to the l.v state stands hy 
itself; helium, lithium, beryllium, and boron form a second group with 
2 s and 2p electrons; a third group is started with carbon. 

This classification has nothing in common with the classification basetl 
on chemical experience. However, chemical facts can be represented 
if a small change is made in the formulation of tlie Pauli i^rinciple. It 
has to be assumed that not one but rather two electrons can occupy the 
same orbit. It may then be seen that the finst two elements, hydrogen 
and helium, will have bs orbits. In the following eight elements from 
lithium to neon the 2.s- and 2p states vill be filled up. Thus we sec that 
the periods of the periodic system emerge. 

3.4 ELECTRONS OF THE L TO 0 SHELLS After all 2.% and 
2p orbits are occupied, we would expect that the nine states, 3.5, 3/j, and 
3d would be filled up next by 18 electrons. Now it is a fact that the 
periodic table contains periods of 18 elements .such as the period from 
potassium up to krypton, but this pericxi does not follow immediately 
on neon as it ought to; rather a period of eight elements from sodium 
to argon is interpolated. 

The reason for this disagreement is that our strict adherence to results 
obtained from hydrogen orbits was an oversimplification. Thus the 2s 
and 2p states are degenerate (that is, they have the same energy) only 
if the electrons move in the coulomb field of the nucleus. Now the 
average field of the other electrons in a heavier atom vdll cause a de¬ 
parture from this simple force law. The potential will be particularly 
low close to the nucleus where its attraction is not shielded by the other 
electrons. Comparing the probability distribution for 2s and 2p elec¬ 
trons or those for the 3s and 3p electrons in Figure 2.9(1), we sec that 
finding an s electron close to the nucleus is more probable than finding 
the corresponding p electron in the same region. This behavior can be 
explained by a classical argument: The p electrons having an angular • 
momentum h/2ir are prevented from coming very close to the attrac¬ 
tion center, since at the distance zero from the center their angular 
momentum would necessarily become zero. The same holds true even 
to a greater degree for the d electrons, and we can see indeed in Fig¬ 
ure 2.9(1) that the Zd electrons stay farther away from the nucleus than 
the 3p electrons. Since the 25 electrons will be found in the region of 
particularly low potential energy with a probability greater than that 
of the 2p electrons, we would expect that the 2s state will bo somewliat 
lower than the 2p state. Therefore the 2s state (lithium and beryllium) 
will be filled first, and the 2p states will follow from boron to neon. In a 
similar way the 38 electrons will have a lower energy than the 3p elec- 
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trons, and these again will be lower than the Sd electrons. Indeed the 
ditTerence is so great that the 3d electrons have an even higher energy 
than the 4s electrons, thus, in the row from sodium to argon the 3s 
and 3p states wall be fille<l; in the following period from potassium to 

2 _ krypton the 4s, 3d, and 4p states v-ill be occu- 

- pied by 18 electrons. From rubidium to 

_ xenon 18 more electrons wiW fill the Ss, 4d, and 

5p states; from caesium to radon 32 electrons 
- mil appear in the 6s, 5d, 4/, and 6p states. 

If several close-lying levels are available 
for the next electron, it becomes a rather 
complicated problem to decide what the 
actual electronic configuration will be. These 
difficulties are discussed in the following 
paragraphs. 

I If for a certain element it is knoum that, 

I ^ histance, the 4s level lies lower than the 

^ 3d level, it is by no means certain that the 

same will hold for the next element in the 
periodic system. The reason for this is that 
in the next element the proportion between 
nuclear charge and the charge of the Is, 2s, 

_ 2p electrons mil have changed, and the 

difference caused in the atomic field will affect 

- the 4s state not quite in the same way as the 

3d state. The general tendency is to restore 

_ natural order of a given pair of levels (for 

instance, 3d lower than 4s) as w'e proceed 
° —Sd'"- toward heavier elements; thus, in the lighter 

Fig. 3.4(1). Energy levels u potassium, the 45 orbit is occupied 

of the mckel atom. although all the 3d states are empty, whereas 
. . the heavier element, copper, one 4s state 

IS still unoccupied although all the 3d states are now filled.- 

compUcation arises from the fact that the d states (and also 
the / states that are bemg filled up in the rare earth elements) are de- 
pnerate. U more than one degenerate electronic state is filled, the 
mterption between the degenerate electrons may give rise to several 
atomc levels of differpt energies which aU belong to the same electronic 
configuration. This, in fact, is not surprising because, for instance, two 
p electrons will mteract in one way if they are in identical orbits and in a 
somewhat different way if their orbits differ in orientation. 

M an example, we may consider the lowest levels of the nickel atom. 
In Figure 3.4(1) the levels are represented by horizontal lines, the ener- 
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TARLE 3.4(1) ('onlinuerl 
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INTERACTION OF ELECTRONS IN APPROACHING ATOMS 

gies of which, in electron volts, appear on the scale at the left-hand side. 
The fii-st column contains the levels which belong to the configuration 
with eight 3rf and two 45 states filled. The lowest level of tlie atom 
belongs to this configuration. However, the levels in the second column 
which belong to states with nine 3d and one in electrons lie only slightly 
higher and, in fact, lie lower on the average than the levels in the fii-st 
column. The level belonging to ten 3d and rio 4.s electrons is given in 
the third column and lies somewhat higher. The flat statement that 
in nickel eight 3d and two 4s electrons are present is .somewhat insuffi¬ 
cient if the electronic configuration of the atom is to serve as the basis 
of the theory of its chemical pi’opcrties. 

The rather intricate interaction between electrons also accounts for 
the fact that not all the levels of one kind need iieccssarilv be filled in 
one atom before some electrons appear in another level. For instance, 
in the rare-earth elements, there is only one 5r/ electron while the 4/ 
levels are gradually being filled up. This would l>e inconsistent with 
the simple picture that in each element either the 5d or the 4/ level 
must be lower, and tiierefore this low'er level must be completely filled 
before any electron can appear in a higher level. 

The main method by which the lowest electron configurations of 
atoms are found is an investigation of their spectra together with the 
spectra of their ions. An analysis of the spectra of course yields only 
the atomic levels and does not lead directly to a statement about the 
electronic configuration to which these levels belong. However, the 
grouping of the levels and their behavior in a magnetic field (Zeeman 
effect) make it possible to find the actual electronic configurations, not 
only in the fundamental state, but also in the excited states. The elec¬ 
tronic configurations of the atoms for the fundamental state.s are showm 
in Table 3.4(1). 

3.5 INTERACTION OF ELECTRONS IN APPROACHING 
ATOMS The scheme that has been given for the periodic system 
suggests that the outermost electrons determine the chemical properties 
of an atom. Thus in all alkali atoms the outermost electron is an 5 elec¬ 
tron, 2s, 35, 45, 55, or Gs, respectively. In fact, it is to be expected that 
in atomic interactiorw those electron orbits should be the important 
ones which touch or may touch the electron orl)it.s of a neighboring atom. 

According to the argument given in connection with the Pauli princi¬ 
ple, there should be a general ten<lency of atoms to repel each other 
since the electrons avoiding each other’s orluts have to get into higher 
states when the atoms approach. If, however, each of the two atoms 
has, apart from closed shells, only one electron, these outermost elec¬ 
trons of the two atoms need not avoid each other, since, as has been 
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.stated, two electrons can be present in any orbit. Thus a repulsion 
need not appear until an electron orbit of one atom touches the inner 
and full shell of the other atom. Other effects to be discussed later will 
cause an attraction as soon as the orbits of the two outermost electrons 
coalesce; this is the formation of a chemical bond. 

In this connection it is interesting to recall a general rule in chemistry. 
Almost all of the ordinary chemical molecules contain an even number 
of electrons; in fact, an orbit occupied by only one electron can accommo¬ 
date a second, which means that the molecule can react easily with its 
own species and cannot be kept as the monomer. 

Even if outside the closed shell there is more than one electron in one 
or both of the approaching atoms, chemical bonds may be formed; thus 
the situation, in which more than two electrons occupy the same orbit, 
may bo avoided without expenditure of energy if electrons of the same 
atom have occupied some but not all levels of a degenerate set of states. 
In this case the electrons of the atom may be able to avoid the orbits of 
the electron of the approaching atom by going over into another one of 
the degenerate set of levels. Even if all such degenerate states are 
filled, another level with only slightly higher energy may be present; 
then the energy needed to lift the electron into this higher state may be 
overcompensated by the energy of bond formation; such is the case 
w'hen the beryllium atom forms a homopolar bond. Here the 2s state 
is occupied by tw^o electrons, and on the approach of another atom one 
electron will be lifted into the slightly higher 2p state; only if consider¬ 
able energy is necessary to lift an electron to a higher state mil the 
repulsion outweigh possible bond formation. This is the case for the 
closed shells of the rare gases. 

3.G HETEROPOLAR BOND We Avill consider a sodium and a 
fluorine atom. In the fluorine, one 2p orbit is unoccupied; in the sodium 
atom, in addition to low’er orbits a 3s orbit is occupied; it might be 
expected that energy is gained if the 3s electron is taken from the sodium 
and put into the 2p orbit of the fluorine. Actually the process just 
described is endothermic rather than exothermic, but only a little 
energy is needed to perform the change. The reason why energy is 
needed rather than evolved is that for purely electrostatic reasons the 
positive sodium ion attracts an electron at a great distance while the 
neutral fluorine does not. At closer approach of the electron, however, 
the fact that in fluorine “a low'er orbit” 2p will be occupied all but 
cancels the difference of the long-range attraction. 

If now the positive sodium ion and the negative fluoride ion approach 
each other, electrostatic energy is gained which is greatly in excess of 
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the energy needed to form these ions out of neutral atoms; thus a 
heteropolar bond is formed. 

The same argument seems to lead to a wrong result if other hetero¬ 
polar bonds, for example, that between sodium and iodine, are con¬ 
sidered. Here the first step would involve a ti’ansfcr of a 3.s- .sodium 
electron into a 5p iodine orbit, that is, into a much highei- state. How¬ 
ever, the corresponding higher nuclear charge of iodine will cause the op 
iodine electron to behave rather .similarly to the 2p fluorine electron, 
resulting in only a slightlj*^ weaker so<lium-iodine bond tlian the sodium- 
fluorine bond. Conversely the caesium-fluorine bond will be stronger 
than the sodium-fluorine bond since it is a little easier to remove the Os 
caesium electron than the 3s sodium electron. 

In Table 3.6(1) the ionization energies of the gaseous alkali atoms are 

TABLE 3.6(1) 

Ionization Enekoies of Gaseous Alkali Atoms 

Atom Li Na K Itb Cs 

Electron Volts 5.4 5.1 4.3 4.2 3.9 

shown, that is, the energies necessary to remove the outermost electron, 
and in Table 3.0(2) the electron affinities of the halogens are given, that 

TABLE 3.6(2) 

Electron Affinities of the Halooen Atoms 

Atom F Cl Br I 

Electron Volts 4.1 3.8 3.6 3.2 

is, the energies gained if an electron is added to the respective neutral 
halogen. It may be seen that the electron transfer in itself is exothermic 
only in the case of caesium fluoride. 

The ionization energies of the alkalis are easily determined from their 
absorption spectra; in fact, below the ionization energy the atom pos¬ 
sesses discrete energy levels as described in section 2.7, whereas above 
the ionization energy the electron that has been tom off may have any 
energy. Thus at frequencies capable of producing ionization, continu¬ 
ous absorption sets in, and the ionization energy may be obtained Avith 
high accuracy by multiplying by k the frequency of the limit of continu¬ 
ous absorption. 

On the other hand, the electron affinities are more difficult to dctcr- 
nune and are less accurately knowm. They are found by a study of the 
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number of negative ions formed under suitable conditions at different 
t<'mperatures. 

The arguments discussed in this section are in their essence much 
older than (luantum theory; however, quantum theory provides the 
possibility of calculating roughly the energies involved and, what is 
more important, of connecting them with other measurable physical 
quantities, for instance, frequencies ajjpearing in spectra. 

37 TRANSITIOX ELEMENTS It may be seen in Table 3.4(1) 
that in certain parts of the periodic system, for example, from scandium 
to nickel, the 3d electrons arc filled in after the 4.s states have been 
occupied. The elements in question show a remarkable similarity; they 
constitute the transition elements. 

Similar phenomena are observed for the groups, yttrium to palladium, 
lanthanum to platinum, and more particularly ^\^thin this group, for 
the rare earth elements from cerium to lutecium. 

The similarity of the transition elements suggests that all the electron 
orbits which lie outermost in space are similar to each other. Thus it 
seems that, for instance, in the iron group, the 3d orbits which are being 
filled up lie farther inside the atom than the 4s orbits. 

This can be understood with the help of a picture taken from classical 
mechanics. The d orbits have the relatively high angular momentum 
2h/2Tr, and therefore the momentum of a d electron must be at least 
2 /^ 1 

-if r is its distance from the nucleus. Toward the exterior of the 

2ir r 

atom the electric potential decreases rapidly, and, since no electron 
must have energy sufficient to escape from the atom, electrons of high 
momentum cannot be found in these outside regions. 

This reasoning leads to the conclusion that high-angular-momentum 
electrons cannot be found in the outermost parts of the atom. 

We shall repeat this reasoning now in a more quantitative manner.* 
An average potential distribution in an atom is sho^^^l in Figure 3.7(1). 
This curve has been obtained by a rough calculation which does not 
show details like the shell structure. The abscissa is the distance from 
the nucleus multiplied by the cube root of the nuclear charge Z, while 
the ordinate is the potential divided by the ^ power of the nuclear 
charge; thus the figure can be used for any atom. However, the approxi¬ 
mations that have been made in arriving at the figure are not valid if 
the potential is small, and therefore application must be limited to the 

* The following results are derived from a simplified atomic model called the 
Thomas-Fcrmi model. 



TRANSITION ELEMENTS 


31 


interior of heavy atoms. The treatment of the angular momentum of 
electrons in the inner shells is one for which the method is appropriate. 
The potential given in Figure 3.7(1), multiplied by the charge, is ecpial 
to the minimum kinetic energy wliioh an electron must po.ssess at that 
point in order to escape from the atom; the kinetic energies (jf the elee- 
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Flo. 3.7(1). Approximate potential disiribulion in an atom as a funclion of the 
distance r from tbe nucleus. The curve i.s roughly valid for all nuclear charge.s Z 

but docs not represent the shell structure. 

trons must be smaller than that kinetic energy. From this wo find a 
maximum momentum that an electron can po.sses.s at each point. 
Multiplying this by r, we obtain the maximum angular momentum that 
an electron can have; this maximum angular momentum divided by 
is plotted in Figure 3.7(2) against tZ^‘, the figure may again be used 
for any atom. It may be seen that the maximum angular momentum 
IS found at a position well in the interior of the atom. It also may be 
seen that this maximum angular momentum increases with so that 
higher angular momenta can be expected in heavier atoms. Multiply- 




32 


THE PERIODIC SYSTEM 


iiig tlic ordinate of the figure by we find that the angular momen¬ 
tum h 2 -k becomes possible for the first time with Z = 1.3, and there¬ 
fore lielium sliould be the atom at which the first p electron occurs. 
►Similarly the first d electron (angular momentum 2/?/27r) should be 
found for Z = 10.fi, that is, for sodium. Finally the first / electron 
shoulil be found for Z = 30, that is for krypton. Comparison with 



rZ\k)—>- 

Fia. 3.7(2). Maximum angular momentum that an electron may possess in the 
ground state of an atom as a function of the distance r from the nucleus. 


Table 3.4(1) shows that the first p, d, and/electrons occur respectively 
in boron, Z = 5; scandium, Z = 21; and cerium, Z = 58. The agree¬ 
ment is not very satisfactory. This is due to the crudely approximate 
nature of our assumptions. We can show that a better agreement is 

3 h 

to be expected if the first appearance of the half-integral values - —, 


5 h 
2 ^ 


7 h 

andof the angular momentum in our model is assumed to cor¬ 


respond to the first appearance of a p, d, or / electron in the periodic 
system. Indeed, according to this assumption, the theoretical values 
of Z at which p, d, and / electrons make their first appearance are 
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2 = 4.5, Z = 20.8 and 7, = 57, in oxcellont aRiocmcnt with cxjicrionoo. 

It should be remembered that some of the concepts used here are in 
direct contradiction to tlie uncertainty principle. For iTisfance, it is not 
permissible to talk about tbe maximum momentum of an electron at a 
given point; if the electron were localizoil strictly at a given ptiint, the 
momentum of the electron must be infinite. Tlic classical argument 
given here should reallj' apply, not to electrons at a point, but to elec¬ 
trons in a given region of the atom. 


3.8 INDEPENDENT MOTION OF lOLECTRONS IN WAVE 
MECHANICS In formulating the Pauli principle we have supposed 
that the electrons move independently of each other. We must discuss 
now to what statement in wave mechanics this statement of classical 
mechanics will correspond. 

We have seen that the wave functions of electrons arc closely con¬ 
nected udth the probability of finding elect rons in certain regions. If 
we have several electrons that move independently, the probability of 
finding electrons in a certain configuration will be given by the products 
of the probabilities as calculated for each electron for its respective posi¬ 
tion. The same result is obtained from a wave-mechanical description 
if the wave function of the whole system is the product of the wav'c 
functions of the single electrons. 

If a classical mechanical picture is made of the atom, the electrons 
'ViU, of course, not move in a strictly independent way; the correspond¬ 
ing fact in quantum mechanics is that the wave function is not strictly 

product of wave functions for single electrons. But, whatever the 
wave function of the electrons is, we can show that it can always be 
wntten as a sum of products. Each term of that sum, if it stood alone, 
would correspond to a certain distribution of electrons over the differ¬ 
ent orbits. If several terms appear in the sum, then the electrons may 
be found with a certain probability in each of the several distributions. 
As an example, we shall discuss the lowest state of the helium atom; w'e 
have pointed out that in this state two electrons arc found in the Is 
state; we can represent that state symbolically by the product of the 
Wave functions of the two electrons, and for each of these wave func¬ 
tions we shall use the symbol 1«. The complete wave function will 
therefore be denoted by (Is)^. Another distribution of the electrons 
would be to put one electron into a Is state, the other into a 2s state; 
that wave function would be (ls)(2s). The real wave function will be 
approximated better if we take (Is)^ and (ls)(2s), multiply them with 
appropriate coefficients, and add. 

Ci(ls)2 -H C2(1«)(28) 
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Tli(‘ actuiil wave function of the fundamental state being rather well 
represented liy the expression (Es)^, C2 should be small as compared 
with Cl. The physical .signiliranee of Ci and C2 is in a way similar to 
the significance of the 'p function as discussed in the first chapter: the 
squares of Ci and C2 (or more generally the absohite values of their 
sfiuarcs) give, respectively, the probabilities of finding both electrons 
in a Is state and of finding one electron in a Is state and one electron 
in a 2 s state. The foregoing consideration is readily generalized for the 
case where the wave function is represented by the sum of more than 
two terms. It follows from the physical significance of the constants 
Cl and C2, that the sum of their scpiares must be equal to unity. Even 
if it is uncertain in which configuration we shall find the electrons, it is 
certain that we shall find them in some configuration. 

By leaving thus a greater latitude in the distribution of electrons 
among states, a lower total energy may be obtained in a somewhat 
similar way that a lower energy was obtained for one electron if some 
latitude was allowed in its position. Actually, using sums containing 
several terms, we can construct wave functions for which the prob¬ 
ability of electrons coming close together will not be so great as it would 
be if they were moving independently. Greater average distance be¬ 
tween electrons decreases their interaction and lowers the total energy. 
On the other hand, it will not be useful to introduce terms multiplied 
by a large factor if the corresponding electron distribution has a high 
energy. That would mean that electrons would be found Anth great 
probability in high orbits and therefore in states of high kinetic and 
high average potential energy. It follows from the general rules of 
quantum mechanics that the correct wave function for the fundamental 
state will be found by making the total energy a minimum. This can be 
done by adjusting the coefficients in the sum in an appropriate manner. 

The lowering of energy obtained in this way A\ill be all the greater if 
two or more possible distributions of electrons each having nearly the 
same energy arc coupled with each other. In this case electrons can 
avoid each other without being forced into higher orbits. This phe¬ 
nomenon is called “resonance,” a name which is intended to recall the 
greater influence that coupled vibrations exert on each other if their 
frequencies are nearly the same. The phenomenon of resonance helps 
to explain a number of curious effects in organic chemistry. In the 
periodic system resonance for the loAvest states occurs in the transition 
elements and adds to the complexity Avhich we have already encoun¬ 
tered in this group. 

3.9 THE ELECTRON SPIN It remains to be understood w'hy two 
electrons rather than one can occupy the same orbit or wave function. 
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The reason is that electI'ons have an internal degree of freedom; that is, 
even after the position and momentum of the electron have been deter¬ 
mined as far as possible, the electron may be in one of two states which 
ditTcr as a rule only very slightly in their energy. The situation can be 
pictured roughly by assigning a small magnetic dipole or spin to each 
electron which can have two dilYeront orientations. Magnetic ofTects 
are usually small, and so the spin will not influence the energy greatly, 
although data on magnetic .susceptibility allow u.s in some cases to draw 
conclusions concerning the spin. 

Two electrons can be in the same orbit if they <litfer in the orientation 
of their spins and arc therefore in reality in dilh'n'ut .states. Only one 
electron can occupy one state if a state is defined by both the wave 
function and the spin orientation. 

We have seen that the po.ssibility of valence formation is clo.<(‘Iy 
connected with the free an<l occupied states in the outermost shell of 
electrons. It is therefore evident that the electron sjnn is of importance 
for valency, not because spins iidluence electron energy but lather be¬ 
cause they make it possible for two electrons to get into the same orbit. 


3.10 GENERALIZED PAULI PRINCIPLE In section 3,2 we 
have formulated the Pauli principle for the simple case in which each 
electron can be assigned to a definite orbit and in wliich the spin of the 
electrons is disregarded. In the preceding two s(!(ttions these simplifica¬ 
tions have been dropped, and it now becomes necessary to fojmulatc 
the Pauli principle in a way which is applicable to the moi*e general case. 

The wave function in its most general form is one that depends on 
the co-ordinates and spin orientations of all the electrons. Tliis wave 
function is connected with the probability of finding the electrons in a 
certain configuration and at the same time with certain spin orientations. 
Let us now con.sidcr a certain configuration of the electrons and then 
interchange the position of two electrons and al.so interchange their 
spins so that, after the change, elc(-tron 1 is in exactly the .same situation 
as electron 2 was, and vice versa. The generalized Pauli principle states 
that, for the changed configuration, the wave function has — 1 times the 
value which the wave function had assumed for the original configura¬ 
tion. An immediate consecpience of this postulate is that the probabili¬ 
ties (which are the squares of the wave functions) are the same for the 
new and old configurations. It is interesting to notice in this connection 
that a physical difTerence between the original and changed configuj’a- 
tion would be observable only if the two electrons differed from each 
other intrinsically, that is, in more than in their names. 

In order to understand the preceding postulate it is useful to study 
its consequences for the case of two electrons that move independently 
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Ilf ('acli ollirr aiul for wliioh flioreforc the earlier formulation of the 
l*uuU i>iin( i[)le can he api>lie(l. The wave function of electron 1 we 
shall call ypii) and the \\a\e function of electron 2 we shall designate by 
1^(2). The total wave fun<-tion for the independent case is the product 
int(*rchanging tlu? two ck'ctrons we obtain ^(l)i^(2) which is 
in general not erpial to —1 times the original function; thus the gen¬ 
eralized Pauli principle is not satisfictl. Wc can, however, easily construct 
a function that satisfies our re(iuirement, namely, — i^(l)i^’(2). 

This can always he done if the functions ^ and differ from each other. 
If these functions happen to be identical, no function exists which con¬ 
forms to the gencM-alizcd principle and which is different from zero. This 
concspon<ls to the earlier statement that no two electrons can be in the 
same state. 

The product wave functions used in the previous sections are in the 
strict sen.se not correct wave functions because they do not satisfy the 
generalized Pauli pi-inciple; they only symbolize the correct functions 
which should he conslructcd from them in a manner essentially similar 
to that shown in the preceding paragraph. 

The preceding fojinulution of the Pauli principle has proved to be 
in complete agreement with experimental facts. It fits well into the 
matliematical theory of quantum mechanics for the following reasons. 
(1) It is applicable to any wave function; (2) if it is postulated for the 
wave function at any one time, the rules of wave mechanics insure that 
it will continue to be valid at anj' future time. Thus the Pauli piinciple 
takes on the aspect of an initial condition, behavior at later times being 
taken care of by the rules at which one has arrived with the help of con¬ 
siderations independent of the Pauli principle. The last statement is 
valid, however, only as long as there is no intrinsic difference between 
electrons. If tw’o electrons differed to the slightest extent in their reac¬ 
tion to any outside phj'sical influences, then, according to the rules of 
wave mechanics, the Pauli principle could not continue to hold. Thus 
the fact of the Pauli principle is a very strong argument in favor of 
the identity of all electrons. In more concrete terms the reason for an 
L electron not falling into the full K shell is not the presence of some 
force prohibiting that process but the fact that the same physical action 
that would throw an electron from an L into the K shell will always lift 
an electron from the K into the L shell, so that no observable effect 
takes place. The slightest difference between the properties of the two 
electrons would upset this balance. 



4. MOTION AND POSITION OF NUCLEI IN 

MOLECULES 


4.1 SEPARATION OF MOTIONS OF NUCLEI AND ELECTRONS 
The structure of atoms and that of molecules ditTcr essentially in one 
respect: In the atom the electrons move in the field of one nucleus; in 
the molecule they move in the field of several nuclei. For atoms, nu¬ 
clear motion vill essentially manifest itself as a translational motion of 
the whole atom. In the molecule, nuclei can move with regard to each 
other causing important changes in the electronic structure. Owing to 
the much greater weight of the nuclei as compared to that of the elec¬ 
trons, the following picture can be applied. We first consider the nuclei 
at rest m an arbitraiy position and then investigate the motion of the 
electrons in the field of the nuclei. 

Subsequently the slow motion of the nuclei has to be discussed. For 
that purpose, however, only the interaction of the nuclei and the average 
force exerted by the electrons on the nuclei are important. The rapid 
changes of the forces exerted by electrons owing to their motion around 
the nuclei may be neglected. The heavy nuclei will react on these forces 
by a vibration of the electronic frequency but of very small amplitude. 

The corresponding statement in wave mechanics is as follows' The 
total wave function describing electrons and nuclei can be written as a 
product of two factors. The first factor desciibes the state of the elec¬ 
trons in the field of the fixed nuclei; this factor contains, of course the 
nuclear co-ordinates as parameters. The second factor describes the 
motion of the nuclei in a potential arising from their interaction and 
from the average potential of the electrons. 

It may be noticed that, for a fixed set of positions of the nuclei dif¬ 
ferent electronic states are possible: that is, a fundamental state which 
wUl be our mam concern in chemistry, and excited states which in most 
ca^ have so much energy that they cannot be excited in a thermal 
way the latter ^vill, however, be of importance in photochemistry. For 
the different electronic states the electronic distribution and ^vith it the 
average potential of the electrons will be different. Thus the electronic 
motion wiU depend on the state, fundamental or excited, of the electrons. 
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1,.> CLASJ^ICAI. MOTION* OF THE XrC'LEI According to the 
concspntulcnci* ]iriiuipl(*. quantum law.s will approach classical laws in 
th(‘ limiting cas(‘ of ‘iiigli <|uantum numbers.” Owing to their greater 
mass. (lu‘ nuclei mov(“ with smaller fre<iueiicios than the electrons, and 
the enei-gy, K ~ hv, lu^cessary for their excitation is less. For heavy 
niuiei, room temiierature is a.s a general rule .sufficient to lift them into 
high ([uantum states so that the motion of such nuclei can be described 
by classical meclianics. At low temperatures all nuclei depart from the 
rules of classical mechanics, as shown by specific heats which fall below 
the value given by application of the principle of the ccpiipartition of 
kinetic energy. For light nuclei, particularly those of hydrogen, even 
room temperature mu.st be count(‘<l as low tempei’aturo, and classical 
behavior is attained only at several thousand degrees. 

Nevertheless, in discussing chemical reactions it has sufficed up to 
now to oonsidc'r the motion of the nuclei as purely classical. The reasons 
are twofold: (1) In the reactions which do not proceed with too great a 
rate, large activation energies are involved which can be overcome only 
by those atoms whicli have an excc.ss energy and therefore approach in 
their behavior the laws of cla.-^sical mechanics; (2) for the great potential 
diifcrenocs involved, and for the shapes of potential curves that occur, 
the classical and quantum laws do not deviate significantly from each 
other. In fact, the laws of quantum mechanics may easily cause a 
change of a factor two in the rate of a reaction, but no case is known in 
which a reaction that, owing to a higli activation energy, ought not to 
proceed according to classical mechanics will proceed because of the 
quantum laws. 

There is one effect, namely the tunnel effect, ^Yhich, according to the 
views of some, causes an important quantum dc\dation in reaction 
velocities. The effect consists in a particle penetrating through a bar¬ 
rier, even if its energy is too small to do so in classical physics. The 
ultimate reason for this effect is the impossibility of localizing a particle 
in quantum mechanics without giving it high kinetic energy. 

The behavior of the proper function of the hydrogen atom in its 
fundamental state is closely related to the tunnel effect. Though the 
electron does not have enough energy to escape the nucleus, its wave 
function and, with it, its probability distribution extends tow’ard infimty, 
of course in an exponentially decreasing w^ay. In chemical reactions 
the penetration of nuclei through barriere is not of practical importance 
because of the greater mass of the nuclei. The wave function of a 
nucleus will penetrate much less deeply into a region where, according 
to classical mechanics, the nucleus should not be found. Among nuclei, 
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the proton having the smallest mass will have the greatest, eliaiu-e of 
penetrating through a potential hanier. 

It is undoubtedly true that for an appropriate shape of the potential, 
the tunnel efi'eet would become important; a very narrow and liigh 
barrier would be a case in point. Theie is. howevei-, not a single eheini- 
cal reaction where the importance of the tunnel effect lias been demon¬ 
strated uith any certaintj’. 


4.3 NUCLEAR VIBRATIONS In stable molecules, the nuclear 
motion is usually confined to a narrow region around the equilibrium 
positions^of the nuclei. The vibrational amplitudes are in the range 
0.1-0.01 A., and thus a?e .small as compared to atomic and molecular 
radii. For these small amplitmles, Hooke's law will liold, and the nuclei 
will perform, therefore, harmonic vibrations. K\en at low tenip<M*ufiires 
the nuclei will not be localized strictly to their eciuilibrium ))ositions; the 
lowest vibrational quantum level lies ^hv higher than the minimum of 
the potential energy. This residual energy or zero-point eneigy is 
again due to the fact that the nucleus cannot be strictly localized at 
the point where the potential energy is a minimum without its being 
given a high momentum and a high kinetic energy. 

The frequencies uith which the nuclei can vibrate in a molecule can 

be found with the help of infrared spectra, the Raman effect, sijocific 

heats, and also absorption and fluorescence spectra. These methods 

complement each other and frequently all must be used in order to get 

a complete picture of the vibrations of a polyatomic molecule, although 

for a diatomic molecule any one of the methods may serve the 
purpose. 


Nuclear vibrations will not be simple for polyatomic molecules; in 
most vibrations all atoms of the molecule participate to a greater or 
less extent, although some of the vibrations maj'^ be i-estricted in the 
main to one group, serving as a practical spectroscopic indication of the 
piesence of that group in the molecule. Careful analysis is needed to 
obtain the restoring forces acting on the nuclei from the observed fre¬ 
quencies; these restoring forces are a qualitative measure of the energy 
wth which that nucleus or atom is bound in the molecule; a great restor¬ 
ing force will in general correspond to a strong binding. 


4.4 THE ISOTOPE EFFECT If we consider the motion of the elec¬ 
trons in the field of the nuclei at rest, no difference \vil] be obtained when 
a nucleus is replaced by one of its Isotopes. Thus, the electronic states 
van remain the same after isotopic substitution, and the average forces 
which the electrons exert on the nuclei wiU not change either. It fob 



)() 


Mo'i loX AND POSITION OF NUCLEI IN MOLECULES 


luws tliat isotopic substitution will not change the potential field in 
wliicli tlic nuclei are moving. 

Aecortling to rlas.siciil statistical mechanics, the kinetic energy' follows 
the 0 (pii|>artition law, and the distribution of the nuclei in space is 
giv('n by tlie Boltzmann law. The i)otcntials being the same for isotopes, 
no dilhaence should tlicrefore arise for statistical equilibrium among 
i.sotopcs. 

Differoncos do arise, however, particular!}' apparent in the case of the 
hydrogen isotopes. Such dilfeienees are pure quantum phenomena. 
That they arise primarily for hydrogen is explained by the great per¬ 
centage difference in the masses of these isotopes and also by the small 
mass of the hydrogen atom so that quantum effects become particularly 
noticeable. 

The simplest and most important quantum effect of this kind is the 
zero-point energy. The potentials, and therefore restoring forces, being 
the same for hydrogen and deuterium, their \nbrationaI frequencies will 

differ by a factor Thus the zero-point energies \hv wll be different, 

gi\ang ri.se to differences in heats of reaction which amount as a rule to 
several hundred calorics. The arguments just given are oversimplified 
because in many vibrations hydrogen atoms \rill not be the only ones 
that arc moving; however, it gives a good qualitative and sometimes 
even quantitative idea of the chemical differences between the isotopes. 

At high temperatures tfie difference in chemical equilibrium Avill tend 
towards zero since the motion of the nuclei wll approach that pre¬ 
scribed by the classical laws. 

Reaction velocities will remain different, however, oving to the smaller 
average velocity of deuterium atoms at a given temperature. Apart 
from this classical ditierence, quantum differences in reaction velocity 
may be expected for the isotopes. In fact, comparison of reaction 
velocities of isotopes might become very helpful in detecting differences 
due to quantum theory and in particular in detecting the tunnel effect. 
However, the differences occurring for the equilibria for final and inter¬ 
mediate products frequently complicate the picture to such an extent 
that the elementary reaction-velocity differences cannot be isolated. 

In general, however, even hydrogen and deuterium do not differ 
greatly in any chemical reactions. This is the most direct experimental 
justification for neglecting quantum effects of the nuclear motion in a 
qualitative survey of chemical equilibria and chemical reactions. 

4.5 NUCLEAR POSITIONS Although nuclear vibrations fre¬ 
quently have an amplitude of as much as 0.1 A., the vibrations do not 
deviate much from the purely harmonic law. Thus the mean distances 
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of the nuclei will correspond closely to (he etiuilibrium tlisfnnoes. Those 
average distances can be measured by two main methods: one is 

the ditfraction of electrons or X rays, the other is investigation of molec¬ 
ular rotation in the spectra. 

The X-ray diffraction method is based on the fact tliat X lays, .scat¬ 
tered by different atoms in a molecule or in a crystal, interhue wilh each 
other and that the interference depends on the distance l)ot\vc<‘n the 
atoms. The fact that electron.s (and otlnu* pai ticles) have wave proper¬ 
ties makes it possible to use electrons instead of X rays. It <'an he 
shown that, if a train of waves falls on a crystal, there will be in general 
no direction in which the scattering of all iattice cells gives rise to con¬ 
structive interference; one can find for every region in the crystal lattice 
another region such that the scattering by the two regions cancels. 
Thus, in general, no scattering takes jdace, and the original beam re¬ 
mains undisturbed except for processes wliich involve energy los.ses. If, 
however, the wavelength and direction of the incident beam satisfy 
certain relations, there \\ill exist a direction in which tlie wa\'e can be 
scattered by all the crystal cells so that the scattered radiations re-en¬ 
force rather than cancel each other. Thus sharp interference maxima 
occur. From their positions one can derive the size and the microscopic 
symmetry of the crystal cells. Sometimes this is sufficient for the 
determination of the position of the nuclei. This is the case if all nuclei 
lie in centers of symmetry, in intersections of symmetry axes, or in 
other points defined uniquely by the crystal sjTnmetiy. If this i.s not 
the case, the position of the atoms might still be obtained by a rather 
laborious process from the intensities of the interference ma.xima. 

The diffraction method can also be applied to molecules in the gaseous 
phase. Interference of the radiation scattered by the various atoms in 
the molecule gives rise to scattering in all directions with varying in¬ 
tensity. The sharpness of the interference maxima in crystals is due 
to the regularity of the crystal lattice and to its theoretically infinite 
extension. A finite assembly of scattering centers on the other hand 
always produces continuous scattering rather than di.screte maxima. 
The angular distribution of the intensity of the scattered radiation de¬ 
pends on the orientation of the molecule. To obtain the experimental 
inteMity distribution one has to average over-all molecular orientations. 

In simple molecules it is possible to calculate from the observed broad 
interference maxima the interatomic distances. 

Both electron and X-ray interferences have been used in diffraction 
experiments on crystals and molecules. But for molecules it is much 
easier to work with electrons since they are scattered more strongly and 
necessitate only short exposures, whereas molecular diffraction experi- 
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nicnts witli X ravs aro difficull on account of the small intensity. For 
crystal analysis the use of X rays is perhaps preferable. Because of the 
sinalli'f scattering; of the X rays, they penetrate deeper into the crystal 
and Kive a truer picture of the body of the crystal. Electrons are apt to 
be (leliect<Ml luvirer to the surface, particularly if their velocity is rela¬ 
tively low. Thus electron diffraction may be used to explore surface 
effects. X rays aro scattered mainly by electrons rather than by nuclei; 
however, near any heavy nucleus there is a region of higher electron 
density; thus X rays scattered from these electrons will give a good 
indication of the nuclear po.sition. 

In electron diffraction the electrons will have a perturbing influence, 
but the greatest amount of scattering is due to the strong coulomb field 
of the nucleus. 

Neither of these lwo methods can fix the position of hydrogen atoms 
with any accuracy; the electron density does not increase sufficiently in 
the neighborhood of the proton, and the hydrogen nucleus will also not 
deflect an incoming electron much more strongly than any one of the 
electrons in the molecule. 

Scattering due directly to nuclei can be obtained by using neutron 
beams rather than X rays or electrons. Practical results have been 
reached using directe<l beams of high intensity. Such beams can be 
obtained from piles producing atomic energy. When such a pile is 
working, a great density of neutrons is present in its interior. By use of 
appropriate shields and slits an intense neutron beam can be obtained. 
The neutrons must be slowed down by an appropriate number of colli¬ 
sions before they pass through the slits. Tliis is neces.sary because 
only slow neutrons have long enough wavelength to be useful in crys¬ 
tal interference experiments. With the help of neutron diffraction 
one may hope to determine the positions of the hydrogen nuclei in 
crystals and molecules. 

Nuclear positions may also be obtained by investigating molecular 
rotation. The investigation of rotational structures leads to a deter¬ 
mination of moments of inertia; these depend primarily on the nuclei 
rather than on the electrons. There is, moreover, no particular diffi¬ 
culty in obtaining the position of hj'drogen atoms; thus rotational 
structures give as a general rule more accurate, more reliable, and in a 
way, more general results than diffraction experiments. However, the 
rotational structure can be in^’^estigated only in the gaseous state, and 
even there the method is practicable only for rather simple molecules. 
This method is discussed in greater detail in Chapter 10. 

With the help of the methods mentioned, it is, as a general rule, easy 
to determine the (average) nuclear positions Avith an accuracy of 0.01 A 
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A careful study of the vibrational spectra of molecules may lead to con¬ 
clusions about the symmetry and the shape, Imt not tin* size of a mole¬ 
cule. Qualitative results may be obtained from the classical methods 
of stereochemistry which in tin* last decades have been supplemeiitod 
by the study of dipole moments. 



5. ATOMS AND MOLECULES IN ELECTRIC 

FIELDS 


5.1 ATOMIC FIELDS AND MACROSCOPIC FIELDS The elec¬ 
tric charR('s of the constituents of matter give rise to strong electric 
fields wliich cause the chemical forces. The only reason why chemical 
laws arc not simply reduced to electro-statics is that the electrons behave 
under the influence of these electric forces, not according to classical 
moclianic.s hut according to quantum mechanics, and that they further¬ 
more show that peculiar behavior which we have described under the 
name of the Pauli principle. In explaining chemical forces, it must be 
borne in mind that both the particles that produce the electric field and 
the particles on which the electric field acts behave according to quan- 
tiim laws. A simpler application of the electrical structure of molecules 
will be treated in this chapter, namely, the interaction of atoms and 
molecules wth macroscopic electric fields, that is, wth electric fields 
produced by the usual electrical apparatus rather than wth the exceed¬ 
ingly strong fields of individual atoms and molecules. 

5.2 ATOMS IN HOMOGENEOUS FIELDS We mil consider a 
molecule in an electric field uith the nuclei in their equilibrium posi¬ 
tions; the effect of their ^’ibl•ation may be neglected. A definite orienta¬ 
tion of the molecule mth regard to the electric field mil be assumed. 

The interaction energy between molecule and electric field can then 
be obtained as follows: The value of the electric potential at the position 
of each nucleus mil be multiplied b 3 ' the positive charge of that nucleus, 
and the sum will be taken. The contribution of the electrons is obtained 
by spreading out the electrons according to their probability distribu¬ 
tion as given by the absolute square of the wave function; the interac¬ 
tion of this continuous charge-density with the external field is to be 
taken. 

This prescription does not mean that the electrons are actually spread 
out into a continuous cloud of negative charge. It only means that for 
the interaction of electrons and field the weighted average has to be 
taken as calculated with the help of the probabilities of distinct posi¬ 
tions which the electron may occupy. 
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For the purpose of this calculation the clcctnui ilistiiliiition will be 
taken to be the same as that valid for the molecule in tlu^ al.sem-e of 
the electric field; this of course means tliat we disregaid tlie distortion 
of the electronic structure; that is. we neglect polaiizabilily. Tlie 
effects due to polarizability are discussed lalci-. 

If the electric field acting on the molecule is liomtjgoncous, a partietj- 
larly simple picture will be obtained. e «-i)l first coiisid<'r an isolated 
neutral atom. In this case the interaction energy is zero: (he ri'ason foi- 
this is that the probability of finding the electrons at ])oinl.s removed 
from the nucleus by the vector r and the vector —r (see 
Figure 5.2(1)] is ahvaj-s the same. Xow the mean X 

value of the interaction of the electron and the homo- 
geneous field at the points r and —j' is the same as >^uc'eus 

the interaction which would be obtained if the elec- 
tron were at the same position as the nucleus. Thus y 
the electronic charge effectively neutralizes the nuclear 
charge. A similar argument holds if many electrons 
have to be considered; in the corresponding argument all vectors drawn 
from the nucleus to the electrons have to be inverted, that is, replaced 
simultaneously. Again the probabilities of these inverted con¬ 
figurations will be the same, and their mean action is equivalent to all 
electrons being concentrated in the nucleus. 


Fio. 5.2(1). 


An example of the zero interaction between an atom and the field will 
be furnished by the fundamental state of the hydrogen atom, where the 
electron is in an s state, and its charge distribution has spherical sym¬ 
metry. Even if an election is in a p state, its interaction wall remain 
zero, since the square of the function (giving the probability distribu¬ 
tion) will be symmetrical to the inversion as pre\aously de.scribed. The 
only kind of exception that occui-s is illustrated by Figure 2.11(2) where 
the main electronic charge is found to the right, or in Figure 2 . 11 ( 3 ) 
where the main electronic charge is found to tlie left of the nucleus and 
can no longer be replaced by a charge at the same position as the nu¬ 
cleus. This occurs, how’ever, only if excited states are taken into account 
or if there is an accidental degeneracy between an s and a p state or 
between further states. There is no known example of such degeneracy 
in the fundamental state of an atom. Therefore the interaction betw'ceri 

a homogeneous electric field and an undistorted atom in its loudest state 
IS zero. 


5.3 PERMANENT DIPOLES The interaction between a homo¬ 
geneous field and an undistorted molecule wall vanish if the molecule has 
a sufficiently high symmetry. One can give as examples CS 2 , CCI 4 , 
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and Iji other molecules, however, such as HCI, K 2 O, 

an<l C’sHk, the effects of positive and negative charges will not 
cancel, and a finite interaction with the field will be obtained. It can 
1)0 shown that such an interaction depends in the following way on the 
orientation of the molecule: It has a maximum value for a certain 
orientation of the molecule vith regard to the electric field; this maxi¬ 
mum interaction will remain unchanged if the molecule is rotated 
through any angle around an axis parallel to the electric field. If the 
molecule is rotated through an angle d around any axis perpendicular to 
the electric field, then the interaction is multiplied bj*^ cos 0. For 0 = 
180®, the interaction wll have changed sign. 

This behavior can be represente<l by rigidly attaching to the molecule 
an imaginary vector called its dipole moment; the length of this vector 
is given by the maximum interaction the molecule can have with a unit 
electric field. The orientation of the vector has to be fixed in the mole¬ 
cule in such a way that the maximum interaction with the field is ob¬ 
tained when the vector is parallel to the field. 

The physical significance of the dipole moment is that it is a measure 
of the separation of the center of the positive charges from the center 
of the negative charges in the molecule. The easiest way to represent 
it is to locate an appropriate positive charge e and the corresponding 
negative charge —e at the distance I from each other; it is easy to verify 
that such a charge distribution will have just the required interaction 
with the homogeneous field. It repj’oscnts a dipole of the magnitude 
el = d; dE is equal to the maximum interaction energy between the 
dipole and an electric field E. The direction of the dipole moment is 
given by the line pointing from the negative towards the positive charge. 
In general, the interaction between the electric field and the dipole is 
~dE cos 0, where d is the angle between the directions of the dipole and 
the electric field. The minus sign is due to the fact that the energy of 
the dipole is a minimum when it points in the direction of the electric 
field. 

There still remains an arbitrariness, since the magnitude of the dipole 
moment determines only el, and not e and I separatclj'. It is customary 
to define a pure dipole as the special case where e tends to <» and I tends 
to zero, so that their product remains constant. 

To represent the charge distribution in a molecule by the simple 
picture of a dipole is permissible only as long as an interaction with a 
homogeneous electric field is considered. For atomic dimensions every 
macroscopic field may be considered to be homogeneous, but the electric 
field originating in a neighboring molecule wll in general be strongly 
inhomogeneous. In order to obtain the interaction with such molecular 
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fields, the dipole moment of the moIc<Milo is not sufficit'iit, hut a ratiier 

more detailed description of tlie charge distribution in the mo]<‘Culc is 

needed. Unfortunately, it is very difficult to olitain exact information 

about the detailed charge distribution, the dipole momc/it being the. 

only well-defined quantity which can be <letermined by direct exijcri- 
ment. 


5.4 ORIENTATION OF DIPOLES IN AN OUTSIDE FIELD 
The most direct manife.station of dipole moments is th<‘ir elba t on the 
dielectric constants of materials, due to the orienting efToct of an el<M> 
tric field on the dipoles. We shall con.sider a volume of 1 <‘c. containing 
an assembly of dipoles in an electric field. The el<*<-tric fudd will try to 
orient all the dipoles, while the temperature motion will tend to intro¬ 
duce a random orientation of the dipoles. Aj'cording to the? Hultzmann 
law, the relative number of molecules possessing potential energy V is 
where k is the Boltzmann constant and has the value 1.38 X 
10 erg per degree. If we are intei-cstcd in the relati\’e number of 
dipoles at different angles to the direction of an electric field E, wc have 
to introduce for V the exj)res.sion —Ed cos 0 so that we obtain ® 

It is easily verified that for conditions obtainable in laboratories the 
exponent is small * compared with unity. We can therefore write 

We sec that under experimental conditions there are only .slightly more 
dipoles pointing toward the direction of the electric field (cos0 positive) 
than pointing away from the electric field (cos d negative). The slight 
preponderance of dipoles pointing in the direction of the electric field 
will cause, in the assembly of molecules, a net dipole moment parallel 
to the electric field. This net dipole moment can be calculated by mul¬ 
tiplying the contribution of each dipole at orientation 0 (which is 
dcosO) l)y the numlxir of molecules having that orientation and by 
averaging over-all orientations. One obtains 


Net dipole = Nd cos d[l Ed cos O/kT] 

“ Nd cos 0 + NEd- cos^ e/kT 5.4(2) 

Here N is the total number of molecules in the unit volume con.sidered. 

i X 0 L S.t ., for T, the value- «f 300 » K.. an.i for d the value lO'” E .S V (vorrd 
Bponding to the rather largo dip.,I,, moment prod.ic.-d l,y approxii.nilely two elec 
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Tlio horizontal linos above tlie symbols indicate the averaging process. 
In evaluating the average, all orientations in space have to be given 
o(jual \v(‘ight since tlie fact that more molecules point in the direction 
of the held than in the opposite tlirection has been already taken into 
account by tlie factor I Kd ays O/lcT. In averaging over the first 
term, AW cos 0, \vc obtain zero; this is due to the perfectly random 
orientation of tlu* molecules in the absence of an electric field. In the 
siM'ond term the average over cos^ 0 gives jV, so tliat we obtain for the 
not polarization (tliat is, net dipole per cubic centimeter) ^NEd^/kT. 
The expression just obtained can be written in the form Nd where 
the average contribution of one molecule toward the net dipole 
moment is 


. Ed^ 

d = - 

ZkT 


5.4(3) 


The expression for the average dipole d can be easily understood since 
it has to bo proportional to the potential energy Ed of one dipole parallel 
to the electric field, to the contribution d toAvards the net dipole moment 
of one parallel dipole, and also inversely proportional to the tempera¬ 
ture T tending to introduce random orientation. 


5.5 DIELECTRIC MEDIA The fact that electric fields cause a 
net dipole within media gives lisc to what is called their properties as 
dielectrics. These properties are characterized by the dielectric con¬ 
stant K whicii we aaiU now define. 

In measuring the electric field Avithin a dielectric medium the detailed 
interaction of a test charge A\ith the dipoles of the medium is of impor¬ 
tance. Tavo simple cases may be distinguished. First, Ave shall make 
in the dielectric medium a cavity of oblong shape parallel to the 
direction of the electric force and measure the electric field in this 
cavity. The result of this measurement, when the length of the cavity 
is made great as compared to its tAvo other dimensions, is called the elec¬ 
tric field E in the dielectric. Second, Ave consider a flat cavity with its 
t\A'o dimensions perpendicular to the electric field great as compared 
to its thickness parallel to the electric field. The electric field measured 
in such a cavity is called the electric displacement D of the dielectric. 
The dielectric constant K is then given by the ratio D/E. 

The reason for the difference between D and E is that, whenever a 
dielectric medium has a boundary perpendicular to the electric field, a 
surface charge AAdll be present on that boundary. In the case of the flat 
cavity, these surface charges are close to the test charge Avithin the 
caAdty, whereas in the oblong cavity they are far away. Figure 6.5(1) 
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shows a dielectric (shaded) with a tieUl ill the direction of tlie arrow and 
a flat cavity having two parallel surfaces of area »S. We can find the 
surface densitj^ of the charge hy oonsklcring a volume below the c!n-i(>- 
of the same cross section S ami thickness L. In that volume LS there 
t\dll be a total dipole equal to the net ilipole per cubic ccuitinieter, called 
the polarization P, times LS. Some of the dijioles orientefl * hv the 
field are shottm in Figure 5.5(1). The diiioles close* to llie surface will 
give rise to an uncompensated average charge on the surface. In order 
to get a net dipole PLS, we might take a positiie-chargc tlistribution 


Fio. 5.5(1). 



Dielectric, with field and flat cavity. .\ few orii-tilvd dipole iiiolcciih'.s 

are shown. 


LSP/l and a negative-charge distribution of the same size and displace 
them by a distance I from each other. A fraction l/L of the positive 
charge then will remain uncompensated on the lower surface of the 
cavity shown in Figure 5.5(1); that is, we will have the total surface 
charge l/L-PLS/l = PS. Dividing by the surface we find that the 
surface density is P; that is, the surface density is equal to the net dipole 
induced ivithin the material per cubic centimeter. In a similar manner 
we find that on the upper surface of the cavity there is a negative sur¬ 
face charge of density P. The positive test charge in the cavitj' will be 
repelled by the lower surface and attracted by the upper surface so that 
It will experience a stronger force than in an oblong cavity parallel to 
the field in which the surface charges are not effective. Thus we find 
in general D > E and K > 1. 

In order to calculate the increase of field strength in the flat cavity 
due to the surface charges, we represent the electric field by lines of 
force. The lines of force are drawn parallel to the direction of the 

• For the purpose of the present argument, it makes no difference whether the 
dipoles are completely oriented as shown in the figure or whether there are a greater 
Dumber of dipolee with a slight preference of orientation in the field direction as 
described in the previous section. 
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foico and their number per scpiare centimeter gives the strength ot 
the electric force. 'I'hey are convenient, because, as can be sho\\Ti, they 
are cunlinunus lines l.aving no beginning and no end except in regions 
where charges are present; therefore, these lines give an immediate 
picture not tmly of the electric forces but also of the charge distribu¬ 
tions, the regions of positive charge being their source and the regions 
of negative charge their termination. A simple example is the field 

c/r^ pr(Khiced by one positive charge e. The 
lines of force emanating from this charge are 
shown in Figure 5.5(2). The number of lines 
of force crossing any sphere of radius r dra^^-n 

around the charge as center is -g = d-re, 



so that no sources for the lines need be 
assumed except at the position of the charge. 
AVe can generalize this result and say that 
any positive charge e is the source of dffc 
force lines, whereas any negative charge —c 
is the termination of the same number of 
force lines. 

In Figure 5.5(3) the flat cavity perpendicular to the direction of the 
field is shoum again with the negative surface charges on the top of the 
cavity and the positive surface charges at the bottom. The additional 
field which these surface charges cause is represented by the force lines 


I''to. 5.5f2). Field produced 
Ly (me i)<>.sitive charge. The 
hcltl U rcpn*s<.*ntfcl by lines 
of force. 



Fia. 5.5(3). Flat cavity in electric field. The electric field produced by the surface 

charges is represented by lines of force. 

dl■a^\'n from the positive to the negative charges. These force lines will 
be a set of parallel lines across the cavity having a more complicated 
form near the edges. Since the surface density is equal to P, the num¬ 
ber of force lines per square centimeter will be 47rP, and the added elec¬ 
tric field due to the surface charges is 4irP. This added field represents 
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the difference between D and E, and wc have therefore 

D ~ E = AirP 


and 


, D AirP 

K = - = 1 +- 

E E 


5.5(1) 


5.5(2) 


5.6 MEASUREMENT OF DIELECTRIC CONSTANTS The 

customary procedure for measuring the dielectric constant is to intro¬ 
duce a dielectric medium between tiie plates of a capacitor and to meas¬ 
ure to what extent capacitance of the capacitor is clianged. In Fig¬ 
ure 5.6(0 a capacitor is shown with its positive plate 7 ^+ and its negative 
plate p . If the surface density of electricity of the plate is p, tlien in 
^e absence of a dielectric medium in the capacitor, an electric field 
E = 47 rp is produced between the plates. The capacitance of the 
capacitor is the charge on its plates pS (S = surface area of capacitor) 
divided by the potential, that is, by the work necessary to cany a unit 
positive charge from the negative 
plate to the positive plate. This work 
is the thickness of the capacitor L, 
times the electric field 47 rp, so that 
we get for the capacitance pS/-iirpL 
« iS/47rL. 

If we now introduce a dielectric 
medium M [shown in Figure 5.6(1) 
by shading] into the capacitor, a 
negative surface charge of density 
47 rP mil appear opposite the pos¬ 
itive plate and a positive surface 



Cavity 

Fia. 5.6(1). The shaded area rep¬ 
resents a dielectric medium. The 
charge density on the plates of the 
capacitor is partly compensated by 
smaller charge densities of oppo.sif« 
sign on the adjacent surfaces of the 
dielectric. 


charge of the same density opposite the negative plate. In order to 
measure the potential across a capacitor, we have to move a charge 
along a cavity as shown in Figure 5.6(1). This cavity being parallel to 
the direction of the electric field, the force acting on the electric charge 
IS E in the dielectric. E is caused by the charge densities both on the 
capacitor plates and on the surface of the dielectric and therefore is 
P = 4fl-p - 47 rP. Now, according to ecjiiation 5.5(1), (K - 1)P = 
47rP; adding these two relations, we obtain KE = 47rp. The potential 

across the capacitor is therefore = Z, ^, and the capacitance of 


AirpL 


the capacitor pS/~ = K —. We see therefore that the capaci¬ 
tance has become K times as great by the introduction of a medium of 
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(lii'ifchic* coiistuiit K between its plates, and that the dielectric con¬ 
stant can be obtained by measuring the ratio of the capacitances. 


->.7 DKd'KUMINATIOX OF DIPOLE MOMENTS If the dielec- 
Iric propertit's of a medium are caused by permanent dipoles, we shall 
liavo, according to the discussion in section 5.4, for the polarization 

N Kd ~ 

p = Xd = — ^ , and, for the dielectric constant, 

3 Ki 


1 P N d^ 

— (K - 1) = ~ =- 

4jr £ 3 kT 


5.7(1) 


This formula for the dielectric constant will have to be corrected later 
since it does not take account of the fact that the dielectric constants of 
nondipolc substances with d = 0 have dielectric constants K diffeiing 
from unity. Moreover, it is not true that the dielectric constants of 
dipole substances approach unity at very high temperatures, as would 
be indicated by our formula. The reason for these discrepancies is that 
we have considered the electronic structure of the molecules as rigid, 
thus neglecting their polarizability. The polarizability will give rise to 
a temperature-independent term in the dielectric-constant formula. 
Equation 5.7(1), therefore, represents the temperature dependence of 
the dielectric constant correctly. It may be added that the contribu¬ 
tion of the permanent dipoles to the dielectric constant is at room 
temperature greater than the contribution of the polarizability except, 
of course, for substances for which the dipole moment is rather small 
(<SC10“*® electrostatic unit). 

The temperature dependence of the dielectric constant of gases can 
be used to determine the dipole moment of the molecules in the gas. If 
one plots the dielectric constant against the reciprocal of the tempera¬ 
ture, a straight line is obtained, the slope of which, as can be seen from 

Equation 5.7(1), is —-—— , so that d can be calculated readily. It may 

O fC 

be seen that, although this formula may give accurate values for rather 
large dipole moments, it is difficult to get a good determination of a small 
dipole moment or even to distinguish a small dipole moment from zero. 
If we compare, for instance, the rather large dipole moments 2 X 10 
E.S.U. and 2.1 X 10-'» E.S.U., the values differ by 0.41 X 10'^®; 
on the other hand, if we compare d = 0 and d = 0.1 X 10“^® E.S.U., a 
difference of only 0.01 X 10”^® mil be obtained for the d^ values. 

The detennination of molecular dipole moments by measurements on 
gases is of couree limited to substances mth sufficiently high vapor 
pressures; no determination can be carried out in the liquid phase smee 
the strong interaction of dipoles of neighboring molecules of the liquid 
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will lead to more or less well-defined molecular complexes, and measuie- 
ments of dielectric constants will give some average^ value of flie tlipolo 
moments of these complexes lather than the dipole moments of the 
molecules themselves. It is more feasible to obtain dipole moments by 
investigating the dielectric properties of dilute solutions. It is impor¬ 
tant that the solvent should have no permanent dipole luonumt. 

Even in the dilute solutions, the interaction of the solute molecules 
with those of the solvent affects the results. 'I'he solvent may be con¬ 
sidered as a dielectric, and, as we have seen, the forces that act on 
charges in a dielectric depend on the shape of the cavity in which we 
place the charges. The shape of the cavity, however, will depend on the 
shape of the molecule. Moreover, the orientation of the molecule uith 
regard to the electric field causes the caWty for the same molecule to 
resemble sometimes the oblong cavity and sometimes tlio flat cavity. 
The simplest and most frecjuently adopted method is to take the averag¬ 
ing effect of the orientations on the type of cavity into account by using 
a sphencal cavity. It can be shown that the field in a spherical cavity 
IS -^E -f Id-, then, analogously to c(juation 5.7(1), the polai-ization Pj 
due to the dissolved dipoles will be 



5.7(2) 


where N is the number of dipoles per cubic centimeter. The polariz¬ 
ability of the dissolved molecules has again been neglected. We can 
(see equation 5.7(1)] set in sufficient approximation for the polarization 
P» of the pure solvent, 


g(Ko - 1) 
Air 


5.7(3) 


where Kq is the dielectric constant of the pure solvent. Introducing the 
total polarization P = P, -f- P^i, 



E{K - 1) 
Air 


E{K - 1) 
which simplifies to 







g(Ko - 1) 
Air 


3(K - 1) ^ N<fi ^ 3(Ko - 1) 
Air{K -b 2) S/rT 4)r(K -f- 2) 
3(K - Kq) _ Nd^ 

4ir(K -b 2) “ Sr 


5.7(4) 


6.7(5) 

5.7(6) 


or 
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If the i)o!arizubility of tlic solute molecules had been taken into account, 
a tompc'ratuie-indejH’ndent term would appear on the right-hand side 
of (>(iuation o.7(5). It is again possible to determine d by plotting 
K - K„ 


K + 2 


against 1/7’. 


’ral)le 5.7(1) gives the dipole moments of chlorobenzene in different 


TABLE 5.7(1) 

Djpole Moments oe Chu)KObenzene, Acetone, and Hydrochloric Acid 



Gas 

Cell 14 

CcHs 

ecu 

CSz 

Cyclo¬ 

hexane 

CsHjCl 


1.6 

1.56 

1.5G 

1.40 

1.50 

CilaCOCIIs 

IICl 

2.84 

1.03 

2.71 

2.71 

1.28 

2.82 

1.32 


1.32 

solvents as obtained by 

the method just 

described. 

The apparent 


agreement of the dipole moments detennined in different solvents helps 
to justify the method. A similarly good agreement is found for acetone 
in the same table, and these values also agree ^\•ith the dipole moment 
as obtained from measurements in the gas. But for hydrochloric acid 
the dipole moment as obtained from measurements in the gas does not 
agree with the values obtained from solutions. This is not too surpris¬ 
ing, since the theory of determination of dipole moments in dilute solu¬ 
tions involves rather crude approximations such as treating the solvent 
as a continuous medium and neglecting the influence of the shape of the 
solute molecule. Thus steric effects between the solute and solvent 
molecules arc not taken into account, and dipole-moment determina¬ 
tions are strictly speaking exact only if carried out in the gaseous state. 
As the case of HCl shows, even agreement between values obtained ^\^th 
different solvents is no guarantee for the correctness of the values. 

Another method of measuring dipole moments makes use of molecular 
beams. The deflection of a molecular beam in a strongly inhomogeneous 
electric field is studied. The reason for using an inhomogeneous electric 
field is that a homogeneous field does not deflect any uncharged mole¬ 
cule, since the repulsion and attraction acting on the positive and nega¬ 
tive charges, respectively, cancel. In an inhomogeneous electric field, 
however, the molecule \\'ill be deflected if it possesses a dipole, since the 
positive and negative charges of the molecule will be under the influence 
of somewhat different electric-field intensities. 

Detenninations of dipole moments by molecular-beam methods have 
the great advantage of being free from any uncertainty due to interac¬ 
tion between molecules. A more refined molecular-beam techmque 



VALUES OF DIPOLE MOMENTS 


55 


makes use of resonance between rotation (or precession) of dipoles and 
an oscillating electromagnetic field. This metliod is capable of great 
precision. Up to the present it has been chiefly used to determine 
magnetic dipoles. But it eventually may become tlie best way to obtain 
information about electric dipole moments. 

5.8 VALUES OF DIPOLE MOMENTS Measurements have con¬ 
firmed the expectation that atoms have no permanent dijiolo moments. 
Likewise the dipole moments of diatomic molecules containing two 
atoms of the same kind are zero. This holds, even if the two atoms are 
different isotopes, as would be expected (see section 4.4). Diatomic 
molecules containing two different atoms have dipole moments, although 
in the case of such “non-polar molecules” as CO and NO the moments 
are not easily distinguishable from the moment zero. Dipole moments 
of some polar molecules are contained in Table 5.8(1). 

TABLE 5.8(1) 

Dipole Moments op Diatomic Molecules in the Gaseocs State 



E.S.U. (m X 10’®) 

IICl 

1.03 

HBr 

0.78 

III 

0.38 

Xaf 

4.0 

KCI 

6.3 

K1 

6.8 


It may be seen that halogen hydrides have comparatively small 
dipoles which decrease witli increasing atomic weight of the halogen. 
The dipole moment is much smaller than we would obtain by attach¬ 
ing a positive electronic charge to tlie hydrogen and a similar negative 
charge to the halogen. The small dipoles are to be actually expected, 
since the hydrogen ion which is a bare atomic nucleus is imbedded in 
the charged cloud of the negative ion and attracts the negative charge 
of the strongly polarizable halogen ion. The alkali halides are more 
polar since the alkali ion retains inner shells of electrons and, according 
to the Pauli principle, cannot penetrate into the halogen ion. Neverthe¬ 
less the polarizability of the ions reduces the dipole moments. Even for 
the least polarizable of the molecules investigated (KC!) the dipole 
moment is only about half the value obtained if positive and negative 
electronic charges are attached to the alkali and the halogen. 

In triatomic molecules, dipole moments are important because they 
are used to obtain information about the shape of the molecule. Thus 
the absence of a dipole moment in COj and CSz confirms the idea of a 
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symmetrical linear molecule. On the other hand, the dipole moments 
% 

of IIoO. H 2 S, SO 2 , and N 2 O show that these molecules are either non- 
symmetrical or nonlinear [sec Table 5.8(2)]. In a similar way the dipole 
moments of ammonia, phosphine, and arsine show that these molecules 
cannot have a plane symmetrical configuration. Table 5.8(2) gives the 
dipole moments of some simpler polyatomic molecules. 

TABLE 5.8(2) 

Dipole Moment.^ op Some Simpler Polyatomic Molecules 



E.S.U. (n X 10*®) 


E.S.U. (m X 10*®) 

N 20 

0.14 

PH 3 

0.55 

HCN 

2.6 

AsHa 

0.15 

II 2 O 

1.79 

CH 3 CI 

1.97 

H 2 S 

0.93 

CH 2 C 12 

1.59 

SO 2 

1.61 

CHCb 

0.95 

NHa 

1.46 




5.9 VECTOR ADDITIVITY OF DIPOLES The dipole moments 
of more complicated molecules can be measured as a general rule only 
in the liquid state. A study of these moments has sho\\Ti that in many 
cases the net dipole moment of the molecule can be obtained as a vec¬ 
tor sum of dipoles attached to certain bonds within the molecule. The 
best examples of the operation of this rule are the disubstituted ben¬ 
zenes. If for instance the two substituents are in the para position, the 
dipole moment should be equal to the difference of dipole moments of 
the corresponding monosubstituted products. Thus p-chlornitroben- 
zene has a dipole moment 2.36 X 10“^® E.S.U., while nitrobenzene and 
chlorobenzene have dipole moments 3.8 X 10“^® and 1.55 X 10”^®, 
giving a difference 2.25 X 10“^® E.S.U. If the two substituents are the 
same, the para compound has, of course, a zero moment but the meta 
compound should have the same dipole moment as the monosubstituted 
product since the sum of two vectors of equal magnitude at an angle of 
120® has the same magnitude as either of the vectors. Table 5.9(1) 

TABLE 6.9(1) 

Dipole Moments of Monosubstituted and Metadisubstitutbd Benzene 
Derivatives in Electrostatic Units. Each Meta Derivative Contains 

ONLT One Type of Substituent 



Mono 

Meta 

Chlor 

1.55 X 10“*® 

1.48 X 10 

Brom 

1.52 X 10“*® 

1.50 X 10 

lodo 

1.30 X 10-*® 

1.27 X 10 

Nitro 

3.8 X 10“** 

3.9 X 10 
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gives the comparison between the meta and mono compounds. In the 
case of the ortho compounds vector addition gives a dipole moment 

V 3 times as great as for the monosubstitutcd product. Table 5.9(2) 

TABLE 5.9(2) 

WEionxED D1P0T.E Moments of Monosobstitoted and Orthosubstitdted 
Benzene Derivatives in Electrostatic Units. Each Ortho Derivative 

Contains only Onb Type of Substituent 



V 3 Mono 

Ortho 

Fluor 

2.42 X 10"’® 

2.38 X 10-‘® 

Chlor 

2.C8 X 10-‘® 

2.25 X 10“*® 

Brom 

2.03 X 10-‘® 

2.00 X 10“*® 

lodo 

2.25 X 10"'® 

1.60 X 10“*® 

Nitro 

6.75 X I0-‘® 

6.00 X 10“*® 


shows this comparison. It may be seen that values for the ortho sub¬ 
stances are smaller than one would expect. Apparently the closeness of 
the substituents caused a considerable perturbation of the charge distri¬ 
bution. The vector-addition rule for dipole moments is significant be¬ 
cause it shows to what extent physical properties of parts of molecules are 
independent of the other parts. It will be seen later that, in molecules 
containing systems of conjugated double bonds, relatively distant parts 
can influence each other, and thus it is surprising that even approximate 
additivity obtains. 

Another consequence of a rigorous rule of additivity would be that 
the dipole moments of all saturated hydrocarbons would be equal to 
zero. It follows from the tetrahedral direction of carbon valencies that 
the CH 3 group has the same dipole as the OH bond and this together 
with the zero dipole of the C-C bond show's that substitution of an H 
by CH 3 wll not change the dipole moment. By such substitutions all 
hydrocarbons can be obtained from methane which has of course a zero 
dipole moment. That nearly all hydrocarbons actually have dipole 
moments too small to be measured need not be considered as a striking 
confirmation of the additivity of dipoles. The absence of dipole mo¬ 
ments may be rather a consequence of a small polarity of the C-H bond. 

6 d 0 ELECTRONIC POLARIZABILITY We shall now inve.stigate 
the mfluence of external electric fields on the motion of electrons; that 
IS, we shall discuss the electronic polarizability. If an atom or a mole¬ 
cule 18 placed in an electric field, the electrons will be repelled by the 
electnc field, and there w'ill be a greater electron density on the side 
opposite the direction of the electric field. This effect is, however, 
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ratlier Fmall as long as the perturbing electric field is small compared to 
the electric fields of electrons and nuclei uitliin the molecule. There 
exists a close analogy between this situation and the orientation of 
dipoles in a weak fiekl. In the latter example it was the temperature 
energy (I T) that prevented all dipoles from lining up in the direction of 
the field. In the case of tlie electronic polarizability it is the kinetic 
energy of the electrons that takes over the role of the temperature energy. 

It may be recalled that electrons do not fall into the nuclei because a 
localization of the electron position near the nucleus would lead to an 
excessive kinetic energy. The actual distribution of electrons in atoms 
or molecules is a compromise between the tendency of the potential 
energy which favors Ux’alization of the electrons and the tendency of 
kinetic energy which favors small values of the momentum and, there¬ 
fore, according to the uncertainty principle works against localization. 
This compromise between strong forces and high kinetic energies can¬ 
not be greatly disturbed by weak external forces. The actual electronic 
dipole moment induced in the molecule by the electric field E can be 
written in a form similar to the one we have ol)tained for the average 
value d [see equation 5.4(3)] in weak fields. To obtain de we must 

replace in the formula, d = ~ , the permanent dipole moment d by 

•Ski 

the dipole moment which the electron and the nucleus would have at a 
distance of approximately one atomic radius a. We also replace kT by 
the average kinetic energy of the electrons which is roughly of the same 
magnitude as the ionization energy V of the molecule. Since these 
considerations are only approximate, numerical coefficients wll be 
omitted, and we obtain 


2_2 




Ee^a 


5.10(1) 


The induced dipole moment of the molecule divided by the electric 
field E that caused it is called the polarizability a of the molecule. We 
thus obtain 

E 




a = 


5.10(2) 


In the formula for the net dipole moment per cubic centimeter P, we 
now must add the contribution of the polarizability to the contribution 
of the dipole moments, 

NEd"^ 

P = NEa +- 

3 kT 


5.10(3) 



ANISOTROPIC POLARIZABIMTY 
Thus we obtain, for the dielectric constant, 


1 P V rf' 

_(K_ = _ = + 

E 3 kT 


5.10(4) 


Since or is a positive quantity, the dielectric con.stant will l)e greater 
than unity even for nondipole substances and also for dipole substances 
at very high temperatures. 


5.11 ANISOTROPIC POLARIZABILITY The rare gases and many 

metallic vapors consist of atoms, the electronic structure of which has 

spherical symmetiy. For such atoms one mav expect that the induced 

dipole moment ^nll be parallel to the inducing electric field and that its 

mapntude v.i\\ depend only on the strength of the electric field and not 
on its orientation. 

Molecules have a structure that is not spherically symmetrical so that 
one may expect different polarizabilities according to the orientation of 
the electric field relative to the molecule. Aloieovcr, the induced dipole 
moment is not always parallel to the inducing electric field but will tend 
to include the smallest angle with the direction of greatest polarizability. 
But It still is true that the induced dipole moment is a linear function of 
the inducing field and that it vanishes if the inducing field is zero We 
may express this fact in terms of the components of the dipole moment 
de and the electric field E along the co-ordinate axes, x, y, and z. 

dz = + Clj;yEy "f- 

dy = CtyxEx + ClyyEy -f- OLytEf 5.11(1) 

dz = OCzj^Ex + ClfyEy + a^xEg 

Here a„, Oyy, etc., are constants which take the place of the simple 
polarizability a. For the components of we write d^, dy, and for 
the components of the electric field Ex, Ey, E^. 

This representation, of course, changes in form if a new set of co¬ 
ordinate axes is used. In the new co-ordinate system both the com¬ 
ponents of the vectors and the values of the coefficients etc have 
new values, but the new values of the coefficients etc., are uniquely 
determined by the values of the coefficients in the original system and 
by the rotation of the co-ordinate axes. One considers the nine coeffi¬ 
cients as components of one quantity, the polarizability a, just as the 
three numbers dx, dy, and d, are components of d, the induced dipole 
moment. We may write in a symbolical way for the system of equations 


d = otE 


5.11(2) 
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In this equation d and E are vectors, and a is a quantity with nine com¬ 
ponents, the characteristic property of which is that they establish 
linear relationships among the components of two vectors. Quantities 
of this kind are called tensors. 

In the specific case of the polarizability tensor, all tensor components 
etjx, <Jtc., are not indeijendent. The relations, 

Oixy — Oiyx 

Oyt = Ogy 5.11(3) 

OCtx — Otxx 

exist as can be shown to follow from the idea that a molecule in an 
electric field possesses a definite electrostatic energy and a definite 
energy associated with the distortion of the electronic structure in 
the electric field. We can also show that, if the relations 6.11(3) hold 
for one co-ordinate system, they must hold for all co-ordinate sys¬ 
tems. Thus these relations do not represent an accidental property 
of the tensor components but correspond to a property of the tensor 
itself. Tensors wth this property are called symmetrical tensors be¬ 
cause the quadratic scheme, or, as it is called, matrix, of their com¬ 
ponents is symmetrical with regard to the main diagonal, shown in the 
matrix as a dotted line [see 5.11(4)]. 

«„ a„ 

a,, oc„ a,M 5.11(4) 

N. 

Symmetrical tensors have the simple property that if we choose a set 
of co-ordinates ij, in an appropriate way, then only the diagonal 
components ajj, aff are different from zero while the nondiagonal 
components aj,, ar^, vanish. The equations 5.11(1) assume in this 
particular co-ordinate system the simple form: 

df = 

5.11(5) 

di = 

The physical significance of these equations is that there are three 
orthogonal directions, 17 , f, fixed in the molecule, along which the 
induced moments are parallel to the inducing fields. The three axes 
are called the principal axes of polarizability- Polarizability is con- 
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ventionally represented by a triaxial ellipsoid ^ith semiaxis values 
“n. along the three principal axes. 

It may be seen that, if two of these axes, for example and are 
equal, the ellipsoid reduces to an ellipsoid of revolution, in the example 
around the ^ axis. In this case any orthogonal axis perpendicular to f 
may be chosen as principal axis, and an electric field perpendicular to 
f mil always induce an electric moment parallel to itself. The polariza¬ 
bilities of diatomic molecules are as a mle ellipsoids of revolution. This 
holds also for molecules of lesser symmetry' such as benzene; in fact, it 
is clear that if an ellipsoid is to have hexagonal symmetry it must be an 
ellipsoid of revolution. 

If all three principal axes, are equal, the polarizability 

ellipsoid reduces to a sphere; then any direction can be considered as a 
principal axis. The induced dipole moment is always parallel to the 
inducing field, and the polarizability in every direction is the same. 
Not only atoms possess spherical polarizability; in molecules with 
tetrahedral or octahedral symmetry, the polarizability must also possess 
tetrahedral or octahedral symmetry, and the only ellipsoid of that sym¬ 
metry is a sphere. Spherical polarizability is called isotropic, whereas 
the polarizability is called anisotropic if at least two of the principal 
axes are different. 

For the general case of an anisotropic polarizability the dielectric 
constant K can be obtained in a rough way by assuming that one third 
of the molecules are oriented with their | axes parallel to the electric 
field, one third mth their ij axes and one third mth their f axes parallel 
to this direction. Then the contribution to the polarization will be 
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5.11(6) 


respectively, and we obtain, 
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and finally 


with 
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(i2 ATOMS AND MOLKCT LES IN ELECTRIC FIELDS 

It may be seen that equation 5.11(8) is the same as equation 5.10(4) if 
a in the latter eciuation is replaced by the mean polarizability 3. A 
more rigorous argument shows that equation 5.11(8) is correct in spite 
of the rough assumptions made. By measuring the dielectric constant 
of a gas we have a method of finding a for the molecules. The same 
holds for a liquid except that in a licpiid the polarizabilities of neighbor¬ 
ing molecules influence each other. From measurements on a crystal in 
which the molecules are orienteri, we may get more detailed information 
about the separate components of the polarizability (though again the 
effect of neighboring molecules on each other complicates the picture to 
some extent). In a crystal of sufficiently low symmetry it is not at all 
unusual to find very different dielectric constants along different direc¬ 
tions. 

For isolated molecules, that is, for a gas, direct experiments do not 
give us information beyond the v’alue of 5. A more complicated ap" 
proach using scattering of light and other methods in optics discussed 
in C'haptcr 10 will give us information on the anisotropy of the polariza¬ 
bility. But even without further experiments, statements about the 
polarizability ellipsoid can be made using only symmetry properties of 
the molecule. Thus we have encountered ellipsoids of revolution for 
diatomic molecules and for benzene; another example would be ammonia. 
In molecules of lower symmetry such as H 2 O the polarizability ellipsoid 
will have three different axes, the directions of which are perpendicular 
to the molecular plane, parallel to the line joining the two hydrogen 
atoms and along the line bisecting the H-O-H angle. In fact, any axis 
of symmetry is a principal axis of the polarizability ellipsoid, and any 
plane of symmetry contains two axes of the ellipsoid. Thus, even for 
molecules of rather low symmeti-j', information on the orientation of 
the polarizability ellipsoid within the molecule can be obtained from 
very general arguments. 
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6.1 VAN DER WAALS FORCES According to general physical 
chemical evidence, two atoms or molecules weakly attract each other 
at distances of a few angstroms; at smaller distances when the atoms 
touch, chemical-bond formation may occur; in the case of saturated 
molecules, however, repulsion will result. 

The weak attraction at great distances is called van dcr Waals attrac¬ 
tion, and the strong repulsion at small distances, the van dor Waals 
repulsion. We have gained a roughly qualitative insight into the latter 
by pointmg out its connection with the Pauli principle; in both its 
nature and magnitude it is similar to the forces of chemical-bond forma¬ 
tion. Therefore, the van der Waals repulsion will conveniently be 
treated together with the chemical bond. 

The van der Waals attraction on the other hand is primarily an elec¬ 
trostatic phenomenon due to the dipole moment and polarizability of 
molecules. 


6.2 INTERACTION BETWEEN MOLECULES DUE TO DI 
POLES AND POLARIZABILITIES. Dipole molecules produce 
strong electric fields which act on other molecules in the neighborhood; 
the molecular electric fields are not homogeneous, and therefore their 
interaction with another molecule wll depend on the detailed charge 
distribution in the second molecule. Moreover, electric fields may eman¬ 
ate from a molecule even if its net dipole moment is zero. But for some¬ 
what greater distances the orienting effect of the field produced by the 

one dipole on the second dipole will be the strongest reason for interac- 
tion between the two molecules. 

If the second molecule has no dipole moment or even if it is an atom 
and has a spherical charge distribution, it will, because of its polariza- 
bihty interact with the field emanating from the first molecule. We can 
go still further and consider two molecules ^vithout dipoles or even two 
atoms with sphencal charge distribution from which no electric fields 
should emanate. We shall see that even in these cases polarizability 
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causes an interaction between the molecules. These effects of atomic 
fielils mainly due to dipoles and polarizabilities cause the van der Waals 

attraction forces. i i * +u 

Of these forces, the strongest ones arc due, as a general rule, to the 

interactions between dipoles. Molecular polarizability usually pro- 
diices smaller effects. 

0.3 DIPOLE-DIPOLE INTERACTION A dipole of magnitude 
e = d produces at a distance r an electric field of the approximate 
magnitude d/r^. From this the interaction between two dipoles is 

readily obtained; the first dipole di produces a field a , r being the 

distance between the two dipoles. The interaction of the second dipole 

d\d2 

do wth this field gives rise to the interaction energy d 2 -Ei a 


This 


is actually the correct figure for the interaction of two dipoles alongside 
each other. For the two dipoles in a straight line the interaction mil 
be doubled. Using for the dipole moments dx and d^ the rather high 
values of 2 X 10“^® E.S.U. and for the distance the rather small value 
3 A., we obtain for the interaction energy of two dipoles alongside each 
other, 1.5 X 10“^® erg, which corresponds to 2.1 kcal. per mole; if the 
two dipoles are in a straight line, we obtain 4.2 kcal. for the interaction 
energy per mole. This is the right order of magnitude for the stronger 
kind of van der Waals forces. 

6.4 EFFECT OF TEMPERATURE The dipole-dipole interac¬ 
tion, as just described, is frequently smaller than the temperature 
ener^ kT] for weak dipoles this \vill be the case for all possible distances 
of approach. For the strongest dipoles it ^vill also be so as soon as the 
distance becomes as much as about two molecular diameters. It is then 
no longer permissible to consider the second dipole occupying the most 
favorable position in the field of the first dipole and giving rise to an 
interaction energy dzEx = The temperature \vill in first 

approximation give rise to uniform distribution of orientations for each 
dipole leading to an average interaction of zero between the two 

dipoles. .. I 

The field E\ = di/r® causes (see section 5.4), however, a preferential 

orientation of the second dipole ^2 and gives rise to an average dipole 

moment ^2 parallel to Ex and having the magnitude, 


1 
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tin 


The interaction of this average dipole moment with the field will be 


Eid2 = - 

t5 


1 1 d,W 


kT 3 kTr^ 


6.4(2) 


Thus we see that, although the dipolc-dipole van der Waals energy de¬ 
creases as (1/r^) in strong fields, it decreases much nio!*e rapidly (as 
(1/r®)] in weak fields. The indi\idual molecules still have interaction 
energies proportional to ± dxd 2 /r^, according to the relative orientation 
of the interacting dipoles. It is, however, the average interaction energy 
1 

3 kTr^ which will be of importance in weak fields. 


6.5 POLARIZABILITY-POLARIZABILITY INTERACTION In 

discussing the electronic polarizability (section 5.10), we have seen that 
the dipole due to the polarizability is analogous to the average dipole 
due to the orientation of a dipole molecule. Whereas in the latter case 
the temperature motion opposes the orientation of the molecules, in the 
former case the kinetic energy of the electrons within the molecule pre¬ 
vents the nucleus-electron dipole from lining up with the electric field. 

Amplifying this analogy, the electronic polarizability will give lise to 
interactions betw'een molecules similar to those obtained for dipole- 
dipole interaction in the case of weak fields. The analogy of the strong- 
field case does not arise since the interactions of the electronic dipoles 
of two different molecules are smaller than the zero-point energy of the 
electrons within the separate molecules, which replaces the kT of our 
previous consideration. To obtain the formula for the interaction of 


two molecules not possessing permanent dipole moments we have to 
1 

replace in - ^2 by 02 ® (ui and 02 are the radii of the 


two atoms) and kT by ^(^1 + V 2 ), the mean of the zero-point energies 
or ionization energies of the two molecules. Omitting again numerical 
coefficients, we obtain, for the interaction, 


(eaieaa)^ 

(Fi + Y2)r® 

Since in this formula oi and 02 are not readily accessible to experiment 
we express them with the help of the polarizabilities from formula 
5.10(2) and obtain 

ct\a2ViV2 
(Vi + F2)r« 


6.5(2) 
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A more careful calculation on the basis of quantum mechanics shows 
that this formula for interaction should be multiplied by a factor of f 
but cv{‘n so, this coefficient is based on a roughly approximate atomic 
model, and its exact value would vary from case to case and is veiy 
difficult to determine. 

We see that the interaction potential due to the polarizability of two 
moletailes will again decrease with (l/r®). The reason for this interac¬ 
tion is that the electrons have a weak tendency to prefer configurations in 
the two molecules which make their interaction energy as low as possible. * 


6 .C DIPOLE-POLAHIZABILITY INTERACTION The interac¬ 
tion of the polarizabilities of two molecules has to be taken into account, 
whether or not the interacting molecules have dipoles. If, however, at 
least one of the interacting molecules has a permanent dipole, an addi¬ 
tional term aiises from the interaction of this permanent dipole with the 
polarizability of the other molecule. If both interacting molecules have 
permanent dipoles, this interaction has to be taken into account both 
^\•ays. 

According to the definition of polarizability, an electric field E induces 
the electronic dipole moment, 

d, = aE 6.6(1) 


in the molecule. The interaction energy of the polarizability with the 
electric field is aE^I2. The reason we get this expression rather than 
Ede = c(E^ is that the electronic dipole de has been created by the elec¬ 
tric field E and has been increasing along with it as the field E has been 
increased. Therefore, the interaction between electric field and polariza¬ 
bility will be obtained by multiplying E by dc/2, the latter being the 
mean value of the electronic dipole during its gradual increase from the 
initial value 0 to the final value dc. 

The permanent dipole di of the first molecule causes an electric field 
E = di/r^ at a distance r in a direction perpendicular to the dipole; if 
at this distance there is located a second molecule of polarizability agj 
there \vill be an interaction energy, 
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If the second molecule is located at a distance r along the line of the 
dipole, then it will be under the influence of an electric field 2di/r 
the dipole—polarizability interaction of the two molecules is 2 a 2 di /t . 

• The forces discussed above were first investigated by F. London. The expression 
“London forces” is often used to describe this interaction. 
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It can be shown that the average' value of all cHpolt'-polai izability inter¬ 
actions at the distance r over all oriejitations of the tlipole with ic'gard 
to the line joining the two molecules is given bv 

Average dipole-polarizability interaction = • ^ ■ 0.0(3) 

If the second molecule possesses a permanent dipole moment <I 2 in its 
turn, we shall have the further addition ajdo’/r*' to the interaction 
energy. 

6.7 INTERACTION AT SMALL DISTANCES All the formulas 
which have been given in this chapter are idealizations which can be 
used only as long as the molecules are sufficiently far apart. If they 
approach to a distance of one or two molecular diametei-s, it ceases to 
be permissible to replace the distribution of electricity in a molecule by 
a simple dipole; it then also becomes questionable whether the changes 
of electronic motion can be adequately described by the simple idea of 
polarizability. 

Thus, for instance, carbon dioxide has no dipole moment but has 
probably a strong quadrupole moment vith more positive charge near 
the carbon and more negative charge near the oxygens. Two carbon 
dioxide molecules may interact at small distances as strongly as two 
dipole molecules. This interaction wll, however, decrease rapidly with 
increasing distance. 

For calculating interactions of big molecules at close approach, it is 
frequently of great advantage not to consider dipole moments or polai iz- 
abilities of the molecules as a whole, but rather to take into account 
dipole moments, polarizabilities, and possibly charges attached to the 
different atoms, groups, or regions of the molecule. Thus for the inter¬ 
action of a nitrobenzene and an aniline molecule it would be a great 
mistake to ignore the localization of dipole moments in the NO 2 and 
NH 2 groups on the periphery of the molecules. Dipole moments, 
charges, and great polarizabilities on the periphery facilitate close 
approach of these effective regions and give rise to particularly strong 
and directed van der Waals forces. 

One well-known example of strong and directed van der Waals forces 
is the so-called hydrogen bond. A hydrogen atom l>dng on the pe¬ 
riphery of a molecule is apt to carry an excess positive charge, particu¬ 
larly if the hydrogen belongs to an OH or NH group. This positive 
charge may strongly interact with a negatively charged region of 
another molecule or even with a negatively charged end of the same 
molecule bent back into the vicinity of the hydrogen atom. The nega- 
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tivcly charged cud being rich in electronic charge is apt to have a con¬ 
siderable polarizability, and the interaction of the positive charge near 
tlie surface and the approaching polarizable region further increases 
the attraction. The interaction may become as great as 10 Kcal. per 
mole. The type of interaction is not intrinsically connected with 
hydrogen atoms except for the fact that there are few other atoms, par¬ 
ticularly in organic molecules, that arc apt to lie on the surface of the 
molecule and carrj' a positive charge. 

Unfortunately, only the polarizability and dipole moment of the 
molecule as a whole are susceptible to direct measurement. A more 
detailed picture of the localization of these quantities in the molecule 
can be obtained only by indirect methods, particularly by comparing 
dipole moments and polarizabilities of different molecules, and by assum¬ 
ing that the dipole moment and polarizability can be obtained by add¬ 
ing up characteristic dipole moments and polarizabilities of groups or 
atoms. This kind of reasoning can give, of course, only limited preci¬ 
sion. Furthermore, the localization of the dipole moment, the distribu¬ 
tion of charge, and the replacement of polarizability by a more detailed 
picture become essential even for the separate groups in the molecule 
if accurate prediction of the interaction potentials at close approach is 
to be made. There is, however, no general method of finding out these 
properties of separate groups, so that predictions about van der Waals 
interaction for the most important case of close approach, for instance, 
liquids, are strictly qualitative. 

If we add to this picture the uncertainties and difficulties connected 
with the van der Waals repulsion which determines the distances of 
closest approach, it becomes evident that a theory of van der Waals 
forces can be used only as a method to correlate experimental results, 
rather than to predict these forces. 

6.8 ION INTERACTIONS Interaction of ions with each other and 
with neutral molecules is usually not included in van der Waals forces; 
however, we shall add some remarks about them, since the electric 
nature of the forces involved makes the forces and potentials very 
similar to those already discussed. 

The energy of interaction between two ions of charges Ci and €2 at the 
distance r, is eie 2 /T. The interaction energy of a charge ei udth a dipole 
c ?2 is (eiA^)d 2 , the factor Cj/A being the field produced by the charge 
Cl at the position of the dipole. This charge-dipole interaction repre¬ 
sents the average interaction correctly only if it is big compared to the 

, , 1 €i^d2^ 

temperature energy kT. Otherudse, it has to be replaced by - ^^^4 • 
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The interaction energy between an electric charge Ci and a molecule 
of polarizability a 2 is - . 

The chemist deals with ions mostly when they are in solution. Their 
interaction energy with the solvent is knowm as the energy of solvation, 
a quantity which is of importance in calculating ionic equilibria. Treat¬ 
ing the solvent as a dielectric medium, we obtain for this energy 
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where e is the charge on the ion and r is the distance of the solvent 
molecule. This formula can be understood by considering the electric 
energies necessary to concentrate an ionic charge e on the surface of a 
sphere of radius Tq in vacuum and in a medium of dielectric constant 
K. The difference between these two energies is the amount by which 
the electric energy changes if the ion is brought into solution. An ion of 
the charge e may be built up by increasing its charge continuously from 
zero to e; if at one instant the charge is «, then on the surface of the 
ion the potential is e/ro, and it ^vill require the work edc/rn to increase 
the charge by the amount dt. If e is increased from 0 to e, the total 
electrical work is eV2ro. In a dielectric medium of dielectric constant 
K the infinitesimal work is etfe/Kro, and the total electrical work e^/2,K.r. 

^ These energies, of course, depend on the ionic radius r, whereas in the 
difference of energies, equation 6.8(1), we have used for r the minimum 
distance between an ion and a solvent molecule. We have done this 
since at distances smaller than r from the ion the influence of the solvent 
molecules on the electric energy is not fully developed. It is simplest 
to assume that the contribution to the electric energy at distances 
smaller than r is the same for vacuum and for the dielectric. 

Formula 6.8(p has to be corrected for several reasons. First, if the 
ion is not spherical, the distance of closest approach is different in dif¬ 
ferent directions, and an appropriate average value has to be used 
Second, if the solvent molecules are large, it will be preferable to use for 
r the closest distance of approach of the nearest atom in the solvent 
molecule, although this method too may be misleading if the polariza¬ 
bility or dipole moment, and with it the main contribution of the solvent 
molecule to the dielectric constant, is located in a part of the solvent 
molecule which cannot make dose contact with the ion. This brings 
us to the final and most important objection. In the immediate neigh¬ 
borhood of the ion, it is, as a general rule, not permissible to simplify 
the mteraction between solvent and ion by simply taking into account 
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the flielcptrit- ctnistant. This procedure assumes that the dipoles of the 
solvent beliave in the same manner in the immediate neighborhood of 
tlie ion as they do under the influence of an external (macroscopic) field. 
In reality, very close to an ion the fields are strong and A^ill cause in 
many cases a complete orientation of the dipoles which practically 
never happens if an cxtei’nal field is applied. It is, therefore, best to 
take the interaction of tl)e ion and the neighboring molecules individ¬ 
ually into account whereby attention has to be paid to the shape of the 
solvent molecules and the ion, to the distribution of electrons and 
jjolarizability in the solvent molecules, and to the interaction of the 
solvent molecules with each other. After the ion has been surrounded 
by a monomolecular layer, it is, as a general rule, safe to take the inter¬ 
action with the more distant solvent ions into account by using the 

( l\g2 

1 — ^ wherein for r will be substituted the radius of 

closest approach of an outside solvent molecule to the center of the 
complex consisting of the ion and the monomolecular layer. 

This more complex method of calculation gives, for dipole solvents, 
smaller heats of solvation than would follow from the straightforward 
application of formula 6.8(1). In fact, formula 6.8(1) would give the 
right result if the average ion-dipole interaction were every\vhere given 


W 


, lei 

^ 3 kTr* 


However, this interaction has to be replaced by 61 ^ 2 /^' 


wherever this latter expression is smaller than the former, that is, near 
the ions. Thus the straightforward application of the formula 


0 - 31 ; 


tends to overestimate the interaction of the ion with the 


neighboring dipoles. 

The effect of the solvent on the interaction of two distant ions can be 
again taken into account by using the dielectric constant. The interac¬ 
tion energy is eie 2 /rK. Having taken the dielectric constant into 
account, we have of course included the change of interaction between 
ions and solvent molecules due to the approach of the two ions. At 
very close distances of two ions where no solvent molecules interyene, 
this formula becomes, of course, inapplicable, and a detailed study of 
the interaction of ions and surrounding molecules has to be made. The 
interaction can be simplified by using dielectric constants only at great 
distances, that is, if many solvent molecules lie between the interact¬ 
ing ions. 
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7.1 NECESSARY APPROXIMATIONS Chomical-bond forma¬ 
tion means an essential rearrangement of the electronic structure The 
problem of the behavior of many electrons all strongly interacting with 
each other and with the nuclei is so complicated that only vei v drastic 
sirnphfications will make a discussion and a calculation possible. 

As soon as a really good and simple approximation could be found it 
would not be difficult, by a method of successive ajiproximalions, to 
improve it further; however, the method of successive approximations 
has this characteristic property: If the first approximation is good, the 
follomng approximation will be much better, and the next approxima¬ 
tion will be excellent. If the first approximation is bad, no further 
approximation means an improvement or is worth tlie labor. It is by 
no means certain that any of the general metho<ls as yet proposed war¬ 
rants a calculation of further approximation, except in specific cases 
Nor IS It very probable that the “valence problem” ^^in be solved by 
findmg approximations which are both simple and good; the most we 
can hope for is that the specific cases for which good calculations can be 
obtamed may become somewhat more numerous 

In the following, we shall give an outline of the diief simplifications 
that have been proposed. 

Inn METHOD The atomic-function 

approximation was the first attempt at a theory of valence. It was 

first applied by Ileitler and London, whose names are frequently used 

to designate this method. According to this procedure, a molecule is 

^W?rThe Itomf ""f approximation by the unperturbed atomic functions 
^th the atoms placed at appropnate distances from each other For 

the inner electrons, such as the electrons of the K shell in carbon this 

P-^'^clure, since the energy orblnd 
fon^tion IS too small to perturb these inner electrons. Folthe outer 
electrons, however, the approximation seems to be far from justified 
since the energy of bond formation and with it the interaction of elec’ 
trons belonging to different molecules is of the same order of magnitide 
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ns tlio energies of the electrons within an atom. Thus the neglected 
(juantitios are not small compared to the quantities which have been 
taken into account. This criticism must not, however, be taken as 
specific; it attaclies to all methods so far proposed. 

The atomic-function method seems particularly apt for the calcula¬ 
tion of incijiient reaction.s, that is, for the calculation of the case where 
the atoms are still far apart and are just starting to interact chemically. 
Tor these huge distances the interaction energy is still small and may 
justly be treated as a perturbation. 

Even for largo distances, however, the followang difficulties are en¬ 
countered: (1) The electronic structures of the interacting atoms are 
frequently not known ^\■ith high accuracy, and so the interaction cannot 
be calculated quantitatively. In a few exceptional cases, namely for 
the hydrogen atom, for the helium atom, and to a lesser extent for the 
alkali atoms, the proper functions of the atoms are knoum, and quan¬ 
titative predictions for interactions at large distances are possible. 
(2) In most of the interesting cases, one of the interacting partners is 
itself a molecule. The only molecule for which we have a reasonably 
accurate proper function is the hydrogen molecule. Therefore, in¬ 
cipient electronic rearrangements at great distances—and with it the 
ealculation of activation energies according to the atomic function 
method—seem to have a very limited applicability. 

7.3 VAN DER WAALS REPULSION The Heitler-London method 
has led, nevertheless, to an understanding of some very important 
properties of interacting atoms, molecules, and radicals. Frequently 
the first effect owing to the overlapping of the electron distributions 
will be a repulsion. We have mentioned earlier that this repulsion is 
due to the Pauli principle which makes it necessary for the electrons of 
two approaching atoms to get out of each other’s way. The resulting 
force is the van der Waals repulsion. This repulsion will be the only 
strong force occurring if both reacting partners are nondegenerate, or if 
one reacting partner is nondegenerate and the other has a degeneracy 
owing to spin. 

The shape of the repulsion can be obtained for great distances. We 
have seen that in quantum mechanics electrons have a chance to get 
away from the atom, radical, or molecule to which they belong, the 
only limiting factor being that the greater the distance, the smaller the 
wave function, and also the smaller the chance that the electron is 
found at that distance. These extensions of the wave functions towards 
great radii cause the first overlapping of wave functions, and the first 
effects of van der Waals repulsion. 
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An example for the wave function of one electron extending to great 
distances has been given for the hydrogen atom. Tlie expression given 
there, equation 2.1(5), can be written with the help of eciuation 2.1(3). 

4'= Cc ■' 7.:i(I) 

This formula remains valid for systems other than hydrogen if one 
introduces a change taking into account the dilTerence in the diOieulty 
of extracting an electron from the atom, radical, or molecule. Tlie 
energy needed to extract an electron from the hydrogen atom is, aecoril- 
ing to equation 2,1(4), 2Tr^me*/h^. If this energy is denoted as the ioni¬ 
zation energy, V, equation 7.3(1) can be rewntten 

4' = Ce * ' 7.3(2) 

which is a reasonable approximation to yp at large r values for all atoms, 
molecules, and ions, if the appropriate value for the ionization energy is 
used. Of course, although for hydrogen V and the constant C can be 
easily calculated, V has to be determined in the general case experimen¬ 
tally whereas C can be obtained only from calculations which are either 
difficult or crude. In fact, in the general case C is strictly speaking not 

a constant but a function which varies slowly compared to the exponen¬ 
tial factor. 

The expression 7.3(2) is valid only as an asymptotic expression for 
great distances r. Its particular weakness is that except for atoms it 
seems difficult to define accurately from which point r has to be meas¬ 
ured. A simple statement that we can make is that r may be taken as 
the distance from the nearest nucleus in the molecule. Sometimes it 
may be better to use the distance from the nucleus of the most electro¬ 
negative atom. 

Owing to the spread of electronic proper functions, two effects appear 
as atoms or molecules approach. First, when the wave functions of the 
two molecules overlap, an electron of one molecule might get within the 
electronic cloud of the other molecule and into the attractive region of 
the nucleus of the second molecule. This is represented in the calcula¬ 
tions by the “coulomb integral.” The second effect which is another 
consequence of the overlapping is due to the operation of the Pauli 
principle. It is represented in the calculation by the exchange integral 
The coulomb integral causes attraction; the exchange integral for the 
case of nondegenerate interacting systems or for the case of spin de¬ 
generacy of only one partner causes repulsion. This repulsion outweighs 
the coulomb attraction. 
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All ihe interactions mentioned will be proportional to the probability 
for the electron whicli is most easily ionized to penetrate into the struc¬ 
ture of the second reactant. This probability is 


f- = C-c 


\ * 

— 2-;-r 


7.3(3) 


Here we have to substitute for V the ionization energy of the most 
easily ionized molecule. In fact, the wave function of the molecule 
with the smallest ionization energy extends farthest and determines at 
large distances the overlapping of the wave functions. Ihe expression 
7.3(3) shows that the van der Waals repulsion changes exponentially 
with the distance. If the minimum ionization energy is comparatively 
small, the van der Waals repulsion has a large range. As to its absolute 
magnitude, only rough estimates are passible; it seems to be preferable 
to determine it experimentally from the equilibrium distances of atoms 
or molecules, that is, from the point where van der Waals attraction 
and repulsion forces balance. Again, as in the case of van dor Waals 
attraction, the approximate formula which we are able to give for the 
van der Waals repulsion retains no more than a qualitative significance 
in the most interesting region of close approach. 


7.4 ATTRACTION IN THE IIEITLER-LONDON MODEL If 
both the interacting groups have a spin degeneracy, or if at least one of 
them has a degeneracy depending on the orbital motion of the electrons, 
then, as the two groups approach, the degeneracy will at least partly be 
removed. By this, we mean that, instead of several states having the 
same energy, at least some of them will now have a different energy. 
such cases avc say that the degenerate levels arc .split. As a general rule, 
at least one of the nc\v levels obtained will have a lower energy than it 
had originally. That means attraction will result for this particular 
state. 

As a special example, we shall cite the interaction of tw’o hydrogen 
atoms. This example has played a particularly important role in the 
development and discussion of the atomic-function method. The elec¬ 
trons in the hydrogen atom have a tw'ofold degeneracy because of their 
spins. These spins can orient themselves in opposite directions, giving 
rise to a nondegenerate (singlet) state; on the other hand, they may line 
up in the same direction, giving rise to a threefold degenerate (triplet) 
state.* Heitler and London have shown that the former state leads to 

* Nondegencratc, twofold degenerate, threefold degenerate, etc., states are called 
singlet, doublet, triplet states if the degeneracy is due to the electronic spin (see 

Section 11.4). 
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attraction, the latter to repulsion. Moreover, the attraction lia.s tlie 
right order of magnitude, though, aceoTtling to their rougli calculations, 
it is not in quantitative agreement with the enei-gy of formation of the 
hydrogen molecule. 

They furthermore showed that, if any two atoms ha\-c only spin de- 
pneracy, the lowest state which one obtains, that is. the one correspond¬ 
ing to the strongest attraction, will a.s a general rule be the one wlieie 
the spins of the two atoms are oriented in opposite directions. 

One seeming objection that can be raised against tlie atomie-funcf ion 
theory is that it predicts repulsion between .some atoms which, accoid- 
mg to chemical iih^as, possess valences and actually form compounds. 
Thus the atoms of the alkaline-earth metals are nondeg<*nej‘ate in their 
fundamental state and should therofoj'e repel each other. But not 
much energy is nccessaiy to reach a higher excited state of an alkaline- 
earth atom. If we forget about this relatively small excitation energ_\-, 
we obtain a degenerate state which is capable, accoixling to Ilcitlcr and 
London, of giving ri.se to attractions. If, then, the woik done by this 
attraction becomes greater than tlic excitation energy which wc have 
originally neglected, we shall have arrived at an actually stable state. 
Ihis can occur only at comparatively small distances where the work 
of attraction has become great. At large distances the repulsion due to 
the original nondegenerate state must predominate. This gives an 
explanation for activation energies which in its general features we 
believe to be correct. If, however, for the actual bond formation more 
than the fundamental state of the reacting atoms mu.st be taken into 
account, as has been the case in the example cited previously, the 

simplicity and with it the usefulness of the atomic function picture 
suffers. 


7.5 H II 2 REACTION An interesting application of the method 
here discussed is the treatment of the i-eaction II 2 + 11 ^ H 4- If. 
The occurrence of such a reaction can be experimentally followed by 
the use of isotopes or by following the ortlio-para hydrogen conversion 
under appropriate conditions. 

In the initial state, two hydrogen atoms form a molecule with the 
electron spins pointing in opposite direction.s and making up a singlet 
state; the third hydrogen atom is at a greater distance. In tlw* final 
state, the second and third hydrogen atoms form the molecule in the 
singlet state, and the first hydrogen atom is far away. 

In the course of the reaction, a state or reaction complex has to be 
formed in which all three hydrogen atoms arc close together. Of all 
such pussihilities the one with the lowest energy 1ms to be selected. It 
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has boon shown that the lowest energy occurs when the three hydrogen 
atoms are on a straight line: 


1 2 3 

When the third hydrogen atom approaches the second, the first will be 
pushed away. 

Both rough calculations and experiments show that the activated 
complex has an enei gy a few kilocalories higher than the initial or final 
state. These few kilocalories constitute the activation energy of the 
reaction. 

It is interesting to note that, according to the positive value of this 
activation energy, a hydrogen atom is repelled if it approaches a hydro¬ 
gen molecule. In fact, the hj'drogen molecule acts initially in the same 
way as a closed shell, repelling any electronic structure that approaches 
it. That the hydrogen atom can most easily approach in the direction 
of the axis of the molecule is due to the fact that in this way the over¬ 
lapping of the electron clouds between hydrogen atom and hydrogen 
molecule is the least; in fact, such overlapping takes place piimarily 
between the electron of the third hydrogen and the electron of the 
second hydrogen with which it is going to form a bond. If the hydrogen 
atom were to approach in the symmetry plane between the two atoms 
of the molecule, it would overlap the electron cloud of the hydrogen 
molecule at the point where it is densest and, in doing so, would un¬ 
necessarily overlap the electron cloud of the first atom. 

These calculations have illustrated both the saturation character of 
valence forces as derived from the atomic-function method, and also 
the applicability of this method to calculate activation energies. For 
heavier atoms, however, similar calculations become much more diffi¬ 
cult. For practical purposes several of the constants necessary for the 
calculation may be obtained with the help of analogy considerations and 
empirical data. 

7.6 MOLECULAR-ORBITAL METHOD In building up the states 
of atoms by successively adding electrons into certain orbits and obtain¬ 
ing the periodic system, we have assumed that the motion of the elec¬ 
trons can be considered as independent. More exactly, we have assumed 
that the electrons act on each other only by their average fields, and we 
furthermore assumed that this average field does not modify the spheri¬ 
cal symmetry of the field. The molecular-orbital method proceeds 
along similar lines. We shall consider first the wave functions of the 
separate electrons in the field of the nuclei; a correction must be made 
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on the nuclear field because of the presence of tl\e other electrons, and 
the assumption is made that this chanpcs the (juantitutive features of 
the field, but not its symmetry. Finally, we shall ha\-e to consider the 
order of electronic levels and the filling up of clo.sed shells, just as in the 
atomic case. 

The main difference between the atomic and molecular cases is that 
for molecules we have a much lower symmetry. Thus for diatomic 
molecules for which the molecular-orbital method has been W(jikod out 
in greatest detail, instead of the spherical symmetry of tlie atoms, only 
cylindrical symmetry appears. The same liolds for any linear molecule 
such as acetylene or hydrogen cyanide. For a nonlinear triatomic 
molecule only one or two planes of symmetry remain, and for many 
other molecules no symmetry at all is left. 

An important consequence of the lack or lower degree of symmetry is 
that in the molecular case degeneracy wiW be absent or, at any rate, of 
less importance than in atoms. We recall that degeneracy means that 
several electronic orbits or wave functions belong to the same energy. 
Unless due to chance, such degeneracy will be caused by the symmetry 
of the problem, that is, by the fact that several orbits or wave functions, 
though different in space, can be reduced to each other by reflections or 
rotations of the molecule and can therefore not be different in energy. 
Actually, in order to obtain degeneracy, a rather high degree of sym¬ 
metry is required, such as, for instance, the cylindrical symmetry of a 
diatomic molecule. Even this cylindrical symmetry is going to cause 
degeneracy which is not higher than twofold, whereas in the atomic 
case the p, d, f, etc., electrons have 3, 5, 7, etc.,-fold degeneracy. Fill¬ 
ing all orbits of a degenerate set is equivalent to filling a closed shell. 
The result is that in molecules there is room for fewer electrons in a 
closed shell, and there are correspondingly more closed shells Avith 
smaller energy differences between them. It is, however, just the great 
difference between the energies of consecutive closed shells on which 
the applicability of the independent electron picture hinges. It may 
be remembered that the atomic-orbital method used in constructing 
the periodic system gave simple and clear-cut results only in those cases 
where the shell, being filled up, was lying much lower than any other 
electronic state. If two states of different kind have comparable ener¬ 
gies, the more complicated situation of the transition elements is ob- 
tamed; because of the denser spacing of closed shells, this kind of a 
compUcation wih be a rule rather than an exception in the molecular- 
orbital method. A further complication arises from the facts that a 
new variable, namely, the nuclear distance, is introduced, and that the 
order of consecutive closed shells might be different for different nuclear 
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soparations. Those reasons explain the difference in practical use of 
atomic- and molecular-orbital methods. The former is the generally 
accepted starting point for the theory of atomic physics, particularly 
atomic spectra; the latter, though very useful in some cases, can only 
be considered as one of the ways to tackle the problem of molecular 
structure. 

In comparing the molecular-orbital method ^\^th the atomic-function 
method, \vc find that the former is more adapted to give a description 
of the molecule in its stable state in which at least some of the electrons 
are under the influence of both nuclei; in the atomic-function method, 
on the other hand, the emphasis lies on the formation of the molecule 
from separate atoms. 

Another practical difference between the two methods is the greater 
flexibility of the molecular-orbital method; this flexibility is obtained by 
starting from scmiempirical wave functions and energy levels instead of 
using calculations throughout. Thus, information as to the behavior 
of molecular orbits is frequently obtained by interpolating between the 
two cases of infinite nuclear separation and zero nuclear separation, 
these cases being known from atomic spectra. Also the results can be 
checked and the assumptions corrected by comparison with the spectra 
of diatomic molecules. The success of the method in the hands of its 
originators, Hund and Mulliken, was due to constant guidance by em¬ 
pirical data. The spectra of molecules of the first row of the periodic 
table have been particularly thoroughly discussed. 

The molecular-orbital method recognizes and, in fact, overemphasizes 
the fluctuation of the probability of charge distribution in molecules. 
In the Heitler-London method each electron belongs to one definite 
atom; in the Hund-Mulliken method the electrons are in fimt approxi¬ 
mation free to move throughout the molecule. This means that ionic 
states are used wth the same weight in building up molecules as atomic 
states. Of course, the independence of the motion of the electrons is 
rather strongly restricted even in the Hund-Mulliken method by the 
exclusion principle which always guarantees that no more electrons 
can be present near an atom than the closed shell, which is being filled 
up in that atom, can hold. Thus, at least for saturated molecules, the 
atomic-function and molecular-orbital approximations lead to less diver¬ 
gent results than would perhaps be expected. 

7.7 THE TUNNEL EFFECT Greater Nuclear Separation.—We 
first shall have to consider the orbit or rather the wave function of an 
electron in the field of two similar atomic nuclei: for example, two hydr<> 
gen nuclei. This wave function will depend on the distance of the nuclei, 
and it ^\nll be necessary to investigate the effect of this distance. 
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Let US suppose that the disfance is vcr>' great compared to the radius 
of the hj'drogen atom, and let us ask then how a system consisting of 
two such nuclei and one electron will behave. Evidently the electron 
will be attached to one or the other nucleus, so that we have a hydrogen 
atom and a hydrogen ion. In Figure 7.7(l)^l the electron has been 
attached to nucleus 1, the proper function being that of the hydrogen 
atom. In Figure 7.7(1)5, it is similarly attached to nucleus 2. 

Now neither of these two states represents, strictly speaking, a sta¬ 
tionary state. The wave function in A overlaps the wave function in 
B. Therefore, the electron may assume oositions at which it cannot be 




Fig. 7.7(1). Two hydrogen nuclei and (he wave function of one electron attached 

to one of the nuclei. 

decided whether it belongs to nucleus 1 or nucleus 2. It can be actually 
sho^vn that, if we start with the electron in the state shoum in .4, it vill 
after some time go over into the state B. If the two nuclei 1 and 2 are 
very far from each other, the statements just made imply a rather sur¬ 
prising result. We start with a hydrogen atom at one point and a 
hydrogen ion at a point one centimeter away, and later we find that the 
electron has escaped from the hydrogen atom, leaving a hydrogen ion 
behind, and has attached itself to the former hydrogen ion, transform¬ 
ing it now into a hydrogen atom. In order to do .so, the electron must 
pass through the region of high potential energy between the nuclei 
where, according to classical ideas, the electron can never be found. 
Actually, even according to quantum mechanics, the electron is found 
between the two nuclei only with a very small probability at any given 
time. Neverthele.ss, after sufficient time has passed, the electron will 
be found with a probability practically equal to unity near the second 
nucleus. The name for this effect, the tunnel effect, is based on the 
picture that the electron has leaked through the potential banier that 
exists between the two nuclei. 

The apparent absurdity of this fact is greatly reduced if some actual 
numbers are considered. A calculation of the time in which the transi- 
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tion of the electron is completed can be made, using the approximate 


formula, 

t =- e 

Sir^me* 


7.7(1) 


where r is the distance of the two nuclei and a (0.53 A.) is the radius of 
the hydrogen atom. If the distance of the two atoms is about 1 A., the 
time the electron will take to go over to the other nucleus is approxi¬ 
mately 10”*® sec.; at a distance 10”^ cm., the time necessary mil be 
one second; at a distance of 2 X 10“^ era., the time wall be approxi¬ 
mately equal to the age of the earth. The time that is necessary for 
an electron to get to a proton at a distance of one centimeter ^vill be 
jqic4,ooo,ooo ggg j^QiG4,ooo,ooo yea|.g^ the difference between the two 

statements being much smaller than the error in the physical constants 
from which we calculate the exponents. 


7.8 MOLECULAR-ORBITAL FUNCTIONS FOR THE Hg'*' ION 
The actual proper functions for the stationary states of the H 2 '*’ ion 
(for wliich the probability distribution of the electron does not change 




Fio. 7.8(1). Diagram of the proper functions for the lowest bonding state (A) and 

the lowest antibonding state (B) of the Ha"*" ion. 

with time) are obtained by adding and by subtracting the two proper 
functions, A and B, shown in Figure 7.7(1). Thus we obtain Figures 
7.8(1)A and B. 

In each of these states the electron is with the probability 0.5 at 
nucleus 1 and with the probability 0.5 at nucleus 2. K the nuclei are 
very far apart, the proper function %vill stay very close to zero over a 
long distance between the nuclei; how'ever, for the state represented by 
A in Figure 7.8(1), the proper function never actually becomes zero, 
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^\he^eas, for B in Figure 7.8(1), the proper function vanishes or has a 
node in the plane of symmetry between the two nuclei. In B only one 
point of this plane is represented, namely, the point bisecting the dis¬ 
tance between nucleus 1 and nucleus 2. 

The difference of energy between the states represented by A and 
B in Figure 7.8(1) becomes very small for great separation of the nuclei. 
If, however, the nuclei come closer together, the difference in energy 
will become appreciable; this is so for two reasons acting in the same 




Fio. 7.8(2). II 2 + ion. DiaRram showing tlio probability of finding the electron at 
various points on the line joining the two nuclei. The probability vanishe.<? at the 
mid-point between the nuclei in the antibonding stale (B) but does not vanish in the 

bonding state {A). 

direction: (1) In A there is a greater chance for the electron to be be¬ 
tween the two nuclei where the potential energy is relatively low; this 
is illustrated by A and B, Figure 7.8(2), giving the square of the ^ 
function, that is, the probability of finding the electron at various 
points along the line joining the two nuclei. (2) The kinetic energy of 
the electron wll be all the greater, the shorter the wavelength of the 
wave function. Now Figure 7.8(1)/? with the node in the center of the 
two nuclei can be represented by a superposition of shorter waves than 
Figure 7.8(1 )/l; in fact, if we push the nuclei close enough together in 
Figure 7.8(1)/?, both a short wavelength and an absence of electron 
density in the region of low potential energies becomes very apparent 
(see Figure 7.8(3)1. The curve marked ^ shows that the wave function 
behaves like a short wave while the curve exhibits the low probability 

of finding the electron in the region of low potential energy lying be¬ 
tween the two nuclei. ® 

If we finally bring the two nuclei to coincidence, then we actually 
obtain a twofold charge which acts on the electron in the same way as 
the nucleus of the helium atom. The wave function shown in Figure 
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7.8(1)^1 goes over into tlic wave function Is, that is the lowest state of 
tlie lieliuin atom. Tlic wave function shomi in Figure 7.8(2).B 
however, have a node passing through the helium nucleus; it will be, 
therefore, a 2p function. The energy difference between these two is 
known to be 40 volts. For actual nuclear distances occurring in mole¬ 
cules, of course, no such great energj' differences will be obtained for 
the states shown in Figure 7.8(1)^ and B. It may be said, however, 
that it is the incipient promotion of a Is electron (fundamental state) of 
a hydrogen atom into a 2p electron of a helium atom that causes the 
energy difference between the actual states represented in A and B. 



Fio. 7.8(3). Wave function (curve <P) and probability density (curve for the 
antibonding stale of the Ha"*" ion with the nuclei close together. 

The energy dilTerence of the two wave functions represented in Fig¬ 
ure 7.8(1) is closely related to the time necessary for the tunnel effect. 
The consideration is the same as has been given for the superposition 
of a Is and 2p state of a hydrogen atom. Tliis is explained in the next 
paragraph. 

7.9 ENERGY DIFFERENCE AND TIME IN THE TUNNEL 
EFFECT We designate the proper function sho^^•n in Figure 7.8(1)A 
by atid the corresponding energy by Ea, similarly, the ^ function and 
energy for Figure 7.8(1)B by V'* and Eb- The time-dependent ^ func¬ 
tions will then be 

2nBot 

rpaC * 

2wiEbl 

>ffbe * 

According to our general statements, we may superpose these two func¬ 
tions; that is, we may multiply by any constants and add. We choose 
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boili constants as unity and obtain 


2HF„l 2wiEit 2iHEaf / LV.I 

'I'uC +'/'fcC ^ C \tPa -{• ■'f'UC ^ ; 7.9(1) 

For the time t = 0 the expression reduces to 4',, + \ph whicli, as is seen 
from Figure 7.8(1), is the function represented in Figure 7.7(1)^; that 
is, for t = 0 the electron will be on the first nucleus. 

Tlie superposition of V'a and ^6 has llius concentrated the electrons 
on the finst proton and has effected a localization of the electron into a 
smaller region than would be obtained by either or pi,. To that 
effect, however, both ypa and xpi, have to be used, which means that we 
can localize the electron more exactly by sacrificing our knowledge of 
whether it is in the quantum state corresponding to \pn or in the quan¬ 
tum state corresponding to ^pb- 

The function 7.9(1) changes \nth time rapidiv, owing to the factor 

2Hl^ J . . tp 

e , but this docs not influence the probability distribution of the 
electron. The slowly changing factor e * will influence the 


probability distribution, 
ponent has the value, 


At the time / = ——-— the latter ex 

.3(^6 — Aa) 



4 

and e” = —1. Thus the expression in the bracket in equation 7.9(1) 
will have changed after a time, t = , to V-a - 4'b which 

— Jia) 

gives the fun<;tion shown in Figure 7.7(1)/?: that is, I = - - - is 

2(A\ - 74) 

the time nccc.ssary for the electron to get from the first nucleus to the 

second. It may be seen that in twice that time t =- - - thn 

1/ 

electron is found again near the fu-st nucleus and that it will continue 
to oscillate between the two states with that period. This oscillation, 
however, does not corre-spond to a stationary state but rather to a 
transition between the two stationary states with the energies Ea and 
Eu- Indeed, the frequency which must be radiated in such a transition, 

V = —, is the reciprocal of the period t =- - - ^vhich we 

" Eb — Ea 

have just calculated. It may be noticed that, if the two hydrogen 
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micloi are soparatpd, the energy <lif!'erence Kb — Ka becomes small at 
tlie same rate as the time necessary for the tunnel effect increases. 

With the help of the expi'ession 7.9(1) it is possible to follow the 
change of the wave function during tlie time interval between 

t = 0 and t = -^-In thi.s time interval the wave function 

2(Eb - E„) 

will be different from zero near both tlie first and second nuclei. The 
wave function near nucleus 1 , and witli it the probability of finding the 
electron near nucleus 1, decreases steadily. The wave function and 



t 

Fig, 7.9(1). H?'*' ion. Curves .4 and H .show the probabilities of finding the electron 
on the first and second nucleus, respectively, us a function of time. 


probability at the second nucleus increase correspondingly. In the 

h h 

following time interval from i = — - to i — — - 17 the proc- 

2{,Kb — Ka) Kb ~ Ka 

ess is reversed. The probabilities of finding the electron on the first and 
second nuclei are illustrated in Figure 7.9(1). 

If the two nuclei are far apart, the probability of finding the electron 
at the one or the other nucleus adds up at all times to almost exactly 
unity. The probability of finding the electron for instance midway 
between the two nuclei becomes very small though not exactly equal to 
zero. Thus we cannot say that the electron moved from one nucleus to 
the other on anything like an orbit, but rather we ^^'ill have to picture 
the probability function of the electron as leaking from one nucleus over 
to the other through a region in ^^•hich the probability density is small. 
The smaller the probability density in the intervening region, the slower 
^vill be the leakage. 

7.10 HYDROGEN MOLECULE We now proceed to consider the 
hydrogen molecule, consisting of two nuclei and two electrons. The 
lowest state \vill be obtained if both electrons are put into the symmetri¬ 
cal V'o function shown in Figure 7.8(1).(1. The energy of such a state 
will be lower than that of two separate hydrogen atoms, because the 


energy of the smooth function is lower than that of the atomic proper 
functions. A quantitative calculation of the binding energy remuin.s 
very laborious, however, particularly becau.se of the interaction of the 
two electrons. 

Since we have put two electrons into the same state, we must assume 
that their spins are opposite and that we have a singlet state. This 
agrees with the statement made in connection with the atomic-fuiK^tion 
method. 

There exists, however, an important dilTorcnce between the two 
methods. In the atomic-function method each atom had one electron 
to start with, and the fact that each of the.so electrons can get over to 
the neighboring atom has been ti'oatcd as a pertinbation. In the 
molecular-orbital method each electron can move in first approximation 
freely within the molecule. The fact that the electrons n'pel each other 
and therefore try to avoid being at the same atom may be taken into 
account later as a perturbation. 

For small distances and piobably for the equilibrium di.stance of 
hydrogen the molecular-orbital method is the better approximation; 
for great di.stances, however, the atomic-function method is better, 
being adapted specially for this case. If the molecular-orbital method 
were applied to distant atoms, we would be led to the result that the 
probability of the presence of an electron near a nucleus is independent 
of the question whether an electron is already there; thus we include in 
the description of the two hydrogen atoms the ionic case where both 
electrons are on the same hydrogen; for great distances tliis is evidently 
a very poor approximation to the lowest state. 

7.11 He 2 '^ We consider two helium nuclei and three electrons, that is, 
a system carrying, as a whole, one positive charge. Two of the electrons 
can be put into the same low' states w’hich have been filled in the hydro¬ 
gen molecule. The third electron will have to be put into the state 
shown in Figure 7.8(1)/?, for which there is a node in the symmetry 
plane between tlie two nuclei. The two first electrons cause an attrac¬ 
tion; the energy of the last electron, however, will be raised when the 
two nuclei approach so that it will cause a repulsion. The first two 
electrons are, therefore, called bonding electrons, and the third an anti- 
bonding electron. is known in spectroscopy and is a stable mole¬ 

cule, though its binding energy seems to be smaller than that of the 
hydrogen molecule. The equilibrium distance is 1.09 A. which is greater 
than the distance of the protons inH 2 (0.75 A.). The greater equilibrium 
distance and the smaller binding energy are due to the presence of the 
antibonding electron. 
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7.12 THE II 02 MOLECULE In the Hes molecule, consisting of two 
nuclei and four electrons, two electrons can be put into the bonding 
state and two into the antibonding slate. ithout more detailed calcu¬ 


lations we cannot sav wheth<‘r attraction or repulsion will result. The 


atomic-function method, however, shows the pre.sencc of repulsion at 


large distances, and general empirical evidonee excludes the existence of 


a IIe 2 molecvde.* 

We have here the first example of a geneial empirical i-ule. If the 
number of bonding electrons is ec[ual to or smaller than the number of 
antibonding electrons, roi)ulsion will be obtainetl, wliereas attraction is 
expected if the number of bonding electrons is greater. 

With the four electrons in He 2 we have completely filled the two 
states, represented in Figure.s 7.8(1)A and B, which have been derived 
from the Is atomic orbits. Because of tliis circumstance it may be 
seen that for the Hco molecule the molecular-orbital method will give a 
reasonable electron distribution even for a great interatomic distance. 
In fact, for great distances no electron can bo in a state other than l.s 
near one of the nuclei, these being the only atomic orbits that have 
been used to make up the molecailar orbits. On the other hand, a con¬ 
sequent quantum-mcchanical treatment of the Pauli principle prevents, 
in any one of the approximations uso<l, the appearance of more than two 
electrons in the same state. Tlicrefore, tlie only state at which we can 
arrive for great interatomic distances is a state with two Is electrons 
near each of the helium atoms. This is a great convenience for the fol¬ 
lowing discussion. If we pass to heavier atoms containing more elec¬ 
trons, it will make no difference whether we treat the Is electrons by 
the molecular-orbital method or simply distribute them into the K shells 
of the nuclei; in fact, for hea\T atoms the interatomic distance will 
always be great compared to the radius of the K shell, so tliat for the 
Is electrons wc are practically always in the case of great interatomic 
di.staiicos, all approximations loading to the same result: complete K 
shells with practically no interaction. 


7.13 Li 2 AND Bc 2 We have seen that in the periodic system the 2s 
electrons are being filled in after the Is elections. From the 2s atomic 
orbits \ve can construct bonding and antibonding states in the same 
way as from the Is orbits for hydrogen and helium. The only difference 
is that in the case of the 2s electron there is a spherical node around the 
nucleus w'hich is absent for the Is electron. This, however, does not 
affect the ^vays in w’hich the w'ave functions of the two atoms can be 

* Heo molecules in the gas are merely bound by very weak van dor Waals forces 
owing to the interaction of polarizabilities as discussed iu Chapter 6. 
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combined nor tlie lyiK* of biudins or repelling forces that result. Thus 
the Li 2 molecule may be described in a similar way to the ll^ molecule. 
There is one diffoixmce in a quantitative respect. The wave function 
of lithium is spread ovit over a greater distance than that of hydrogen; 


therefore, the a\‘eragc potential energies will be smaller for the 2.^ 
electron of lithium than for the Is clecti-on of hydrogen. Because of 
the greater wavelengtli and smaller momentum involved, the same hold.s 
for the average kinetic energies. Thus, for Lio a greater equilibrium 
distance and a smaller binding will be found than for Il 2 . 

For B 02 repulsion has to be expected because of the analogy with 
Ilea- Because of the possible influence of the 2p state whi<'h does not 
lie much higher than the 2s state, it might, however, happen that at 
smaller distances attraction and formation of a staljle molecule will 
occur. 

Experimentally the Li 2 molecule has a binding energy of 1.1-1 elec¬ 
tron volts which is indeed smaller than the 4.45 cloetron-volt binding of 
Ha- The distance, 2.67 A., of the Li nuclei in Lia is (juite great com¬ 
pared to the 0.75 A. distance of the protons in Ha. A Bca molecule lias 
so far not been ob-sciwcd. 


7.14 MOLECULAR ORBITS OBTAINED FROM p ELECTRONS 
After beryllium, the p states of the atoms are filled up in the periodic 
system. There arc three degenerate p states, each of which has a plane 
node passing through the nucleus. 

Out of each one of those p states we can obtain two molecular states 
by taking tw'o corresponding p states in two neigliboriag atoms and 
adding or subtracting them. Thus we may take a p function in both 
nuclei with nodes perpendicular to the molecular axis and take the sum 
or the difference. The resulting wave functions will have cylindrical 
symmetry around the axis. If the nuclei arc brought closer together, 
the position of the nodes will change; thus the 2p nodes will cease to be 
plane and will no longer pass exactly through the nuclei, but the wave 
function will retain its cylindrical symmetry, and, if by subtracting the 
two stales (antibonding state) we have produced a node in the plane of 
symmetry, this node will remain in this plane of symmetry. Wave func¬ 
tions with cylindrical symmetry are called a functions. In a <r state the 
electron has no angular momentum around the molecular axis. This 
statement is analogous to that made earlier about s states in Avhich the 
electron did not have an angular momentum around any axis. All 
states that have been discussed for H 2 , He 2 , Li 2 , and Be 2 were <r states; 
in fact, states built from s states are necessarily <r states, whereas, if we 
combine p states, which themselves possess an angular momentum, w'e 
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may got <t states only if the angular momentum has no component 
around the molecular axis. 

Out of a p state we may also obtain states called tt states having an 
angular momentum e{|ual to h'2i: around the molecular axis. These 
TT states aie obtained by taking p states of the two atoms Avith a node 
passing through both nuclei. These p states can then be added or sub¬ 
tracted, giving bonding or antibonding states. The bonding tt states 
will have one node through the two nuclei; the antibonding tt states 
will have in addition a second node in the plane of symmetry between 
the nuclei. For any tt state there arc two independent degenerate pos¬ 
sibilities; one degenerate function tran.sforms into the other by rotating 
its node, which passes through the nuclei, by 90® around the molecular 
axis. A similar situation has been discus.sed for p states Avhere three 
independent possibilities have been found, each of which has a node 
passing through the nucleus. 

The reason for the presence of two degenerate tt states may be de¬ 
scribed in an alternate way: The electron may rotate clockAnse or 
counterclockwise around tlie molecular axis. 

7.15 B, C, N, O, F, Ne AVo have constructed six molecular states out 
of the three p states, a bonding a state, an antibonding a state, tAvo de¬ 
generate bonding p states, and tAvo degenerate antibonding p states. 
Each of these states can hold tA\’o electrons, and these 12 electrons are 
filled in, in sequence from B 2 to Nc 2 , inclush’e. We shall expect that 
the fiiAst six electrons will go into the three bonding states bringing about 
an increasingly strong binding. Thus, the molecules B 2 and C 2 should 
be stable and are indeed obserA'ed spectroscopically. That they are not 
common molecules is probably due to the fact that these elements have 
very stable solid forms. The most stable molecule in the series should 
be N 2 Avith three pairs of bonding electrons. Its stability is borne out 
by its high binding energy*, small internuclear distance, high vibrational 
frequency, and general chemical behaAuor. In fact, the electrons in its 
structure occupy Ioav lying states and can be excited only by relatively 
liigh energy quanta. Thus the behavior of the electron cloud Avill be 
similar to that of a rare gas. C 2 and B 2 ha\dng feAver bonding electrons 
haA'e smaller binding energies, greater nuclear distances, and smaller 
Aibrational frequencies. From nitrogen to neon, antibonding electrons 
are added; in the sequence O 2 , F 2 , Ne 2 , the binding energies and vibra¬ 
tional frequencies decrease, and the interatomic distances increase in a 
regular manner. In fact, for Ne 2 the binding energy has become zero 
and the distance infinite, further supporting the rule that no binding 
results if the number of bonding and antibonding electrons is equal. 
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. In Table 7.15(1) the known binding energies, iiileratomic distances, 
and vibrational frequencies are given for the molecules Ho to Fo ami for 
some of the positive molecular ions. In the last cohimt\ the dillerence 
of the number of bonding and antibonding electrons is given. 

The role of the antibonding electrons can be illustiatcd nicely by 
consideiing the O 2 ion. Ordinaiily the po.sitive ion of a diatomic molt’- 


culo has a 

smaller bindin 

g and greater 

intermich'ar 1 

distance than 

the neutral molecule; thus, 

in the case of N 

TABLI-: 7.15(1) 

2 and ^ 2 "^} internuclear 

DilToronce 
lielwccn 
Number of 


Binding 

Interatomic 

Vibrational 

Bonrling and 


Energy in 

Distance 

Frc<iueiicy 

Antil)ondini: 

Molccuk' 

Electron Volts 

in A. Units 

in See."' 

lOlectrous 

D 2 

3.6 • 

1.59 

3.15 X 10'® 

2 

C 2 

5.5 • 

1.31 

4.92 X 10'® 

4 

N 2 + 

6.35 

1.11 

0.62 X 10'® 

5 

Nj 

7.38 

1.09 

7.08 X 10'® 

6 

02 + 

0.48 

1.14 

5.03 X 10'® 

5 

O 2 

5.082 

1.20 

4.74 X 10'® 

4 

Fj 

• Uncertain 

3 • 

n 

1.3* 

3.4* X 10»® 

2 


distances are 1.00 A. and 1.11 A., respectively. On the other hand, in the 
case of O 2 and 02 *^, the internuclear distances are 1.2 A. and 1.14 A., 
respectively. The explanation, of course, is that is bound more 
firmly because it has fewer antibonding electrons. 

More detailed investigation shows that in the scries from N 2 to Nea 
the antibonding x electrons were filled in first; there are two antibond¬ 
ing TT states capable of holding four electrons; in ox 3 'gen only two of 
these are filled in. The fact that only two out of four equivalent states 
are full accounts for some particular properties of oxygen. Thus if the 
Heiticr-London method is applied to reaction partners, one of wliich is 
O 2 , the latter may react like an unsaturated atom since there are free 
places in its outer shell. The paramagnetism of oxygen can be traced 
to the same cause. 

7.16 DIATOMIC MOLECULES WITH DIFFERENT ATOMS 
If in a diatomic molecule the nuclei have charges differing by one or 
two umts, as for instance in NO or CO, it may be still permissible to 
desenbe the molecule in a reasonable approximation with the same 
electronic-wave functions as are used for a molecule Avith identical 
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atoms. Tlic <liffeience in imcloar cliargcs will then cause polarity which, 
howcvei’. \\ill !«' jircatly diminished by the distortion of the original 
(‘l(‘ctr(>nif-wave functions. In Table 7.10(1) internuclear distances, 


TABLE 7.10(1) 


Molwulc 

Binding 
Kner^y in 
Electron 
\*olts 

IlltlT- 

afDinic 

ii) 

A. I'nitS 

Vibrational 

Frcfnicnry 

in 

Dipolo 

Momi'nt 

in 

Klectronic 
Charge X A. 

Difference 
between 
Numbers of 
Bundiii}' and 
Antibonding 
Electrons 

Bt'O 

5.8 

1.33 

4.40 X 10’^ 

« » « « • 

4 

BO 

VtiknoNvn 

1.20 

.■j.OG X 10'3 


5 

CO+ 

Unknown 

1.11 

0.03 X 10*® 


5 

CO 

9.6 

1.13 

0.51 X 10*® 

0.023 

0 

NO 

(unrortain) 

5.3 

1. i.’) 

5.72 X 10'® 

0.021 

5 

CN 

0.7 

1.17 

0.21 X 10'® 

9 * 9 

5 

vibrational 

frequencies, 

dis.sociation onergie.s, 

and, in two 

cases, the 


dipole moments arc given for a few of those almost completely homopo- 
lar molccule.s. The smallness of the dipole moments * shows how com¬ 
pletely the differenee in nuclear charges has been compcn.satcd by the 
di.stortion of the electronic cloud. The internuclear di.stancos and vibra¬ 
tional frequencies are rather similar to the corresponding constants for 
molecules or molecular ions, having the same number of electrons but 
containing two identical nuclei (see Table 7.15(1)]. This shows that the 
distortion of the electronic cloud previously mentioned does not change 
the main properties of the electronic orbits. Dissociation energies be¬ 
have in a less regular manner, but this is easily understood. Although 
the molecular orbits for the two cases under comparison are analogous, 
the orbits for the dissociation products arc not. 

In contrast to these nearly homopolar molecules, the ionic picture 
will be preferable in those cases in which the energy of the electron is 
considerably different, according as it is attached to one atom of the 
other. Then the wave functions for molecular orbits do not correspond 
to electrons found ^^•ith equal probability near either one of the two 
nuclei, but rather to states in which the electron is attached to the one 
atom and to other states in which the electron is attached to the other 
atom. According to this picture, lithium fluoride may safely be regarded 
as Li’^F” in first approximation. The Li"^ ion ^nll, of course, attract 
the electrons of the highly polarizable F“ ions, diminishing the dipole 


* The dipole moment of HCl is about ten times as great. 
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moment and causing the electron structure to approacli to a sliglit 
extent the homopolar cliaracter. 

Intoraiediatc cases between the heteiopolar and homopolar bonds 
can be represented in the molecular-orbital method by choosing whvq 
functions in which the electron may be found lU'ar any one of tlie two 
atoms, but the amplitude of the wave function near tlie one atom is 
greater than the amplitude near the other, and tluaefore the piol)abili- 
ties of finding the electron near one or the other atom arc difYerent. 
Thus we see that a continuous transition is possible between the hetero- 
polar and liomopolar l)on<l, tlu'sc being the extr(*mo cases corresponding, 
respectively, to equal and to completeij' ouc-sided density distributions. 

7.1c POLYATOMIC jMOLKCULES The IIund-YIulliken method 
has been applied to polj'atomic molecules, ^^’e prt)ceod by con.structing 
electronic-orbital functions for the whole molecule, u.sing a linear com¬ 
bination of the electron i)roper functions in the single atoms. These 
orbits are then filled successively with electrons. 

It is, as a general rule, simpler to treat polyatomic molecules by the 
valence-orbital method wliich we shall discuss in the following section. 
That holds particularly for saturated molecules; for unsaturated mole¬ 
cules it is often useful to employ a mixed procedure describing the more 
firmly bound electrons by the valence-orbital method and the more 
loosely bound (for example, double-bond) electrons by the molecular- 
orbital method. This corresponds to the chemical intuition that the 
latter electrons can move with a certain freedom over more extended 
parts of the molecule or even the whole molecule. 

7.18 THE VALENCE-ORBITAL METHOD Both the atomic- 
function method and the molecular-orbital mctho<l take as their start¬ 
ing point a very clear-cut physical idea, namely the motion of the elec¬ 
tron, in the atom on one hand, and in the molecule on the other hand. 

A third pos.sibility is to connect certain atomic orbits directly with the 
valence bond, that is, with a chemical rather than a physical concept; 
this method is closely related to the ideas of G. N. I^ewis. The method 
has the advantage of being particularly adapted to chemical language 
and being thus able to reformulate and generalize the results of chem¬ 
istry, without the addition of more extraneous material than is neces¬ 
sary for obtaining new results. On the other hand, the method has the 

obvious disadvantage of postulating rather than proving the existence 
of the chemical bond. 

In the valence-orbital method, a wave function will be co-ordinated 
to each valence bond; this wave function will then be filled with two 
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eh'ctions of opposite spms (electron pair of Lc\ns). One qualitative 
consequence of this picture is a greater stability of molecules vath an 
even nunilKU- of electrons: in fact, only very few stable molecules are 
known in which the tcjtal number of electrons is odd. The only good 
('x;uni)le among the more coininon mok'cules is XO; the molecules NO 2 
and ((have a tendency to associate, and CIO 2 is explosive.* 

'I'he simplest case is again the molecule lU- Here the valence-orbital 
metlnul is identical with the molecular-orbital method. By adding 
the atomic proper functions, a a state is constructed which is now called 
a valence-orbital function rather than a molecular-orbital function. 
The essential difference between the two methods becomes apparent 
only for polyatomic molecules. Tims, in CbHo a valence-orbital function 
for the C-C bond is obtained by adding proper functions of the two 
carbons; valence-orbital functions for C-II bonds are constinicted from 
the corresponding carbon and hydrogen wave functions. Thus each 
valence-orbital function is filled by an electron shared by two neighbor¬ 
ing atoms. In the molecular-orbital method, on the other hand, each 
electronic orbit would extend over the whole molecule. The polarity 
of a bond may be represented by using the wave function of one atom 
with a greater coefficient than that of the other, so that the electrons 
■will spend more time near the first atom. 

One essential restriction in applying those simple rules is contained 
in the Pauli principle; if the filling of one valence-orbital function by 
electrons is not to interfere with the presence of electrons in another 
valence-orbital function, these proper functions must be orthogonal to 
each other. Since wave functions of the same atom may be used in 
making up several different orbital functions (compare C 2 H 6 ), care 
must be taken that the orbital functions so constructed should fulfill 
the requirement of orthogonality. It has been shown by Slater and 
Pauling that in this way the valence-orbital method leads with neces¬ 
sity to the concept of directed valences. These conclusions ^^’ill be best 
explained by using a number of examples. 

7.19 DIRECTED VALENCE IN H2O AND NH3 In the oxygen 
atom the orbits Is and 2s are filled by four electrons. The three 2p 
orbits are approximated by the functions, 

26 “’'^“ 

They have been denoted by (2i), (2y), and {2z). The three 2p orbits 

• More exceptions to the rule arc found among molecules containing transition 
elements. The unpaired electron is then in an inner shell and does not affect strong y 
the behavior of the molecule. 
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contain altogether four more electrons. Thus, at least one of (hose 
functions must hold two atomic electrtins (unsliarecl ('lectrons); w,* 
shall, for the sake of definiteness, let (2.r) be that funclion. It is no 
longer available for tlu; formation of a valence-otTifal function. 'J'lio 
functions (2?/) and (22), liowover, can be u.mmI for the formation of 
valences, ^^e start uith tlie (2//) function which lias maxinnuu prob¬ 
ability densities in the <lirection aiul lias a nod<^ in I Ik* y = 0 plane. 

e shall add to that function an atomic-wave function of Inalrogcn in 
such a \\ay that the functions should overlaj) as much as possible. \\’e 
shall thereb}’ obtain a .smooth function witli a low kinetic energy having 
its maximum in the regions of high negati\e potential energy. I'o get 
the greatest overlapping it is best to locate the hydi-ogen-atomic func¬ 
tion and ^^^th it the hydrogen atom it.self in the +// or the —y (lir<‘<‘tion. 
The valence-orbital function so arri^-ed at will he filled by one of the 
oxygen electrons and the hydrogen electron. 

Once a hydrogen atom is placed in one of the.se directions, and the 
valence-orbital function made up from the hydrogen function, and the 
(2?/) function is filled nith two electrons, the (2//) function is no longer 
available for valence formation. Though other functions can be con¬ 
structed in which (2y) is strongly rej)resontcd (for instance one can su¬ 
perpose {2tj) and the h3'drogen function with opposite signs) such func¬ 
tions will have an antibonding character and lead to repulsion. Thus, 
a hydrogen approaching from the -y direclion will be repelled, since 
it wll overlap strongly a wave function already filled with two electrons. 
Therefore a second hydrogen can be bound only by interaction with the 
(22) function which as yet contains only one oxygen electron. The 
smoothest valence-orbital function can be formed from the hydrogen- 
atomic function and from (22) if the second hvdrogon atom is located 
along the plus or minus 2 direction. Thus 90* is obtained for the stable 
H-O-H angle. It is a consequence of the orthogonality of the functions 
that the two 0-H bonds tend to bo {Jcrpendicular; but the “orthog¬ 
onality” of functions has nothing to do with the concept of perpendicu¬ 
lar lines in space. In fact, it will be shown later that for the carbon 
valences the orthogonality leads to tetrahedral angles. 

The (2y) proper function as well as the function of the hydrogen atom 
situated on the y axis have cylindrical symmetry around the y axis 
that IS, around the direction of the valence bond; therefore, one may 
call this orbital a c function. However, the influence of the other 
hydrogen atom will destroy the strict cylindrical symmetry, and the 
notation therefore has to be taken in an approximate .sense 

As soon as a o- valence orbital is filled by an electron pair, it acts like 
a complete shell; m particular, it wUl repell other filled valence orbitaU 
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'I'luis tlio two {)—II Iwnds will tend to spread, making, as a result, an 
iiiigk* greater than 00°. Thi.*; tendency Ls enhanced by the polar char- 
act(;r of the O—M bonds since the positi\’o ends of the dipoles repel 
each other. That tlie II-O-II angle doe.s not spread out to 180° is due 
to the fact that the II-O orbital function must be pictured as effectively 
extending beyond the ox.\’gen atom: for instance, the probability- 
density of the valence oi'bital containing the ( 2 ^) function has a maxi¬ 
mum on the side turned towaixls the hydrogen atom and a smaller 
maximum on the opposite side. The observed H-O-II angle is actually 
105°. 

The valence angles in ammonia can be explained in a similar way. 
Nitrogen has two electrons in U-, two electrons in 2 . 9 , and three electrons 
in 2p states. The three 2p states can thus bo used for the formation of 
valence-orbital functions. Arguments exactly analogous to those used 
for H^O lead to three mutually perpendicular N—H bonds; the repul¬ 
sion between bonds and clcctro.static action will again increase the 
angle, the observed angle being 108°. The molecular ion OHs"*" which 
occurs in solutions of acids in water is isoelectronic with NH 3 . It is 
very probable that the electrons fill similar orbits in the two molecules; 
the only difTeronce between Oils'*" and NH 3 is that the central oxygen 
carries one more charge than the central nitrogen. As a consequence 
all electronic orbits will be drawn towards the oxygen in Olia"*', and a 
greater average charge will be left near the hydrogen atoms; however, 
each of the hydrogens will carry the same increased average charge, and 
none of them can be designated simply as an H"*" ion. 

It is difficult to predict which will be greater, the H-O-H angle in 
OHs'*' or the H-N-H angle in Nils. The stronger charge of the hydro¬ 
gen in Oils'*' w’ould tend to increase the angle. On the other hand, the 
valence orbits in OHs'*' contain the O atomic functions to a greater 
extent than the NII 3 orbits contain the N functions; the tendency of the 
valence angles to be perpendicular is due to the contribution of the 
central-atomic function to the valence-orbital function, and for this 
reason we would expect more nearly 90° valence angle in OHa"*". The 
two influences mentioned tend to cancel. 

There is a special reason for interest in the OHs"*” valence angle. If 
this angle happens to be close to the tetrahedral angle like that of NH 3 
and H 2 O, then Oils'*' would fit easily into the essentially tetrahedral 
structure of water. 

7.20 HYBRIDIZED FUNCTIONS In the examples discussed 
up to now, an atomic function occupied by one electron in one reaction 
partner has been combined with an atomic function occupied by one 
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electron in the other reaction partner to foi-m a valence-orbital func¬ 
tion. In the following examples, some atomic: functions will iuivc to be 
changed before they can be used for the formation of the valence- 
orbital functions. The simplest examples where this necessity arises 
are beryllium compounds. It may be recalled that according to the 

is a saturated atom and becomes 

reactive only if it is excited. 

For a theoretical discus.sion the molecule beryllium hydride will be 
most suitable. The chemical stability of this molecule is uncertain, 
and nothing is kno\^-n experimentally about its sha})e. Ncverthelc.ss, it 
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Fro. 7.20(1). Diagrammatic representation of 2.? and 2p wave function.s. Vertical 
and horizontal shading indicates positive and negative values of the wave function. 

will be useful for the sake of illustration, to predict its shape with the 
help of the model here discussed. The conclusions at which we are going 
to arrive may be at once generalized to cover the beryllium halides. 

Beryllium has two electrons in the Is and two in the 2s state, thus 
forming a configuration analogous to that of a closed shell. Xo electrons 
are available for the formation of valence orbitals; if, however, an elec¬ 
tron is transferred from a 2s to a 2p state, two electrons become avail¬ 
able for the formation of two bonds. Since the excitation energy is 
small and the binding energy may be considerable, a stable molecule 
will probably result. For the purpose of valence formation, we must 
therefore deal with a 2s and a 2p electron. For instance, we may use 

the electron in the (2x) orbit. The wave functions are indicated in 
Figure 7.20(1). 

' Hydrogen proper functions might be combined with any one of these 
states. However, a stronger binding caiTbe produced if first new orthog¬ 
onal combinations, namely, (2s) -f (2x),and(25) - (2a;), are introduced. 
Those new functions are illustrated in Figure 7.20(2). The new proper 
functions have the advantage that each of them extends most strongly 
in a certain direction (as drawn in the figure, (2s) -f- (2a-) extends fur- 
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ther to the ( 2 .s-) - ( 2 .r) extends farther to the left), producing m 

that (lireetion a jjartieiilarly high prohahility density. If the hydrogen 
function is introduced in that region of highest probability density and 
arUled to tlic resj^ective function, a most strong overlapping, the smooth¬ 
est ^•al(•nc■e orbital with the minimum energy, and the maximum binding, 
is ol)taine(l. 'I'he two valeiwe directions corresponding to ( 2 s) + (2 .t) 
and { 2 s) — ( 2 .r) are in opposit(' directions, the and —x directions. 
Therefore, it sliould be expected that the H-Be-II angle Mill be 180®. 




Fia. 7.20(2). Superpositions of 2s and 2p functions appropriate to the formation of 

valence orbitals. 

It may be noticed that in beryllium we have constructed two wave 
functions, the one having a strong maximum in the -\-z, the other in 
the —X direction in contradistinction to the O—H bond where we had 
one ( 2 y) wave function \viih equal maxima in the d-y and —y direc¬ 
tions. Correspondingly, beryllium can form bonds vith two hydrogens 
located along the -{-x and —x, \vhereas the 2y electron of oxygen can 
bind only one hydrogen located along the -by or the —y axes. In order 
to construct the valence orbitals in Bell 2 , we have superposed the 2 p 
and 2s wave functions just as though they were degenerate. This is 
justified, as has been stated, if the original energy difference between 
the s and p wave functions is small compared with the gain in energy 
due to the strength of the bond to be formed. The process of superpos¬ 
ing the two atomic wave functions of slightly different energies in order 
to obtain a wave function particularly adapted to strong bond forma¬ 
tion is called hybridization. 

The radical CH 2 differs essentially from BeHa in that two more elec¬ 
trons are present on the central atom. In the carbon atom the orbits 
Is and 2 s are filled each by two electrons; the remaining two electrons 
must be distributed on the 2p orbits, (2x), (2t/), and ( 22 ). Using t e 
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proper functions of the two liydrop;on eh'ctrons. we can now construct 
two valence orbits, for instanco. one from the wave functitju of a li> (lro- 
gen atom situated on the .r axis ami the function i2.r). and tlie oilier 
from the wave function of a hwlrogen atom situated on the* 1 / axis and 
the function (2/y). Each of these vakaice orbits inay then be tilled hv 
two electrons; we thus obtain a inolecuK' constructed in a wav lliat is 
very similar to ILO, the only difference being tlial for tlio latter moh'- 
cule two additional (unshared) electrons are found in the (2^) wai’o 
function of the oxygen atom. 

It is, however, by no means certain that the Clio molecule has an 
angle somewhat greater than 00® as (he |)ie\ ious discussion would siiti- 
gest. A different angle is obtained if hybiulized functions are used, ll 
is possible that hybridized wave functions composed of s and p wa\(‘ 
functions can give a so much gjcatei’ bimliug energv as to justifi' tiu' 
hybridization. It has been pointed out in connection with licivlliuin 
hydride that superposition of the (2.s) wave function and the (2.r) waie 
function gives a greater maximum of the wave function in the .r ^lirec- 
tion and with it a stronger binding than would ha\-o been obtained w itli 
either the la or the 2.r orbit. Uhcj’efore, it is possible that it is {‘iiergeti- 
cally more favorable to build the CH 2 molecuh* in a way that is analo¬ 
gous to beryllium hydride with two additional (unshared) electrons in 
the still unused p wave functions (2//) or {2z) of the carbon. 

Whereas in CH 2 hybridization was a possibility, in Clla it seems to 
be very probable. If we want to build up CHj, we cannot start from 
carbon with only two electrons in 2p states; in such a carbon atom onlv 
two valence orbits could be formed. In order to form at least one moie 
bond, it will be necessary to promote one of the 2.v electrons into a 2p 
orbit. It then seems highly probable that an additional hybridization 
would lower the energy by .strengthening the bonds which aio going to 
be formed. It will be most favorable to construct three valence orbits 
which overlap as little and diverge as greatly as possible. The three 
orbits, 

^3 + 4 Vi - Vi + V 2 

^3 - Vi - V2 

can be shown to satisfy these conditions. All of them have their max¬ 
ima in tljo xy plane, the first along the x direction, the second and third 
mcludmg angles of 120® with that direction and uith each other They 
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mo oonstructod in such a way that the functions are orthogonal to each 
otlier {tliougli of course the directions of valences are not). We can 
verify thi.s for instance by multiplying the first two functions and inte¬ 
grating. . 



1 


Vs 


= (2,s) + 



—7= (2j:) + 

VG 


1 

V2 




-/S +/^2 


+J^(22')(2y) 


I'he last three integrals vanish since the functions ( 2 ^:), ( 2 ^), and ( 2 «) 
are mutually orthogonal. Owing to normalization, 


J (2sf = j {2xf = 1 

and thus the foregoing sum of five integrals gives zero, showng that 
the functions which we have chosen are indeed orthogonal. 

We have constructed so far three valence orbits lying in the xy plane 
and pointing in directions which include 120 '* angles with each other. 
The three orbits \\ill hold six electrons of the CH 3 molecule. With two 
electrons in the K shell (Is orbit), one electron is left over which occupies 
the Pj orbit. This orbit has a node in the xy plane; that is the electron 
is either above or below the plane of the three valences but never in 
the plane itself. Thus a symmetrical plane structure of the CH3 mole¬ 
cule is likely. An unshared electron will be present; the probability o 
it being found on either side of the molecular plane is equal. 

The only effect that may counteract to some extent the tendency of 
forming a plane structure is the repulsion between the unshared electron 
and the electrons which fill the three valence orbits. A slightly bent 
structure is possible if the last atomic function ( 22 ) participates in the 
hybridization. This would give rise to a flat pyramid structure which 
would bring the electrons in the valence orbits closer together and may 
give rise to slightly weaker overlapping between carbon- and hydrogen- 
atomic functions. The unshared electron would be found ^\ith a greater 
probability in the direction pointing away from the apex of the flat CH? 
pj'ramid. Whether the smaller interaction of this electron with the rest 
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of the molecule will stabilize the out-of-plane structure can i)robably bo 
decided only by spectroscopic evidence. 

In the case of methane the valence-orbit method has been used to 
reinterpret the oldest stereocliemical concept, that of the tetrahedral 
carbon atom. In order for four electrons of the carbon to be available 
for the four bonds to be formed, the electrons must be in four different 
states, that is in (2s), (2r), {2y), and ( 22 ). Any set of orthogonal linear 
combinations may be used instead of these four states, and the most 
appropriate linear combina¬ 
tion will be the one in which 
the electron orbits avoid each 
other to the greatest possible 
extent. Four linear combina¬ 
tions of this kind are: 

i[(2s) + (2z) + (2y) + ( 22)1 

il(25) + (2 t) - (2j,) - (22)1 

il(2s) - (2i) + (2,j) - ( 22)1 

41(25) - (2i) - (2y) + ( 22)1 

In these four wave functions 
the electron density is chiefly 
concentrated along lines in 
space, pointing towards cor¬ 
ners of a tetrahedronas shown 
in Figure 7.20(3). The most 
stable configuration will be 
obtained therefore for meth¬ 
ane if the hydrogens are at 
the corners of a tetrahedron, 
so that a maximum over¬ 
lapping of the hydrogen electrons with the corresponding carbon electrons 
becomes possible. Any C-II dipoles that may be present uill further 
stabilize the tetrahedral configuration. 

The foregoing considerations on CII 4 may be easily generalized to 
cover saturated organic molecules, since the second electron in any of 
these orbits may be furnished by a carbon, oxygen, nitrogen, or similar 
atom, just as easily a.s by a hydrogen atom. Similarly, the valence 
angle on oxygen and nitrogen will remain roughly the same if in H 2 O and 
NH 3 hydrogen is replaced by other substituents. Thus we have inter¬ 
preted the elements of stereochemistry in terms of electronic orbits 
within the molecules. 



the wave functions (1), (2), (3), and (4) of the 
text assume their maximum value.s. The figure 
shows the orientation of tlie.se directions with 
respect to the x, y, and z co-ordinate axi\s. 
The cuIm! has ireen drawn to help in visualizing 
the directions in space of ( 1 ), ( 2 ), ( 3 ) and ( 4 ). 



urn 


THE CHEMICAL BOND 


7.21 VALEXC’E OKHITS IX DOUBLE AND TRIPLE BONDS 
l lu' valonee-orl)ital inotljod led to an miderjjtanding of valence angles 
in satuiated molecules. In unsaturalcd molecules it will be necessary 
to explain both tlu* valence angles and the fact that the double- and 
triple-bond electrons are bound less strongly than the single-bond 
electrons. 

In the conventional description of the carbon-carbon double bond, 
the valences participating in the double bond fix a plane in the molecule 
so that the remaining bonds will have no free rotation. In addition, 
a strain is introduced, pulling the double-bond valences closer together. 
Inasmuch as the valence bonds re|>el each other, and, since more room 
is available now for the remaining two bonds, it is expected that their 
angle will be somewhat larger than the tetrahedron angle. 

These chemical tenns can be formulated in the valence-orbital 
method by considering in what way two carbon atoms have to be brought 
together if we want two pairs of electron orbits of the carbons to overlap 
as strongly as possible. The mo.st favorable position ^^ill be one in 
which the line joining the two carbons nill bisect the angle of the two 
valences on each carbon. The valences to be joined cannot point then 
toward.s each other in a straight line. Consequently, the overlapping 
and the energy per bond will be smaller in the double bond than it 
would be in the single bond. This decrease of energy has been inter¬ 
preted in chemistry as due to the strain. 

Actually the most convenient linear combinations udll be different in 
the case of the double bond from those which we obtained for methane. 
To begin with, we may use without introducing any actual change the 
sum and difference of the proper functions belonging to the valence 
orbits of the double bond. This in effect is merely a change in represen¬ 
tation. This can be seen in the following way. The valence-orbital 
function representing the first single bond between the two carbons can 
be denoted by 4'i> the valence-orbital function for the second bond 
which diffei’S from the first only in direction we call ^2- ^ 

these two orbits with two electrons,* 1 and 2, we obtain, according to 
the general foimulation of the Pauli principle, 

^2(.2) - Ml) 

Introducing the sum and the difference of the original orbital functions, 

• 

* Taking spin into account, we should fill the two orbits with two electron pairs. 
This would merely complicate the followng treatment, but it would leave the 
unchanged. We shall proceed in the following argument to disregard spin and 
each orbit with one electron. 
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we have 

[’A(l) + ^(2)1 and ~ [^(1) - ,^(2)] 

The factors 1/V2 have been introduced to nonnalizc the new function, 
that is, to insure that the integral of their squares will still give unity! 
Filling each of the new orbits with an electron and wriling the whole 
function to conform w ith the Pauli principle, wo get 

[’/'i(l) - >A2{1)1:^ [^i(2) + ^2(2)] 

- + ^ 2 ( 1)1 1^l(2) - M2)l 

After performing the multiplications, we find that this is identical with 
the original expression. 


M)^2(2) ~ ^2(l)h(2) 

A greater binding energy will be contributed by the sum, + ^ 2 , 
which gives a proper function with a maximum along the double-bond 
direction; the difference, - ^ 2 , on the other hand, will have a node 
perpendicular to the plane of the double bond and therefore passing 
through the other substituents that are bound to the carbon atom. 
This valence orbit will be the typical double-bond orbit with electrons 
above or below the node but never in plane with the other substituents. 
It is this orbit that can be made responsible for the rigidity of the double 
bond with regard to rotation. It also will contribute rather greatly to 
the polarizability of a molecule, since its electrons are spread out over 
great distances and are not bound very strongly. 

We may expect to improve the valence orbits by making them more 
similar to those discussed for the CH3 radical. In fact, both in the CH, 
radical and in a double-bond molecule an orbit has been considered 
which is antisymmetrical to the plane of the carbon and its substituents. 
The only difference is that for Clla only one electron is in that orbit 
whereas in the double-bond there are two. Using the analogy of CM-,’ 
we may expect that the single bonds and the double bond are arranged 
m a plane and that all valence angles have the value of 120®. The sym¬ 
metry which caused the angles to be exactly equal to 120° is of course 

T to assume angles grater than 

the tetrahedral angle, smee this result follous both from the original 

chemical concept and also from a qualitative discussion of valence orbits 
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Spectroscopic evidence actually mdicates that both the H-C-H and 
IT-(’=C’ angles arc c<jual to 120®. Electron difTraction experiments, on 
the other liand, U'ad to the result that if both K atoms in the CH 2 group 
ar(^ r(‘placed by the methyl group, the CII 3 -C-CH 3 angle is 111®. 
Although both of thc.se facts are in agreement with the conclusions of 
the ])revious theoretical discussion, it is difficult to understand why a 
.smallei' valence angle is obtained in the case of the methyl substitution. 
l{ei)ulsion of the methyl groups would lead us to expect the opposite 
result. 

Otlicr double bonds such as carbon-nitrogen, carbon-oxygen, nitro¬ 
gen-nitrogen, and nitrogen-oxygen (nitroso compounds) can be de¬ 
scribed similarly to the carbon-carbon double bond. Comparing, for 
instance, C==C with C=N, the only difference is this: On the nitrogen 
atom will be found (in addition to the electrons which participate in 
the double bond) a pair of unshared electrons and a pair of electrons 
belonging to a single bond; on the carbon \nll be found two pairs of 
electrons participating in single bonds. 

When a bonding electron pair is thus replaced by an unshared electron 
pair, the orbit of the electron pair will be drawn closer into the atom. 
To compare, for instance, carbon and nitrogen, the bonding pair on 
carbon has been obtained by hybridization of s and p functions and 
combination with the w'ave function of the other partner in the bond. 
Not only will the unshared electron pair of the nitrogen atom occupy 
pure nitrogen functions but in addition it will be best to place the un¬ 
shared pair into the 2 s orbits wiiich are closest to the nitrogen nucleus. 
This leaves, as w'e have seen, the 2p orbits available for the valences of 
the nitrogen. These orbits include right angles rather than tetrahedral 
angles with each other, and thus there will be less strain associated w ith 
a double bond if a nitrogen atom is at one end of it. Similar considera¬ 
tions apply to C=0 and N=0 double bonds where two unshared elec¬ 
tron pairs are present on the oxygen atom. Lack of free rotation m a 
molecule containing a C=N or N=N double bond is, of course, to be 
expected. 

The only double bond in this series that differs essentially from the 
rest is that in the O 2 molecule. Since on O 2 there are no further substitu¬ 
ents, there is nothing in the molecule that w'ould fix the plane in w’hich 
the node of the double-bond function shall lie. Thus the possibility 
arises that the two double-bond electrons occupy double-bond orbits 
with different nodal planes. This actually is energetically favorable, 
because in this way the two double-bond electrons wall have a greater 
average distance from each other, and a smaller coulomb repulsion will 
be obtained. The electrons being in different orbits may have parallel 
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spins; in fact, the ground state of oxygen is a tripk'l, ami oxygen is 
paramagnetic in contrast to all other douhlo-hond sii!)stances. 

In the classical stereochemical picture of tlu' carhon-caibon tiiplo 
bond, we obtain a himhng energy much less than throe times the single 
bond, since the natural direction of three valences cannot all simultane¬ 
ously coincide with the line joining the carlxm atoms. Tlie smallest 
stress will be obtained if the remaining valence of lln^ carbons lies on 
the continuation of the C-C line. 

The same results are obtained in the vahaico-orhital method if we 
try to arrange a maximum oxerlapping of three pairs of orbits of the 
two carbon atoms. This will he attained by fitting together the liases 
of the tw^o tetralicdra formed by the foin- valence orbits. Tlio fourth 
valence orbit will then point in tlie corna-t dinaiion. i’he eu(‘rg\- will 
be less than that of three single bonds, hocaii.se the oveiiapping of the 
orbits is less complete than in the case where the orbits i>oint towards 
each other. 


Instead of the tlirec valence orbits including angles with the C-C 
axis, linear combinations may he used similar to those dLscussed for 
the double bond. One of the.se linear combinations has cylindrical 


symmetry around the C-C axis and corresponds to a full-strength 
single bond. The second linear combination has a node passing through 
the two carbon atoms; the two electrons in that orbit liave similar 


properties to those of double-bond elections; in paiticular, they are 
spread out more strongly, contribute lo.s.s to the binding energy, and 
have a strong polarizability. The third orbit also has a node through 
the tw'o carbons, and this node is perpendicular to the node of the second 
orbit. The electrons in this orbit again have double-bond proixntics. 
Since there are two perpendicular nodes, the triple bond does not define 


any particular plane as the double bond does. In fact, it can be shown 
that, apart from their being perpendicular to each other, the direction 
of the tw’o nodes around the C-C axes can be chosen in an arbitrary way 
and that the resulting wave function of the triple bond ha.s cylindrical 
symmetry. The situation i.s similar to that found for the neon atom; 
although neon contains p electrons with node.s llirough the nucleus, the 

composite wave function of the whole atom has nevertheless spherical 
symmetry. 

The carbon-nitrogen triple bond and the nitrogen-nitrogen triple 
bond do not differ e.ssentially in their electronic stmeture from the 
carbon-carbon triple bond. In replacing a carbon by a nitrogen, the 
main effect is that a bonding electron pair is converted into an unshared 
electron pair which will occupy the 2s orbit in the nitrogen atom The 
nitrogen parts of the triple-bond orbits will then be supplied by the 
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tlirco 2/> orbits. Wc sliall expect that the strain on these perpendicular 
2/» orbits will be less Hum was the strain on the hybridized carbon orbits 
which included tetialu'dral angles with each other. This helps to ex- 
plain the great .stability of N 2 - 

7.22 C'OMBIXF,!) VALENCE-ORBITAL AND MOLECULAR- 
ORBITAL METHOD In ilescribing systems of conjugated double 
boiuls it proves useful to apply the valence-orbital method to all elec* 


H 



Fig. 7.22(1). System consisting of two conjugated double bonds, butadiene. 

Numerals 1, 2, 3, and 4 denote positions of carbon atoms. 

irons with the exception of the double-bond electrons. The latter have 
even in the simplest double-bond compounds more extended orbits, 
and it seems reasonable therefore to use an approximation in which 
these electrons are allowed to move over a greater part of the molecule. 
Such an approximation is given by the molecular-orbital method. 

We shall firet consider two conjugated double bonds and assume that 
the four carbons, as well as all atoms attached to them, lie in a plane. 
In Figure 7.22(1) all substituents on the carbons designated as 1, 2, 3, 
and 4 have been chosen as hydrogens, and the lines joining the atoms 
indicate pairs of bonding electrons. All valence angles in the plane are 
120 ® for the same reason that has been discussed in the example of 
ethylene. Only the single bonds are dravMi in the figure. According 
to the valence-orbital method, two additional electron pairs should be 
present. The wave functions of these electrons should have a node in 
the plane of the molecule. According to the chemical formula one elec- 
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tron pair should be attached to the fii-st and second carbon, and the 
other pair to the third and fourth carbon atoms. 

We shall now try to distribute these last four electrons into mbits 
composed of the states on the four carbons still unfilled by the single- 
bond electrons. These vacant states are /> states with their nod(‘s in 
the plane of the molecule. One low state of this kind can be obtaiiK'd 
by adding the four p states on the four carbon atom.s; thus, a wave func¬ 
tion is obtained which has no node except the one in tlie plane of the 
molecule. This molecular orbit can hold two clcctjons; for the two re- 




Fia. 7.22(2). Schematic repre.sentation of two lowest molecular orbitals composed 
of 2p states of four carbon atoms. The four carbon atoms are sliown as lying on a 
straight line, and the nodes of the 2p electroii.s lie in a plane containing that line. 
The ordinate gives the amplitude of the 4' function along a line parallel to the axis 

passing through the carbon atoms. 


maining electrons we have to construct an orbit which is orthogonal to 
the one just described and which contains as few nodes as possible. 
Such an orbit is obtained by superposing the wave functions on the 
carbons 1 and 2 with the same sign and subtracting from this the super¬ 
position of the wave functions on 3 and 4. The two lowest orbits wliich 
have now been constructed arc schematically represented in Figure 
7.22(2). In this figure, the fact that the four carbon atoms do not lie 
on a straight line * has been disregarded. 

In the lowest orbit represented in Figure 7.22(2).4, the original wave 
functions have been superposed in such a way that the envelope of the 
resulting wave has no node within the molecule. The wave function of 
the next higher energy level showm in Figure 7.22(2)5 corresponds to a 
superposition in w’hich the envelope has one node between the atoms 
2 and 3. Two orbits with still higher energies can be constructed from 

• The airangoment of the carbon atoms on a straight line is, of course, not realistic. 
But the final result of the discussion is not influenced by tliis arrangement. 
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tho p functions shown in Figure 7.22(3), in whicli the envelope has two 
nodes and three, respeetively; these liigher orbits remain empty. 

It has been iK)inted out in the discussion of the molecular-orbital 
method that a molecular-orbital function without a node between tw'o 
nu<i(‘i tends to draw tho two nuclei together, whereas, if a node is found 
between two nuclei, they are pushed apart (bonding and antibonding 
I)roperties). From Figure 7.22(2) it is clear that the atom paii'S 1,2 and 
3,4 are drawn together by the influence of both filled molecular orbits. 




Fia. 7.22(3). Schematic n'presentation of two highest molecular orbitals composed 
of 2p states of four carbon atoms. Tl)e four carbon atoms are shown as lying on a 
straight line, and the nodes of tho 2p electrons lie in a i>lane containing that line. 
The ordinate gives the amplitude of the ^ function along a line parallel to the axis 

passing tlirough the carbon atoms. 

The distance between 2 and 3, on the other hand, would be diminished 
by the action of the functions shown in Figure 7.22(2)A but would be 
increased by the effect of the functions shown in Figure 7.22(2).5. Thus 
the distances 1,2 and 3,4 become shorter than the distance 2,3 in agree¬ 
ment with the simple double-bond picture which places the double 
bonds between the pairs 1,2 and 3,4. 

Although the conclusions so far merely confirm expectations based on 
stereochemistry and on the valence-orbital method, the picture now 
being used suggests two more properties of a pair of conjugated double 
bonds. First it may be expected that the nodes of the four 2p orbits 
help to stabilize a common plane in w'hich all four carbon atoms will he. 
This statement is not contained in classical stereochemistiy or in the 
valence-orbital picture, since in these presentations free rotation aroun<l 
the 2,3 link should be expected. The molecular-orbital method, how¬ 
ever, merely suggests and does not prove the stability of such a plane. 
In fact, although the wave function show’ll in Figure 7.22(2)A helps tc 
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stabilize the plane, the wave function represented in Fijiure 7,22(2)/^ 
cancels at least i^art of this elYect. 

The second property of conjujiufed double Iionds which is aplly 
desciibed by inolecular-orliital functions is the ease with which a pair 
of conjugated double bonds is ccjiivc'rted into onc' double l>ond h(‘lwcen 
the atoms 2 and 3. d'lic wave function shown in Figure 7.22(2).! difl'ers 
from a double-bond wave function b(>tween (he atoms 2 and 3 only in 
that it extends furtlier toward the ends of the mok'cule. If new sul>- 
stituents are linked to the carbons 1 and 4, room is created for two more 
electrons in the valence-orbital functions of the newly formed bonds. 
These electrons will be supplied from the wav<; function shown in Fig¬ 
ure 7.22(2)i?. The orbits of low energy around the atoms 1 and 4 will 
then be filled by single-bond electrons, and the Pauli jn-inciph; will 
exclude the electrons filling the states .shown in Figiue 7.22(2).! from 
the neighborhood of atoms 1 and 4. The orbit will shrink to on ordinary 
double-bond function around alom-s 1 and 4. 

T.he considcj’ations just discussed can be easily generalized to cover 
the case of a chain of 2n carbon atoms linked alternately by doul)le 
and single bonds. We shall assume again tliat all the carbon atoms and 
the atoms attached to them lie in a plane, and we shall const met molec¬ 
ular orbits from the carbon p wave functions with nodes in the moleculai- 
plane. 2n such wave functions can be constructcjd, (he lowe.st having 
no node except the one in the molecular plane, and the next having one 
additional node in the middle of the chain. Wo can proceed in this 
manner, to the orbit of highest energy with 2n — 1 additional nodes, 
that is, one node between every two neighboring cai bon atoms. Of these 
2n orbits, the n lowest will be filled by the 2n elections which remain 
available if the single-bond valence orbits are fillc<l with an election pah- 
each. The molecular wave function so obtained is analogous to the 
wave function for a pair of conjugated double bonds, and the essential 
conclusions which can be derived from the picture are also similar. It 
must be observed, however, that molecular orbitals of the kin<i here 
described will be interrupted whenever one carbon atom in the chain is 
linked to all its neighbors by single-bond electrons. After the energeti¬ 
cally lower single-bond levels arc filled, no additional free orbit is avail- 
able on such a carbon atom, and this carbon atom will lie as a potential 
barrier acros.s the path of the otherwise more fi-ccly moving double-bond 
electrons. Thus wc see that conjugation will he inteimpted as soon as 
two double bonds are separated by two (or more) single-bond links. 

A particularly intcre.sting example of conjugation i.s found in aromatic 
compounds We shall discuss here only the simplest eases, namely 
those of plane carbon rings with 2« members containing alternating 
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and double bonds liotween them. These ling systems have been 
di-cussod by Huckcl and by Pauling from the point of view of wave 
iiK'chanies. 

'Die lowest wa\-e function will be obtained from the “double-bond” 
I, carbon ele<-trons by acUling the /} functions of all carbon atoms, 
llighei- orbits are c-onstiucted by multiplying the wave function of the 
/ih carbon atom by sin irld n and adding, (k is any integer which char- 
aeteiizes the oibit and which assumes value.s from 1 to n.) It may be 
notic(*d that, if wc follow the chain arounil, the first carbon atom is 
identical with the (2« -|- 1) carbon atom. Correspondingly, the multi¬ 
plying factor for the first atom is sin wlc/n; for the 2n -|- 1 atom it is 
sin [iTkl2n + l)/«] = sin [2 t/; + (ttAv'/i)]; that is, the factors multiply¬ 
ing the wave functions of the first and (n -b 1) atoms are the same. 
More functions can be constructed by multiplying wdth cos-rrkl/n and 
adding. Here k is an integer with the values from 0 to ti — 1. If A: == 0, 
the multiplying factor is one on every atom, and we obtain the simple 
sum which, as has been mentioned before, corresponds to the lowest 
energy. Wo now have ti functions containing sine factors and n con¬ 
taining cosine factors. Altogether we have 2n functions, and it ^vill be 
necessary to fill tlic n lowest of these with 2n available electrons. 

Now we can show that a function containing sine factors corresponds 
to the same energy as a function containing cosine factors, if the k value 
appearing in the sine and cosine is the same. For instance the ener^ 
corresponding to the factors sin irk/n and cosirA:/n. is the same. This 
means that there e.xists a tw'ofold degeneracy which actually is caused 
by the ring symmetry of our model. This twofold degeneracy is similar 
to that occurring for tt electrons in diatomic molecules, in which case 
the degeneracy was caused by the cylindrical s)Tnmetry. We have 
described that degeneracy as due to the two possible rotational direc¬ 
tions of the TT electrons around the molecular axis. In an analogous 
manner the twofold degeneracy in our present ring model can be ascribed 
to tile two possible directions in which the mobile p electrons can move 
around the ring. For the lowest state, A: = 0, the motion can be said 
to have a zero velocity, and consequently no degeneracy is expected. 
Actually the A: = 0 case does not occur among the sine functions but 
only among the cosine functions. 

The lowest wave function can hold two electrons. The next energy 
is obtained for A: = 1; here we have a twofold degeneracy, and four el^- 
trons can be placed. The same holds for higher functions. It may be 
seen that if the ring contains four members, and, if there are therefore 
four electrons available, these \\’ill fill the lowest level wth A: = 0 an 
also fill half of the available states for A: = 1. Thus such a molecule is 
analogous to an atom in the middle of the periodic system, the outer 
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most electronic shell being partially filled. If, on the other hand, we 
have a molecule with six carbon atoms, the available «‘le{*tioris will just 
suffice to fill the shells with k = 0 and k = 1. 'I'he molecule tlu refoi-e 
wall have a closed shell, and it will be analogou.s to a ran‘-gas atom. 
Tills closed shell may be used to account for the .<jK‘cial stability of 
benzene. It must be borne in mind that, if a clo.sed shell contains many 
electrons, then it is piobable tliat the next ex(ii(‘d enetg\- le\e] will ht- 
rather high above the elo.sed shell, whereas, if sliells contain utd\- few 
electrons, such shells will ha\-e to follow closely on each other. For 
this reason we may expect that more energy will be n<*('ded to (‘xcite a 
benzene with its four electrons in the outermost closed sliell than to 
excite a simple double bond or an open chain of conjugated <louhle IjoiuIs 
with two electrons in the last orbit, 'riuis tlu' electionic configuiation 
of benzene is more difficult to change; that is, henzmie is Ies.s reactive. 

It may be easily seen that the statements about four and six carbon 
rings can be generalized to cover larger rings. In an eight-carbon ring, 
the A; = 0 level w'ould be filled with two electrons and tlic k = 1 level 
with four electrons, and there would remain only two electrons for the 
k = 2 level which would thus be only partly filled. We expect there¬ 
fore that an eight-carbon ring with four conjugated double bonds would 
have a rather unsaturated character. On the other hand, in a ten- 
carbon ring the ten “double-bond electrons” just suffice to fill the k = 0, 
A: = 1, and k = 2 levels, and a greater degree of saturation is therefore 
possible. In general 4, 8, 12, etc., carbon rings w ill be more unsaturated 
than 6, 10, 14, etc., carbon rings. Wc also would expect, on the basis 
of the molecular-orbital method, that ring.s with a lower numljor of 
members are more saturated because wc find that, for in.stancc, in 
benzene, the full Ac = 1 and empty A: = 2 levels have a greater energy 
difference than the full k ~ 2 and empty k = 3 levels in a ten-mombered 
ring. 

Just as in the double-bond and the conjugated-doubic-bond systems, 
all valence angles in the plane of the molecule lend to have the value of 
120®; therefore in a four-membered ring with two double bonds great 
strains are inevitable, and thi.s will contribute to the instability of such 
a ring. In benzene no strains are prc.sent; an eight-carbon ring, on the 
other hand, cannot be set up in a plane without con.siderable strain. 
We can construct larger carbon rings without strain if some of the 
C-CMD angles are turned toward the inside and some toward the out¬ 
side of the molecule. Two such rather simple molecules arc shown in 
Figure 7.22(4). Each of the carbon atoms has a substituent attached 
In the molecule shown in Figure 7.22(4).l the substituent.s on the car¬ 
bons 1, 5, and 9 must be for steric reasons in tlie 1, 5, 9 triangle If there 
is any possibility of realizing this, it will be by putting a trivalent sub- 
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sfitiuMit into Iho middle of fids triungle. A ring such as sho\\-n in 
I’iguie 7.22( i Ll would he rather unsaturated on account of its 12 mem- 
hei-s. In a ring su<-h as shown in Figure 7.22{4)B steric effects would 
again limit tlu* possildlities for siibstituents on the carbons 1, 4, 8, and 
11. We would ex[>eot this 14-inemher ring to liave greater stability, 
and it is therefore perhaps more likely that it can be prepared chemically. 

The electronic structure of the 
familiar polycyclic compounds can 
^ also be described by a molecular 

3 )a sk skeleton consisting of single-bond 

H I® electrons and a number of double- 

V 2 I jio bond electrons roaming over the 

g 'V V whole molecule. In most of the 

F compounds not containing side 

10 8 ^ S chains the number of the more 

mobile electrons is equal to the 
F,o. 7.22(4). number of carbons. The mathe¬ 

matical description of their wave 
functions is, however, more involved since the double-bond electrons 
no longer follow simple cyclic paths. We may simplify the description 
of these compounds by focusing attention on the longest cyclic path 
that is possible in the molecule. Thus in naphthalene we may consider 
all the double-bond electrons moving in an outer ten-membered nng 
along the carbon atoms numbered 1, 2, 3, 4, 10, 5, G, 7, 8, 9, and we 

8 1 
✓X 9/v 


Fio. 7.22(4). B('n7x'n('-Uko rin^s witU- 

out strain. 


5 4 


may disregard the possibility of the common single bond joining 9 and 
10 becoming a double bond; or we may consider in pyrene the cycle 1, 
2, 3, 12, 4, 5, 13, 6, 7, 8, 14, 9, 10, 11. The carbon atoms numbered 



t 

15 and 16 would then play the role of substituents, and they would 
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have to be joined by a double bond so tliat. tlicy would have just enough 
valences left to take care of the free \-alenees on 11, 12. 13. and 14. 
Applying a similar procedure to the known polycyclic compounds, we 
find that the outermost cycle has 2 + 4rt meiniK'rs; that is, the outer¬ 
most cycle is always a ring of the kind that \\v liave found to bo 
particularly stable. 

An interesting example of this rule is ijorylene in which we lind an 


2 
1 

12 
11 

10 9 

outer 18-mcmbcred ring 1, 2, 3, 15, 4, 5, G, 16, 17, 7, 8, fl, 18, 10, 11, 12, 
13, 14. But by placing bonds into alternate links of this ring tlie va¬ 
lences of tlie carbons 20 and 19 cannot be satisfied. Tiie .same difficulty 
is encountered if we assign to the outer ring 18 double-bond electrons. 
This peihaps accounts for the greater ease with which the electronic 
structure of pcrylene can be excited, giving rise to the yellow color of 
the compound. Thus our explanation of the fact that lings with 8, 12, 
etc., members are not found is not fully satisfactory, .since our procedure 
made it neces.saiy to fix doubl(;-bond positions in an aiLitrary way, and 
in the case of perylcne it made a valence picture in the ordinary sense 
impossible. 



7.23 ELECTRON MOBILITY IN CONJUGATED SYSTEMS The 
groat mobility of double-bond electrons in molecules containing con¬ 
jugated double bonds gives rise to the groat polarizability of such 
moIecule.s. As should be expected, the polarizability is particularly 
great if the electric field is applied along the molecular plane or in tlie 
case of an open zigzag chain along the chain direction. For ring com¬ 
pounds such as benzene and naphthalene a peculiar magnetic effect is 
also to be expected. It has been .shown by London that the mobility 
of electrons around a ring gives rise to strong diamagnetism along an 
axis perpendicular to the ring plane. Application of a magnetic field 
along the axis causes a change of the velocity of rotation of tlie electrons 
around the ring, accompanied by an increa.se of total energy. There¬ 
fore, the plane of the ring tends to avoid being perpendicular to the 
magnetic field. As an example we may quote naphthalene. In this 
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inok't'ule 11 niajinctic field perpendicular to the plane 11111 induce an 
aiipi'oxiniately three times «^r(*ater magnetic moment than a field which 
li('s in tlui molecular plam*. That is. the diamagnetic susceptibility is 
aliout three times smaller for a magnetic field in the molecular plane 
than for a (iehl perptiidicular to the molecular plane. 

Further ei itUiiee for the moliility of the double-bond electrons is the 
cliange of reactivity on a lather distant carbon in benzene if appropriate 
substituents are introduced into the ring. Thus in aniline further sub¬ 
stitution occurs jneferably on the carbons in the ortho and para posi¬ 
tions while nitrobenzene directs the next substituent into the meta posi¬ 
tion. This behavior contrasts with the more usual rule that ease of 
substitution on a group within a molecule depends primarily on the 
l)ro[)erties of that group and is modified mostly by immediately adjacent 
substituents. 

7.2-1 KESOXANCE In discussing the ion OHs"*" we mentioned that 
tlie positive charge is with ecpial probability on any one of the three 
hyilrogens. This can be expressed by writing three structures for 

11+ H H 

I I 

0 0 0 

H+ H+ H 

with one zero valent ion and one saturated H 2 O molecule. We can 
represent each of these structures by a wave function and consider the 
real wave function of HaO"*" as a sum of the three w’ave functions. Actu¬ 
ally we have mentioned earlier that, if several w'ave functions have the 
same or similar energies, then by superposing these w’ave functions in 
an appropriate way we may succeed in low’ering the energy. This is 
due to the fact that in the linear combination the wave function of the 
electron may possess a greater wavelength and thus a lower kinetic 
energy ^vhile at the same time the wave function attains higher ampli¬ 
tudes in regions of lower potential enei-gy. In a cnide general manner 
of speaking, the advantage of such linear combinations can be seen m 
the tendency of the electron to spread over as big a region as is con¬ 
sistent with a fairly low’ value of the potential energy. The procedure to 
approximate the correct w'ave function of a molecule by superimposmg 
w'ave functions that represent familiar chemical structures has proved 
particularly useful since it permits the chemist to apply the symbolic 
language of quantum theory and still use his owm customaiy expres- 
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sions. Thus we use mufually exclusive ehetnical fonnnlas ami explain 
bj’ the plurality of formulas an inereased stability. 'I'liis new pi oeeduie 
has been called resonance between <-liemical struclnre.s. 

It would perhaps appear that tlie wave function i.f TI.i<)+ as approx¬ 
imated by the resonance method is ratln'r ilitlVixait from the wa\'c fun<'- 
tion obtained from the valence-orbital method. Actually the difl'ci'cnce 
is not so great. Comparing NH 3 and Olhr' in tlie valence-orbital 
method, we expect that tlic added charge on oxygc'ii will draw the \’a- 
lence orbits so much closer to that atom that practicallv the whole free 
po.sitive charge appears on tlic liydrogens, tlie charge of each of tlie ])ro- 
tons being compensated to onl>’ a fraction of two tliiifls t)y the electrons 
in the valence orbits around them. In any one of the threo structures 
that has boon used, valence orbits reach out and practically netifialize 
two of the protons while the electron pair that t)ught to bind the thiixl 
proton remains unshared on the oxygcai atom. In superjiosing tlie wa\’e 
functions which belong to the three structuix's we obtain a state* whore 
the orbit of each electron pair emplo\ (‘d in the binding of a hydi-og('n 
consists two-thirds part of a valence orbit an<l one-third of an nnsharc<l 
orbit. This mixture resemble.s a valence orbit wlncli has been drawn 
in somewhat toward the oxygen. Though a similarity lietu-een the two 
methods has been thus establisheil, there is tbi.s <lilforenee b(*tween 
them. In the valence-orbital doscri|)tion of each of the valence 

orbits is polarisjod independently of the othens; that i.s, no phase rela¬ 
tions between the electrons of different valence orbits are taken into 
account. In the resonance method, on the othoi- hand, the valence 
electrons binding a proton arc unpolarized a.s soon as any of tlie other 
two electron pairs is in the un.shared state. It is not quite certain 
whether this sensitive interrelation between the electron pairs doe.s not 
overemphasize the jdiase relations which actually have to exist. 

The valence angles on Ollg'’" are obtained fi'om the restjnancc method 
quite simply; stability will be expected if every II-O-II angle in the 
molecule is not very different from the Il-O-Ii angle in II 2 O; in this 
way all threo resonating structvircs contain an ILO with a but little 
distorted H-O-H valence angle. Assuming a value of about 105® for 
the H 2 O angle, we obtain a pyramidal configuration for IIsO'*' giving a 
geometrical arrangement closely resembling that of XH 3 . 

The usefulness of the resonance method has been proved through 
many applications. We shall restrict ourselves here to a few examines.* 
Resonance occurs in all the anions of all the symmetrical oxygen acids; 

•For a more detailed discussion sec L. Pauling, Nature of the Chemical Bond, 
Cornell University Press, 1940. 
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tliiis flic CO3— ion c-aa be written as a superposition of the formulae 

()- o o o- o- 0“ 

/ % X \ / 


C 


c; 


c 


0- 0“ O 

tlu? 0~ ion being univalent since it is isoelectronic with fluorine. The 
stiiu-ture of the nitro group can be written with the help of a tetravalent 
(isoelectronic \\ith carbon) and a monovalent O , as a superposi¬ 
tion of 




and 


_v-./ 


0 


\o- 


This presentation also accounts for the strong dipole moment of the 


group. 

The ideas of resonance may be applied even if the resonating states 
do not have exactly equal energies. For instance, a resonance between 


the forms, 


N=0 

/ 

Cl 


and 


N=0+ 

cr 


has been proposed for the XOCl molecule. The second more unusual 
formula is justifiable on the basis of the electron affinity of Cl and on 
the basis of the increase of the NO binding when this molecule is ionized. 
Whereas in the symmetrical cases we must as a general rule superpose 
the wave functions with the same amplitudes, in the example given 
last, the coefficients in the superposition depend on detailed calcula¬ 
tions which in practice cannot be carried out. 

In the last example we have used wave functions in the superposition 
which themselves belong to slightly different energies. We niay extend 
this procedure and use an increasing number of wave functions part y 
belonging to very high energy levels to obtain an approximation to the 
correct wave function of the lowest state. It can, of course, be showm 
quite generally that, even if the original wave functions have been very 
poor approximations, correct wave functions may be obtained by siipei 
posing a sufficient number of the original poor functions. However, 1 
is technically hopeless to find even approximately correct coefficients in 
such a complicated case. The resonance method is useful only i ^ 
original wave functions have been good approximations, and in this case 
it suffices to superpose a few w'ave functions of equal or nearly equa 
energies. 

The resonance method has been applied to describe the wave un 
tions of diatomic molecules such as H 2 . We can, for instance, descri e 
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the H 2 wave function a superposition in which one electron is on each 
hydrogen atom and other functions where both electrons are near one 
nucleus while the other proton is bare, 11+ H". These approximations 
are poor when the two nuclei are as close together as they are known to 
be in the stable Ha molecule. It seems therefore that for II. as for most 
of the other diatomic molecules the resonance method docs not ofTcr 
any great advantage in simplicity or accuracy, as compared with the 
molecular-orbital method. Although the resonance method seems ijcr- 
haps more apt to utilize chemical intuition, the molecular-orbital motliod 
has proved a more flexible and accurate tool in correlating spectra of 
diatomic molecules with each other and with the properties of the 
molecules in their ground state. For the electronic states of complicated 

molecules, on the other hand, the resonance method often yields a very 
useful description. 

One condition for resonance to be effect ivc is tliat equilibrium con¬ 
figurations of the two resonating structures must not differ strongly. 
Resonance is possible practically only for two states with the same con¬ 
figuration of the atomic nuclei. Now, if the equilibrium configurations 
for the two resonating structures differ considerably, then the elec¬ 
tronic energy of at least one of the two structures must be greatly 
raised by the distortion necessary to make the two nuclear configura¬ 
tions coincide. The energy thus lost will offset tlie gain in stability to 
which resonance can give rise; if, however, the two equilibrium configura¬ 
tions do not differ strongly, we can choose an intermediate configura¬ 
tion with no great loss of energy, and resonance will more than com¬ 
pensate that I0S.S. 

As an example for a small difference in equilibrium configuration wo 
may consider the resonance in the carboxyl gr<jup where the two struc- 

O 0- 

^ resonate. The C—O and C»=0 


tures R—and R— 

^ 0 “ '0 


equilibrium distances (1.4 A. and 1.2 A.) may be roughly estimated from 
the distances in alcohols and ketones, respectively; the difference is not 
very great. 

Another class of examples in which resonance is probably prevented 
y too great a difference of the equilibrium configurations consists of 
compounds containing a hydrogen bridge. The two structures, 

/0-H O. 

ii-c/ v_n 

r—n/ 




O H—O 


H—0. 

H-C^ \ 

^O—H (X 


C—H 


and 
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inijilit 1)0 oxpoctod to rosonnto, but the distfince in the O-II group is 
;iln)ut l.OA. while the distanoe between H and the oxygen atom to 
wliich it i?; not bound can be estimated from the stnicture of ice as 
aliout. 1.8 X* 'riu' difference of tlie two di.stances is probably too great 
to permit resonance. The fact that bimolecular as.sociation with a 
binding energy of 1-1 kcal. is found must probably be interpreted as 
coulomb attiaction and iiolarixation ('ITects acting between the hydro¬ 
gen of one molecule and the oxygen of tlic other. The energy per 
liydrogcn bridge, that is, luilf the association energy, actually does not 
differ much from the energy of the hydrogen bridge in water which we 
have cxplamed in teiTns of van der Waals forces. 

An cxamjde in which resonance is made dcHnitcly impossible by too 
great a change in configuration is the kcto-enol isomerism. The 

o 

hydrogen must move through a distance of more than 1 A. if the trans¬ 
formation from the keto form to the enol form is to take place; conse- 
(juently the keto and enol forms exist as separate chemical entities. 
This contrasts with the situation found in resonance where pure sym¬ 
bolic superposition of two structures is used to describe a single definite 
electronic configuration of a certain molecule. 

As has been mentioned, we will expect in case of resonance an equi¬ 
librium configuration tliat is intermediate between the configurations 
of the two resonating structures. As an example confirming this rule, 
we may consider methyl nitrite in which the observed N-0 distance 
lies between the distances ex|>cctoil for N'*'=0 and N"*"—0“ bonds. 
(The ion N"*" is expected to behave in a way similar to the isoelectronic 
C atom; 0“ will behave like an F atom.) 


\o- 

-t- /O- 

CII3-N/ 


1.13 A. 


N+—O 
1.3G X 


N-0 distance ob-seiwed 
1.21 A. 


7.25 RESONANCE DESCRIPTION OF CONJUGATED SYS¬ 
TEMS For an open chain of conjugated double bonds, the chemical 
formula ^^•hich belongs to the lowest energy is the usual one having 
alternate single and double bonds. Other forms of higher energy are 
obtained if charges on carbons or unshared single electrons on carbons 

• In the case of dimerized formic acid, this distance seems to be actually smaller 
by about O.I A. 
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rnsfde^*: ‘'"'*“'""6 formulMo may b. 


ciu=cn~cu=riu 
-cir.—nr=cjr-('ii,+ 

+C112—cii=cir~-c’ii 2 - 

C112—cii=:cir—cir.> 


C«) 

ih) 

(c) 

(d) 


tiivalent They arc actually isoelectroiiic with nitrogen and boron 
lespectively In (d) there is a single unshared electron in each of the 

effeXe oX rAh ^-esonancc as shown by the formulae is 

closelv X configuration of butadiene approximates 

closely the equilibrium configuration of each of the four forms This is 

possibb on y if all caibons Ue in a plane; resonance ^ 

tavor a coplanar structure. 

A much greater effect of resonance may be expected in benzene since 

belong i 2 structures, namely, the twin Kekuld formulae 

for the fX thTb in the resonance description 

or the fact that benzene is much more stable than other unsaturated 

tioi of A systems. Actually the heat of combus- 

W f 'f than the crude value which would fol¬ 

low from the additivity of bond energies. This discrepancy can bo 

decreased by only 20 kcal. on account of the presence of three Anju- 
ga ed double bonds, and it has been proposed that the remaining dif- 
erence is due to the peculiar and strong resonance in benzene ^Kut 
the quantitative part of this argument suffers somewhat from the purely 
empincal nature and the crudeness of the bond additivity rule On the 
qua itative side It is highly satisfying that both Kokul^ structures are 
ne^ed to desenbe the electronic structure of benzene. 

There is no iinin6(liQ.to dnd simnl^ roA^nn *1 

rings is disregarded). S tto rcspeTthrrefuTtrorthrre'’^ 

TcHMinZZ “ 22 " ‘h' “"“e! 

I^sonance between the two Kekuld structures does not , 

- 5-~c 
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resonating structures must be introduced such as 



Although structures with ions in the ortho or para position are possi¬ 
ble without deviating further from usual chemical rules, there is no 
simple structure ^\ith two ions, positive and negative, in the meta posi¬ 
tion. This correctly indicates a parallel behavior of the para and ortho 
positions. 

Resonance with ionic contributions such as just mentioned has fre¬ 
quently been di.scussed in connection with more extended structures. 
The resonance in paranitrophenol is established by shifting simulta¬ 
neously four double bonds. 



However, resonance is always weak if there are only very few electron 
configurations for which both resonating wave functions are appreciably 
different from zero. In fact, resonance is due to the overlapping of 
wave functions. Such overlapping is feeble if there is a great difference 
between the two resonating structures. Resonance in such cases wU 
primarily proceed through intermediate ionic structures. We can 
always find such intermediate structures in which overlapping of the 
wave functions is considerable. In the preceding example the following 
series of structures can be used: 



RESONANCE DESCRIPTION OF CONJUGATIOD SYSTEMS 119 



or another series: 
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On tlio other liand. tlio interme<liatc ionic structures may have consid- 
eralil\’ hifjher ener”:ie.s and may, for that reason, be less available part- 
mas in th(“ resonance. 

'rhrough the introduction of these ionic states, the electrons obtain 
gieater mobility in the i-esonance picture. Accordingly, they behave 
more closely in the same way as was found in the modified molecular- 
orbital approximation (section 7.22). This may be considered as a 
special example of the gemaal statement that the results obtained by 
different appro.ximations converge when approximations are pushed far 
enough. 

In the more complicated heterocyclic and carbocyclic rings, the 
number of re.sonating structures is considerable, even if we disregard 
ionic structures. For example, in anthracene we get contributions from 
the following structures: 


H H II 


r H H H I 

C C C 


C C C 

^ \ ^ \ /' \ 


^ \ \ / V 

HC C C CTI 


HC C C CH 

1 1 1 II 

HC C C CTI 


1 1 II 1 

HC C C CH 



\ \ ^ 

c c c 


C C c 

li H II 


II H H _ 

r H H H I 


r H H H “ 

c c c 


c c c 

^ \ \ \ 


/ \ / V / Vx, 

HC C C CH 

1 II 1 1 


HC C C CH 

1 il 1 1 

HC C C CH 


II 1 1 1 

HC C C CH 

\ \ ^ \ ^ 


\ /- \ /■ W 

C C C 


C C c 

H H H 


H H H J 


Perhaps one of the most complicated resonance situations is found in af 
carbon plane of graphite. Some of the structures for a limited part of 
the plane are shown in Figure 7.25(1). 

Stability of some radicals may be explained by the great number of 
resonances which the removal of one atom makes possible. Thus if 
ionic structures are disregarded, the Kekul6 resonances are the only 
ones possible in hexaphenylethane, whereas in triphenylmethyl the 
following structures are possible: 
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If we again disregard Kekul('' resonances, the first of these structures will 
still stand for three different possibilities, and the second structure can 
be realized in six ways. A tendency for the ring and its substituents to 





Fio. 7.25(1), Resonating valence 



structures in tbc planes of graphite. 


lie in a plane h a consequence of the resonance picture. In this respect 
there is a definite deviation from older stereochemical ideas. If.^for 
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iiistatuT. the liydroxyl hydrogen of phenol lies in the plane of the ring, 
the following additional resonating structures can be written: 


II 

() 


II 

C 
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CH 
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If, on the other hand, the hydroxyl hj'drogen does not lie in the plane 
of the ring, these structures would become impossible, since they would 
violate the rule that if two atoms are joined by a double bond all their 
substituents must lie in one plane. The coplanar position of the hj’’- 
droxyl hydrogen seems to be borne out by the infrared spectra of sub¬ 
stituted benzenes. 


7.20 BINDING BY ELECTRON HOLES In discussing the alkali 
halide molecules wc found an example of one type of binding by electron 
holes. If one of the two reaction partners has a loosely bound electron 
while the other partner has a closed shell except for a vacant electron 
orbit, then the loose electron will fill the vacant orbit. The resulting 
electrostatic attraction between the ions holds the molecule together. 
A different, homopolar, binding b}' electron holes is obtained when two 
atoms with vacant orbits, for instance, two halogen atoms, react ^^^th 
each other. 

To understand the homopolar action of the holes, we must bear in 
mind that filling of the vacant electron orbits of the reactants would 
lead to a particularly stable electron configuration. We shall use this 
closed-shell configuration as a standard of energy and judge the strength 
of binding by estimating how much energy is released when the missing 
electron orbits are filled. It wiW be an indication of chemical stability 
if the molecule releases less energy than the two separated atoms would. 
In other words, electron holes lead to a homopolar bond if the electron 
orbits of the holes have a higher energ>' in the molecule than in the 
separated atoms. The electron holes will thus have to “occupy” states 
which we have called antibonding, which of couree means the same thing 
as saying that as many of the electrons present as possible have to be 
put into bonding states. For the particular case of F 2 , the highest 
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molecular-orbital function is an antibondinp tr state obtained from ;> 
s a es of the separate atoms. The two holes in the F, moUvuIe are both 
in tins a state, lor an antibondinR orbit the wave amplitude in the 
region between the two atoms is small, whereas the amplitude is large 
on the outside parts of the atoms. Thus the holes will be found with 
the ^^mallest probability between tlie atoms, which again is merely a 
repetition of our earlier rule that in homopolar binding as main' elec- 

between the atoms. Similar statmnonts 
nolcl for the other halogen molecules. 

It may be noticed that holes behave, in general, in an oppo,,ite wav 
to elections, seeking to occupy the liighest rather than the lowest orbits. 
An electric field draws them in the opposite direction to elecIroiLs, and 
m this way they beliave as though they were carrying positive charges 
In fact, if the closed shell is considered as a basic neutral structure tlicir 
presence does cause a positive charge. By using the simplified concept 
o positively charged hole.s, the behavior of halogen atoms may be dL 
cussed also in other than chemical respects. Thus in the theory of the 
a ogen spectra it is permissible to a certain approximation to discuss 
the motion of one positively chai-ged hole rather than the seven electrons 

Iver ‘^'‘“'■8'' '‘»"- 

highest kmctic energy which a positively charged electi on would not do 

irlc» ‘o m this connection that the application of the 

Idea of holes m relativistic quantum mechanics has led to a theoretical 
prediction of the positron. In this curious application space is con¬ 
sidered fflied up mth a continuous infinity of electrons in negative 
energy states. The existence of these states follows from lelatfvistic 
theory, but they have never been observed. The state of space in which 
all the energy levels are filled up corresponds to a closed atomic shell 
The electrons filling the negative states are assumed to he unobservable 
If any of the electrons in those negative states is missing, this becomes 
noticeable as a positron. Owing to the peculiar properLs of negative 
energy levels in relativistic theory, this positron behaves in every re"p c^ 

^ a positively charged electron. In particular, it differs from mr posi¬ 
tive holes in that It tends to occupy low kinetic-energy states But the 

lacto^. and it may he actually replaced l^treinL^rer:;’: 
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Irons and positrons on an equal footing. But the “hole theory” shows 
how close the similarity is between the positron and the vacant place of 
an electron in an atom, and it is interesting to observe the influence 
which our ideas of the known stnicture of matter had on the theory of 
elementary particles. 



8. FORCES IN THE SOLID STATE 


8.1 INTRODUCTION In treatinp the solids we sliall have to apply 
the concept of atomic forces to a great variety of structures. In many 
cases the forces are not very diffeient from those encountered in mol- 
ecules. We shall start by a rough classification of the forces acting 
withm solids and then proceed by considering a few examples of the 
peat variety of structures to which these forces can give rise. Follow¬ 
ing that, we shall treat the more common types of forces \\-hich iiave 
been described in previous chapters in connection with inner- and inter- 
molecular forces acting within the solid. We shall emphasize, however, 
the problems which specifically arise in the discussion of the solid state. 
A more detailed discussion wiW have to be reserved for the metallic 
state which has no strict analogue in molecular structure. It \\'ill be 
shown that starting from the theory of the metallic state we may re- 
mterpret all forces occurring in solids. As a final application we shall 
treat surface phenomena. 

We shall not discuss the problem of liquids. The forces operating in 
liquids are to a great extent similar to the forces in solids. The essential 
difference is that the thermal agitation has destroyed the long-range 
order that may have existed in the solid and that it has greatly facilitated 
the exchange of molecules, thus decreasing the viscosity and producing a 
fluid. The questions connected with liquids thus concern statistical be¬ 
havior rather than elementary forces or structures, and lie therefore 
outside the scope of this book. 

The important question of the extent to which a solid is ordered will 
receive only occasional brief references. The degree of ordering dis¬ 
tinguishes, in its extremes, crystals from amorphous substances, but 
there are many intermediate steps where the appeai-ance is crystalline 
and yet a certain element of disorder is present. This complex of ques¬ 
tions too is essentially of a statistical nature, and we shall refer to it 

oiUy where it has some bearing on the nature of forces govemine the 
sohd structure. ® 
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8.2 FORCES ACTIXG WITLTIN SOLIDS Solids have often been 
called giant molecules. There arc a few solids for which this description 
is entirely appropriate. Perhaps the best example is diamond in which 
each carbon atoin is bound by four homopolar single bonds to four 
neighboring carbon atoms and where, proceeding along bonds, any 
carbon atom can be reached from any other carbon atom in the lattice. 
There are, however, many solids in which the nature of the forces differ 
considerably from those usuallj' associated with the idea of a chemical 
bond. In heteropolar crystals such as the alkali halides, probably a 
greater contribution to the binding is made by simple coulomb poten¬ 
tials acting between the ions than in any molecules. In fact, polarizabil¬ 
ity of the ions A\ithin molecules tends to equalize charges and reduces 
polarity, whereas, in ionic crystals in which the ions are symmetrically 
surrounded by other ions, the resulting polarizing forces are much 
smaller. 

A much greater qualitative difference exists between the weakly 
bound solids such as those obtained at low temperature by condensa¬ 
tion of the rare gases and the ordinary chemical structures. In these 
weakly bound crystals, the attraction is due to van der Waals forces. 
The class of van der Waals solids is in fact quite comprehensive and 
includes the solids composed of molecules. For instance, solid nitrogen 
or solid iodine and also solid benzene and other hydrocarbons are repre¬ 
sentatives of this class. Their only analogue among proper molecules 
are weakly associated dimers or polymere in the gaseous phase which 
are usually not called molecules in the stricter sense of the word. 

A further most important class of solids comprises the metals. We 
shall see that their properties differ very markedly from the properties 
of saturated molecules. Unsaturated molecules and radicals have some 
properties in common with metals, but the metals have so many unique 
characteristics that an analogy with any molecule is incomplete. 

The discussion of solids is further complicated by the fact that the 
demarcation lines among the four kinds of solids just mentioned are 
none too sharp. Thus solids such as ice in w'hich the main binding forces 
are dipoles constitute a smooth transition between the most weakly 
bound van der Waals solids and the ionic structures. Polarization in 
ionic solids gives rise to a transition of this crystal type into the ho¬ 
mopolar structures. In fact, there is no quite clearly defined rule how 
many electrons shall be ascribed to one atom or ion and how many to 
another and w'e shall see later that the same crystal may be interpreted 
as homopolar or as heteropolar. Finally closely packed structures of 
any kind can go over almost imperceptibly into semiconductors an 
finally into metals. 
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In addition, it is possible that several typos of binding are piosont in 
the same crystal. Threads or sheets of atoms mav be held togethei- by 
homopolar forces, whereas the interaction of these bigger units is of the 
van der Waals type. Polar structm-cs may alternate vith less polar 
bindings, and even the forces characteristic of metals may be most pro¬ 
nounced between some atoms, whereas in the <-ohcsion of other atoms 
metallic properties play a lesser role. 

In some respects, howe^-er, the study of soli.ls is simpler than that of 
molecules. First, purely geometrical considerations of arrangements 
of atoms in space are more easily dcteimimal in solids and can indeed 
be obtained more readily by X rays and bv electron diffraction Sec¬ 
ond, metallic conductivity gi^•cs <liroct nn<I important information about 
the beha..uor of electrons in metals. Finally, macroscopic p.opertios, 
such as cleavage planes, hardness, or melting points, give direct hints 
as to the microscopic structures. 

8.3 VAPOR PRESSURES AXD MELTING POINTS OF SOLIDS 

As has been mentioned, the physical properties of solids are very closely 
related to the type of forces operating in them. Two properties of these 
forces are important: (1) their strength and (2) their directed or un¬ 
directed nature. Evidently, small forces are connected with a high 
vapor pressure as is the case in the van der Waals solids. In addition 
we will expect that van der Waals forces are greater between heavier 
atoms and bigger molecules; this regularity has been known for a long 
time and can be illustrated by the vapor pressures in the solid state of 

u series of h3'drocarbons. The more 

ightly bound solids have a much lower vapor pressure. It is interest¬ 
ing to notice the lowering in vapor pressure which follows the polymeri¬ 
zation of organic compounds and the formation of plastics. 

The directed nature of forces influences the melting point more than 
the vapor pressure. The typically homopolar compounds like diamond 
have stnctly directed valence angles, and correspondingly their molting 
points are sometimes so high that they are out.side the range of con¬ 
venient physical observation. In ionic lattices the forces merely rec|uire 
that there shaU be a great number of oppositely charged ions close to 
each other while the similarly charged ions are kept as far apart as 
possible. Although these requirements are sufficient to stabilize crystal 
structures, they do not make the angular relations so rigid as to make 
melting practically impossible. In metals we find frequently a tendency 
tor a great number of nearest neighbors, resulting in close-packed stme- 

tures vnth not too rigidly fixed angles and comparatively low meltine 
points* ^ 
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8.4 SHEETLTIvE STRUCTURES As has been mentioned already, 
alternation of stronger and weaker forces within certain crystals can be 
inferred from macroscopic physical properties. Perhaps the best exam¬ 


ple is that of graphite where the 
atoms in plane sheets can be repre¬ 
sented (Figure 7.25(1)] as one big 
iinsaturated molecule. The different 
possible configurations of the con¬ 
jugated double bonds give rise to 
the same kind of resonance phe¬ 
nomena as has been discussed in 
the examples of the closely anal¬ 
ogous organic compounds. In 
these, the double-bond electrons 
could be represented as wandering 
all over the molecule, and this 
analogy suggests that the binding 
contributed by the double-bond elec¬ 
trons in the planes of graphite is 
essentially a binding by free elec¬ 
trons, that is, a metallic binding. 
This consideration is borne out by 



Fia. 8.4(1). Plan of a single sheet in 
the black phosphorus crystal. (See also 
Sinuiurbericht, VoL III, page 6, 1937.) 
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Fig. 8.4(2). Diagram showing the 
structxire of muscovite mica, 

(OH)2KAl2(Si3Al)Oio. 


the metallic conductivity of graphite. The separate sheets in graphite are 
held together by much weaker forces, as shown by the exceedingly e^y 
cleavage of the crystal. Actually the valence picture can be ^tis e 
tvithin one plane, and we ^vill not be far off in saying that graphite con¬ 
sists of metallic and therefore exceedingly highly polarizable ^ 
molecules held together essentially by van der Waals forces whic or 
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big polarizable molecules are quite considerable but yet inferior to the 
strong forces operating witliin the sheets. 

Another example of a sheetlike structure is found in black phosphorus 
in which the atoms arc arranged in staggered sheets as shown in Fig¬ 
ure 8.4(1). The circles marked A represent atoms slightly above, those 
marked B slightly below, the average plane of the sheet. Each atom 
has three neighbors satisfjdng the three valencies of phosphorus. The 
staggered nature of the sheets is due to the fact that in phosphoru.s, as 
in nitrogen, the valence angle is smaller than 120*. Separate sheets arc 
held together by van der Waals forces. This simple picture is somewhat 
complicated by the fact that black phosphorus does posso.ss an electric 
conductivity. Black phosjdiorus and graphite are examples of sheets 
within which homopolar bonds are the greatest stabilizing factors with 
various tendencies of the electrons toward free metallic motion. 

A sheetlike structure is even more strikingly exhibited by the exterior 
behavior of the crystal in the case of the micas. But in the micas the 
structures become a little more complicated. One “simple” structure, 
that of muscovite is showm in Figure 8.4(2). In this case the sheets 
themselves have complex structures; the binding between the sheets as 
well as wthin them is of ionic character but the different ionic radii and 
charges insure an easier cleavage near the univalent alkali ions. In 
other micas the electrical neutralization within each layer is more per¬ 
fect, and the interactions between layers are due only to multipole and 
polarization forces characteristic of van der Waals attractions. 

8.5 THREADLIKE STRUCTURES We have just seen that some 
crystals far from constituting a homogeneous latticework can be nat¬ 
urally subdivided into sheets. In a few crystals, the natural subunits 
are one-dimensional sti-uctures or threads which in turn are held to¬ 
gether by weaker forces. We may consider sulfur as one example. 

In the ordinary rhombic sulfur one finds ringlike Ss molecules in 
which each sulfur atom is linked to two neighbors; the valence angle of 
105® causes the ring to be puckered. On 
being heated to about 200° C., sulfur 
becomes a very viscous liquid in which 
the rings have opened up, and the ends 

umte to form long chains. The long 8.5(1). Sulfur cliain.s in 

chains impeding each other’s motion stretched plastic sulfur, 

explain the high viscosity. If this liquid 

IS now cooled, amorphous sulfur is obtained which still consists of long 
chains in a disorderly arrangement. Amorphous sulfur has nibber-like 
qualities. On stretching, chains which originally were bending around 
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in a random fashion assume the more orderly structure shoAvn in Fig¬ 
ure 8.5(1). The sulfur chains while retaining the valence angle follow 
in general straight lines. This more orderly arrangement causes sulfur 
to crystallize under high tension, a further peculiarity in which it resem¬ 
bles rubber. Somewhat similar crystalline structures are found for 



I-’io. 8.5(2). Diagram showing the 
stmeture of selenium. The spiral 
chains extend indefinitely tlirough 
the crystal in the vertical direction. 


selenium and telluiium in which 
chains with each atom bound to 
two neighbors spiral round parallel 
axes, Figure 8.5(2). 

Among the silicates there are also 
found threadlike arrangements of 
strongly bound groups. Thus in 
pyro.xene minerals, for example, 
CaMg(Si 03 ) 2 , chains of SiO^ tetra- 



Fio. 8.5(3). Chain of tetrahedra in a 
pyroxene mineral. 


hedra are found in which two neighboring tetrahedra always share one 
oxygen. One such chain is shown in Figure 8.5(3). The chains carry a 
total negative charge and are bound together by positive calcium and 
magnesium ions placed bettveen them. Many of these silicate-containing 
chains show macroscopically a fibrous structure. 

8.6 VAN DER WAALS SOLIDS In the last two sections we have 
seen how the difference in the nature of forces has brought about within 
the solids extensive substructures the presence of which manifests itself 
in the macroscopic properties of the body. There is a much larger class 
of solids in which the difference in strength of the forces causes fimte 
spatial groups to exist as subunits. These groups can then be called 
molecules in a more strict sense. 

The character of these solids is determined by the fact that with the 
use of relatively little energy they can be decomposed into smaller units. 
We shall treat in this section the case where this decomposition requires 
a minimum energy. This will be so if no dipoles are attached to the 
constituent molecules and the forces discussed in section 6.5 are respon¬ 
sible for holding the solid together. 
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Among the general properties of the van der Waals solids we have 
just mentioned is the small energy of sublimation. The fact that the 
van der Waals interaction between two nondipole molecule.s docs not 
affect in first approximation their interaction with a third molecule 
means that there is no tendency towards the formation of bigger groups 
containing several molecules. Further, these van der Waals forces 
depend on direction only when the interacting molecules are not spheri¬ 
cal and only insofar as these molecules tend to get into close contact 
and particularly tend to bring their polarizable parts as close together 
as possible. This -wiW result in closely packed structures, and the 
absence of directional forces gives rise to easily deformable solids nith 
low melting points. 

The simplest crystals of this type are obtained by solidifying the rare 
gases. We shall leave out of consideration here helium, in which the 
very low van der Waals binding energy and the small mass of the helium 
atom make it necessarj' to take quantum effects into account when 
discussing the positions and motions of the helium nuclei. This 
makes helium a unique substance. The motion of all other nuclei 
m physico-chemical processes can always be described by classical 
theory in reasonable approximation and most often in excellent 

approximation. 

In crystals of neon, argon, krj'pton, and xenon the atoms are arranged 
m the way in which spheres can be pack(id together most tiglitly. Each 
atom has 12 nearest neighbors. The melting points rise regularly with 
increasing atomic weight as would be expected from the greater polari¬ 
zability in the heavier atoms. 

But the agreement between expectation and experience does not 
extend to the finer details of the crystal structure. We shall give a de¬ 
tailed discussion of a structure in order to illustrate the difficulties 

which arise if one attempts to explain quantitatively even the simplest 
of the crystals. 

The actual arrangement of atoms is that of cubic clo.se packing. Thi.s 
structure can be described in terms of hexagonal sheets of atoms, one 
such sheet being shown in the Figure 8.6(1). The circles with the nu¬ 
meral 1 in their centers represent the atoms of a sheet. A second similar 
sheet is placed on top of the first, with the atomic centers situated above 
the points designated by the numerals 2. Thus each atom of the second 
sheet will touch three atoms of the first. The sheet lying above the 
^cond sheet mil have its atoms vertically above the numbers 3 in the 
figure BO that each atom of this sheet will again touch three atoms of the 
previous sheet. The atoms of the fourth sheet lie vertically above the 
atoms of the first and from there on the structure repeats itself. Thus 
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each atom is surrounded by 12 other atoms, 6 from its own plane, 3 from 
the plane above, and 3 from the plane below. 

A second close-packed structure of spheres is known which differs 
from the one observed in rare-gas crystals, namely, the hexagonal close- 
packed structure. This structure contains sheets similar to the cubic 
close-packed structure. The atoms in the first and second sheets have 
actually the same position as in the cubic close-packed arrangement. 
But the atoms of the third sheet do not lie perpendicularly above the 



Fio. 8.6(1). Diagram of cubic closc-packcd structure. Numerals 1, 2, and 3 indi¬ 
cate atoms in successive crystalline planes. Starting from plane number 4, the 

structure repeats itself. 


positions designated by the number 3 in Figure 8.6(1); they lie per 
pendicularly over the atoms of the first layer. Thus the layers alter¬ 
nate between the positions 1 and 2 rather than alternating cyclically 
among the positions 1, 2, and 3. 

The number of nearest neighbors is the same in the hexagonal and 
cubic close-packed arrangements. If the lattice energy is considered as 
the sum of interactions between neighboring atoms, no difference is 
obtained for the energies of the two arrangements. It is then of interest 
to ask why the rare-gas crystals have cubic rather than hexagonal arrange¬ 
ments. 

We might suspect that the cubic close-packed arrangement is stabil¬ 
ized by interaction between second and perhaps further neighbors. 
Though the van der Waals potential decreases with the sixth power of 
the distance, the great number of farther atoms could possibly make 
their influence significant. But if the sum of interaction potentials 
among all pairs of atoms is taken, it is foimd that the lattice energies 
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for the hexagonal and cubic arrangements differ by less than one thou¬ 
sandth of their value, and whatever dilTcrencc exists would tend to 
stabilize the hexagonal rather than the cubic lattice. The small value 
of the difference between the energies of the two arrangements would 
lead us to expect that a random mixtui-e of the two lattice arrangements 
would result with a layer of type 2 or 3 following layer 1, a layer of type 
3 or 1 following 2, and a layer of type 
1 or 2 following 3, without any rela¬ 
tion to the further removed laj^ers. 

It seems that in order to explain 
the stability of the cubic lattice it is 
necessary to assume that the forces 
wthin the crystal are not strictly 
additive; that is, the interaction be¬ 
tween any two atoms is influenced 
to some extent by the configuration 
of other atoms. It is most likely 
that the bulk of the lattice energy is 
due to simple additive forces acting 
between pairs of atoms. In fact, 
the lattice energy can be estimated 
satisfactorily on this basis using 
the experimentally knowm constants 
for the rare-gas atoms and the for¬ 
mula for the van der Waals potential 

given in section 6.5. But the actual structure of the solid cannot be 
obtain^ without taking into account the presumably small nonadditive 
corrections which have to be applied to these potentials. That the 
actual structure of a solid depends on a delicate balance of energies is a 
rather common occurrence and explains the polymorphisms, that is, 

changes of structure at certain temperatures and pressures, that are so 
frequently observed. 

Though the van der Waals forces are generally speaking nondirected 
they nevertheless can produce somewhat compheated crystal arrange¬ 
ments if the molecules to be packed are nonspherical. The structure of 
benzene which may serve as an example is shown in Figure 8 6(2) The 
groups of three circles represent three C-H groups of a benzene ring 
whMe plane is at nght angles to the plane of the paper. The other three 
groups are imme^ately underneath. The shaded molecules are 
^placed verticaUy ,«th respect to the unshaded ones. Thus the crystal 


Fio. 8.6(2). The structure of ben- 
zcDo. The shaded molecules are dis¬ 
placed vertically relative to the 
others through one-hatf the height 
of the unit cell. 
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The interatomic distances between atoms ^^'ithin a molecule are, as 
a general rule, somewhat greater in a van der Waals solid than in the 
corresponding gas. As an example we may mention iodine. The dis- 
tance between two iodine atoms of the molecule is 2.G5 A. in the gas, 
whereas the distance in the solid is 2.70 A. Great distortion of distances 
within molecules signifies, of coui-se, a tendency to depart from the pure 
molecular lattice and an approach to a more uniform binding between 
all neighbors. 

A somewhat more explicit explanation of the greater inner-molecular 
distances of a van der AVaals solid can be given in terms of the depend¬ 
ence of the forces on polarizabilities. According to this theory, the 
interaction energy of molecules increases with increasing polarizability 
of the molecules. Now the polarizability usually becomes greater \nth 
increasing distance between the atoms ^\ithin a molecule. The energy 
necessary to change slightly the inner-molecular distances is more than 
compensated by the increased interaction between the molecules. Gen¬ 
erally speaking, the ground state of an isolated molecule represents the 
strongest possible binding of the constituent particles, and it is not sur¬ 
prising that the structure is somewhat loosened if the particles are sub¬ 
ject to additional external forces. 

8.7 DIPOLE STRUCTURES. THE HYDROXYL BOND AND 
THE HYDROGEN BOND Van der Waals forces holding crystals 
together are, of course, much stronger if they are produced not merely 
by the interaction of polarizabilities but by permanent dipoles. Attrac¬ 
tion due to such dipoles ^\ill, of course, favor certain orientations, thus 
giving rise to quite complex structures. 

If the dipole is due to a hydrogen-containing group such as OH or 
NH 2 , the binding often shows a peculiar behavior which is not quite 
completely described by the simple picture of dipoles. We have already 
seen in discussing the interaction energy between water molecules that 
consideration of a detailed distribution of charges within the water 
molecule will have a decisive influence on the most stable configuration 
of these molecules with respect to each other. Thus the arrangement 
shoAvn in Figure 8.7(1)A would be the most stable configuration of 
water molecules if we describe the electrical properties of the molecule 
by attaching to it one dipole moment bisecting the H-O-H angle. If, 
however, we take into consideration the existence of two distinct centers 
of positive charge in H 2 O, we find that the configuration shown in 
Figure 8.7(1)R is probably the more stable one. The interaction energy 
for this configuration can be estimated, and we find that it is of the 
right order of magnitude to explain the binding energy of ice. In fact, 
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the stmcture of ice can be described by placing four hydrogen atoms 
atoms bT TT “ distribution. Tivo of these hydrogen 

belong to aJacent oxygen atoms and point toivard the oxygen atom in 
question The hydrogen atoms ivithin the same molee.de are rZer 

ioirof“the7'‘’Td“‘”"' ‘'™ h.ydrogons; but beyond 

each of the four hydrogen atoms on four straight lines there are found 

O f) d f™'" “‘e o'-iginal oxygen atom. Kach 

O O distance is a sum of two unequal distances 1.1 A. found within a 

molecule and approximately l.G A. found for the distance between the 


o 


o 


o 


Hydrogen 

Oxygen / ' 'N T atoms 

b 

Fig. 8.7(1). Stable configuraUon.s (or two water molecules a.s.suininK 

A. Interaction of (lipole.s 

D. Execsis charges on individual atoms. 

H atom of one molecule and the O atom of an immediate neighbor 

Actually the X-ray investigation of ice fixes only the distance between 

0 atoms, whereas the positions of the H atoms are inferred from snoc- 
troscopic data obtained in gaseous H 2 O. ^ 

Because of the difficulty of packing tetrahedra closely, ice has a 
rather open structure and a low density. In this case the electrostatic 
forces tiying to pull positive and negative charges as closely together as 
possible have produced the loose tetrahedral co-ordination Any closer 
packing, though favored by the interaction of polarizabilities would 
necessitate closer approach of charges of the same sign. AVe may con- 

We" “ eonfignmtion of charges ivith the 

w but rather in an angle - vl^Vr^t “ 
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A relatively simple example of such a binding of OH groups is found in 
the structure of boric acid, B{OH) 3 , which forms a layer crystal. Some 
layers are represented in Figure 8.7(2). The angular disposition of the 
OH groups is evident. We might again argue that the structure is 
mainly stabilized by electrostatic forces. Another possible explanation 
can be given in terms of directed valencies. If a positive charge ap¬ 
proaches the OH” ion, the most stable configuration \nll be found for 
that direction of approach in which a proton would be bound to OH” 



. O • ® 

01234 5A OBH 

Fio. 8.7(2). Structure of boric acid, B(OH)3. 


to form the H 2 O molecule. In fact, an electron orbit can be constructed 
that protrudes relatively far in that direction and the electrons of which 
may meet relatively easily the approaching positive charge. From the 
pure electrostatic reasoning we might expect that the best possible line 
of approach of a positive ion A"*" is along the O-H axis as sho^vn: 

A+ O—H 

But the same detailed consideration of the electron orbits which ^plains 
why the H-O-H angle in water is not 180® may also cause the A ion to 

approach from another direction than along the axis. 

The same kind of consideration can also be applied to H 2 O when a 
positive ion approaches. Since the ion HsO'*' as well as the isoelectronic 
ammonia have a pyramidal structure, it is possible that the most avor 
able direction of approach for the A+ ion is in a direction outside the 
H 2 O plane. Thus, not only is the A'*' ion attracted to the negative re 
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gion of the H 2 O dipole, but also it is attracted in a directional way, the 
direction being determined by that of the bond wliicli could be formed 
were the positi\'e ion to approach closely enough to be incoriKirated in 
the molecule. The expression “residual valency” may bo correctly 
applied to describe such a binding due to a preferential polarizability of 
the molecule that corresponds to a potential bond formation. The 
residual valence of the OH group which tends to attract positive ions 

roughly at a tetrahedral angle to the O-H axis, is sometimes called the 
hydroxyl bond. 


A similar situation should occur inth the NII 2 ion where one would 
expect the A'*’ ion to be attracted from a direction forming rough!}' 
tetrahedral angles with the N-H bonds. That NII 3 attracts a positive 

ion m such a way as to form a .A+ tetrahedron is due both to 

the action of directed residual valences and to the simpler reason that 

the A ion must approach the negative N from the direction which is 
not occupied by positive hydrogens. 

The attraction of a hydrogen atom for a neighboring negative ion is 
so pronounced that a sjTnmetrical structure has been suggested in 
which the hydrogen is equally strongly bound to the atom to which it 
was attached oripnally and to the other atom with which, according to 
the original picture, it should interact only with van der Waals forces. 

As an example one may quote the dimerization of formic acid. If in 
this dimer the hydrogens of the two hydroxyl groups are placed sym¬ 
metrically between two oxygens, two hydrogen bridges between the 
two formic acid molecules are formed. We have discussed this structure 
in section 7.24 and found that the energy of formation of the dimer may 
be explained \rithout actual sharing of the hydrogens. 

A direct decision could be obtained by determining the positions of 
the hydrogen atoms, but our diffraction methods are not capable of 
domg this. There is some indirect evidence in the formic acid dimer 
for the presence of resonance. All distances between neighboring C 
and O atoms have been found to be equal, whereas in the absence of 
^onance we would expect the 0=0 distance to be smaller than the 
C—O distance. It must be remembered that even the pure electro¬ 
static van der Waals forces will stretch the original bond by which the 
hydrogen was held lyhile causing an approach of the hydrogen to a 
neighbormg negative ion. Thus a gradual transition is possible between 
the pure electrostatic binding and the resonance binding which occurs 
for symmetrically located hydrogens. 
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cussion. The reason for this was that the main part of the binding energy 
is a simple electrostatic attraction, and thus the energj' of formation of 
the ciystal could be estimated from the ionic charges and the ionic dis¬ 
tances. In order to obtain accurate results one must include, of course, 
other forces such as the interactions of the polarizabilities, the van der 
Waals repulsion forces, and also that part of the van der Waals forces 
which describes the polarization of one ion by the charge of the neigh¬ 
boring ions. The latter forces, though exceedingly important in a 
gaseous alkali halide molecule, are far less strong in an alkali halide 
cr 3 'stal in which each ion is symmetrically surrounded by a relatively 
great number (six or eight) of oppositely charged ions, the fields of 
which cancel each other to a considerable extent. But just because the 
main effect cancels, the residual polarization is difficult to calculate and 
has not been taken into account. The effect of the other forces has 
been taken into account, and it has been proved possible to establish a 
relationship, %\'ith their help, between the energy of formation of the 
crystal and some other properties. Among the latter, the compressibil¬ 
ity of the crystals is of particular importance since it gives a measure of 
the forces that are produced by changing the distance between the ions. 

In Table 8.8(1) calculations on the energy of formation of the alkali 
halide crystals are summarized and compared mth experimental data. 
(The fluorides have been omitted because for these substances experi¬ 
mental data are incomplete.) The first column contains the substances. 
The second column gives the electrostatic energies per molecule, that is, 
the work that has to be performed against electrostatic attractions and 
repulsions of point charges if the lattice is decomposed into isolated ions. 
This energy, as well as all the following energies, is measured in units of 
electron volts. 

In the third column the energies are listed which are due to the 
interaction of polarizabilities. Only the forces between the highly 
polarizable negative ions are of importance. To calculate these, data 
on the spectra and refractive indices of the alkali halide crystals were 
used. It may be noticed that in this way not the properties of the free 
halogen ions were used as the basis of the calculation, but rather the 
properties of the halogen ions as modified by their surroundings in the 
crj'stal. The figures given in the third column are, therefore, semi- 
empirical, but their importance is comparatively small. 

The potential energies due to the van der Waals repulsive forces are 
given in column four. In calculating this potential, it is assumed that 
the forces have the exponential form discussed in the previous chapter. 
But two constants (the factor in front of the exponential and the factor 
multiplying the interionic distance in the exponent) have been adjuste 
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empirically. These constants have been chosen in such a way as to 
obtain the correct densities and compressibilities for the crystals. It is 
interesting to compare this empirical formula with the one given in 
section 7.3. There we have found that the e.xponent in the van der 
Waals repulsion force depends on the binding energy of the most loosely 
bound electron. In the present case this is tlie binding energy of the 
extra electron on the negative ion. (This binding energy is called the 
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7.65 

7.60 

Nal 

7.77 

0.14 

0.74 

7.10 


7.23 

7 17 

KCl 

7.99 

0.17 

0.94 

7.17 

7.22 


7 12 

KBr 

7.62 

0.16 

0.82 

6.71 


6.90 

6.74 

KI 

7.10 

0.16 

0.69 

C.5-1 

6.66 

6.52 

0.57 

RbCl 

7.68 

0.20 

0.87 

6.95 



6 98 

RbBr 

7.30 

0.17 

0.76 

6.67 

6.56 


6 74 

Rbl 

6.82 

0.17 

0.67 

6.30 




CsCI 

7.08 

0.33 

0.77 

6.SI 



1/ 4 \J\J 

G 

CsBr 

6.80 

0.30 

0.71 

6.34 



V * oo 

G 40 

Csl 

6.40 

0.29 

0.63 

6.04 

6.13 


6.11 


"electron affinity.”) In the empirical van der Waals formula the 

exponential factor drops off somewliat more sharply than is predicted 

by our formula in the previous chapter, if the electron affinity of free 

negative ions is used in that formula. We may, indeed, expect that in 

the crystal the outermost electron of the negative ion may be a little 

more confined to the neighborhood of the ion than is the case for the 
free ion. 


Column five the end result of the theoretical calculation, the 
lattice ener^. Th^ energy is defined as the work needed to dissociate 
the lattice into pure positive and negative ions. Like all other energies 
n the table, the lattice energy is expressed in units of electron volts and 
18 to be mterpreted as the energy per alkali halide molecule. The lattice 
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oncrpy is calculated by adding the energies in columns two and three and 
then subtracting the repulsive energj' in column four. Actually a fur¬ 
ther sniall correction was included in the figures of column five. Because 
of the uncertainty principle, atomic nuclei are not quite sharply localized 
even when they are in the lowest possible energy state. Thus the nuclei 
wiW not be found exactly in the equilibrium positions of the lattice to 
which the numbers of columns two, three, and four would apply. We 
can apply the needed correction by subtracting the “zero-point energy” 
of lattice vibrations from the value obtained from the previous columns. 
It should be emphasized that this correction is small and that it can be 
obtained with quite a high accuracy from the experimentally known 
lattice frequencies. 

Column six gives the experimental values of lattice energies obtained 
by Mayer and Helmholtz. The procedure was to measure the concen¬ 
tration of alkali and halogen ions in the gas phase over a heated alkali 
halide crystal. The lattice energy can then be determined from simple 
thermodynamic relations. These measurements have been carried out 
for only a few kinds of crystals. In column seven are shown sunilar 
measurements by Saha and Tandon and by Tandon. 

The last column gives the lattice energy obtained by a more circuitous 
procedure; the Born-IIaber cycle. We consider the dissociation of the 
lattice into the ions in the following steps: (1) The lattice is decomposed 
into the solid alkali metal and the diatomic molecules of the halogen 
gas. (2) The alkah metal is evaporated, and the halogen molecules are 
dissociated. (3) The alkali atoms are ionized, and the electrons so 
obtained are attached to the halogen atoms so that we are left with 
positive alkali ions and negative halogen ions in the gas phase. The 
energy of each step mentioned has been measured. In this way we 
obtain an independent experimental value for the lattice energy. This 
value is shown in column eight. 

It may be seen that the difference between theory and experiment is 
not greater than the difference between the various experimental fig¬ 
ures. Of course, the theoretical derivation contained, in many instances, 
empirical constants; but these empirical constants were never adjuste 
to give the best fit for the lattice energies but rather to describe some 
other properties of the crystals such as density, compressibility, refrac¬ 
tive index or the ultraviolet absorption. On the whole, it may 
that the agreement which has been obtained is a fine confirmation o e 
method used in calculating forces and energies within a polar • 

Though the ions are fairly good subunits in these crystals and t us 
the crystals can be discussed in fairly good approximation by consi er 
ing the interaction of these subunits, our discussion of the rare-gas 
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crystals indicates that a detailed explanation of even the simplest lat- 

lattice theory applied to the 
alkah hahdes has failed to predict in a satisfactoiy way the frequency 

o those lattice \ibrations in which all positive ions move in one direc¬ 
tion and ah negative ions move in the opposite direction. The indica¬ 
tions are that in this kind of a displacement the restoring forces are of 
a somewhat different nature from those in the displacement which cor¬ 
responds to a simple compression of the crystal. It will perhaps be nece.s- 
sary to mtroduce nonadditive forces, that is to assume that tlie interac- 
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tion between two ions is influenced by the presence and position of a 
third ion. Another problem, the complete clarification of which lies 
outside the scope of the simple lattice theory, is connected with the 
stability of the tw'o crystal structures common among alkali halides 
namely the sodium chloride and caesium chloride structures The 
structures of these two salts are represented in Figure 8.8(1). 

I * 1 * it is easy enough to understand the factors which 

stabilize one or the other of these structures. If the two ions in the 
lattice are of very different sizes, that is. if the negative ion is very 
much larger than the positive ion, then the negative ions actually touch 

fntn ih""-structure with the positive ions fitting 
ure S SmTrr'' sodium chloride structure, shown in Fig 

r* fhl ' . u!^ surrounded by six ions of the opposite charge 

But the secon^d neighbors of each ion are 12 ions of a similar chame 

rtom in configuration as the 12 neighbor of a rare-g^ 

Thus in s^um chloride structure the factor determining the con- 
flguration of the ions is the desire of the highly polarizable negative ions 


142 


FORCES IN THE SOLID STATE 

to be closely packed. In such a close packing the interaction of the 
polarizabilities of the negative ions are fully effective while the placing 
of the positive ions into the interstices more than compensates the 
repulsion of the negative ions. 

'I'he caesium chloride lattice is stable if the positive and neptive ions 
are of comparable size. Then there is no room in the interstices of the 
closely packed negative ions for the positive ions, and that structure 
becomes more stable in which each ion is surrounded by as many oppo¬ 
sitely charged ions as possible. This happens in the caesium chloride 
structure where the number of closest neighbors, which was six for 

sodium chloride, is increased to eight. 

Quantitative calculations of lattice energies prove the stability of the 
sodium chloride type for very unequal ionic radii in agreement with 
experience, but, if the radii of the positive and negative ions are not 
very different, theory predicts a rather small energy difference between 
the two structures and is not quite sufficient to predict the structure of 
such alkali halides in every instance. Again, a more detailed desenp- 
tion of the forces seems to be necessary before a complete explanation 

can be expected. , 

Although the number of ionic crystals is very great, the general 

principles governing their structure are the same as have been mentioned 
before. The structure is primarily determined by two factors: (1) t e 
principle of microscopic neutrality which requires that mns of opposite 
charge should be as close as possible to every ion, thus giving effectively 
as uniformly neutral distribution of charge as possible; (2) the strong 
van der Waals repulsion which sets in rather abruptly when the ions 
approach to a distance where their electronic distributions begui o 
overlap. It is to be expected and is roughly verified that this distance 
can be written as the sum of two distances characteristic of the two 
neighboring ions called the atomic radii. We have already implicitly 
used these radii in discussing the alkali halides. The interplay o e 
coulomb forces and microscopic neutrality tending to draw opposi 
ions close together, wth the influence of ion radii not allowng an 
approach of the ions beyond a certain limit, produces varied and some- 

tijii6S quito complicated crystal structures. 

8 9 IONIC COMPLEXES It often occurs in ionic crystals that a 
small group of ions is held together by particularly strong forces thus 
effectively forming a subunit in the ion structure. If these subuni s a 
themselves neutral, we may expect them to be held together mere y y 
van der Waals forces, and a van der Waals crystal is obtamed. 1 
the other hand, the subunits happen to carry a net charge, we can co 
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sider them as great ions or more specirieally as complex ions u-hich 
themselves are building blocks of which the crystal is formed. Well- 
known examples of complex ions are CN~, No”, NOo” COo— SO — 

NH 4 +, [I'e(CN)Gl ~ , CuCb , and others. With the exception of 

tlie diatomic and triatomic ions, all examples are built around one cen¬ 
tral ion. The central ion is as a rule small and strongly charged and can 
hold neighbormg ions by forces stronger than those by which the neigh¬ 
boring 10 ns are held to further ions in the crystal. Since positive ions 
are usually smaller than negative ones, the central ion is as a rule posi- 
tive the only notable exceptions being NH 4 '‘‘, and H 3 O+ complexes in 
which the central atom has to be regarded as the negative constituent. 
Frequently the central ion has a positive charge so high that under 
normal circumstances we would expect it to attract electrons and at 
lea Jjmrtly neutralize its charge. Such are the in CO3 — the 

S + in S04~- and even the CI+++++++ ion in CIO4” These 

10 ns achieve stability by attracting and polarizing negative ions so that 
the high ionization energy is compensated by the high electrostatic 
energy thus liberated. The net effect is that, for instance, in SO4 — 
electrons of the S atom are shifted to the outside onto the 0 atoms, thus 
getting further apart while remaining in a region of moderately .strong 
nuclear attraction. Of course, it is possible to represent ions like SO4 — 
by starting with a more uniform distribution of charges and writing, for 
instance, the formula for SO4 as a resonance of structures of the type: 




o 


There are six such structures corresponding to six possible selections of 

two oxygens. Further structures can participate in the resonance; there 

18 of course a continuous transition between the purely ionic structure 

and the one in which resonances between homopolar structures pre¬ 
dominate. 

The geometrical arrangement of the atoms or groups in the complex 
around the central atom can be considered from different angles. In the 
pure ionic description the electrostatic repulsion and the ionic radii will 
try to separate the outer ions or groups of the complex as far as possible 
from ^ch other. This will very naturally give rise to a linear arrange¬ 
ment in a triatomic complex, to a symmetrical plane arrangement in a 
tetratomic ion like CO3 , to a symmetrical tetrahedron arrangement 
m an ion like SO4 , and to the arrangement on the six comers of a 

B5^etrical octahedron in an ion like Code-. It is significant 

that these geometrical configurations are always the stable ones if the 
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total number of valence electrons in the complex is just sufficient to 
give rise to rare-gas shells around the outer ions while leaving the cen¬ 
tral ion bare. Other ions such as the bent NO 2 " and the low pyramidal 
SO 3 — do not satisfy the aforementioned condition and indicate that 
in such ions other forces than those due to electrostatics and van der 
Waals repulsion not only are present but also have an influence on the 
geometrical configuration. The previous statements about complex 
ions can be generalized to cover polyatomic molecules; thus CO 2 'vith 
16 valence electrons is linear while NOCl is bent. Of course, this does 
not prove that the former compounds are purely ionic but merely shows 
that, whenever a stable ionic structure can be written with all electrons 
accommodated on outer ions, the other important resonating structures 
will as a rule not give rise to directed valencies in directions that would 
prohibit the simple linear, planar, or tetrahedral structures. 

The other way to determine the geometrical configuration of a com¬ 
plex ion is by considering the forces wthin the ion as directed valence 
forces. Thus the structure of NOa" can be ^vritten as a resonance of 
the two structures: 

0=N—0“ "0—N=0 

Now we have seen earlier that the three valencies of nitrogen tend to 
include angles smaller than 120®, and a bent structure of the NOg be¬ 
comes plausible. It is to be noted that such bent structures are never 
favored by the valence picture if the central ion does not carry some un¬ 
shared electrons. Indeed, whenever all the orbits of a shell around the 
central atom are available for the construction of valence-orbital func¬ 
tions, we can always construct these functions in such a symmetrical 
way as to give rise to the same geometrical configuration as the one 
obtained from the pure ionic structure. We might imagine that the 
reason for the bent nature of N 02 “ is the presence of two unshared 
electrons on the nitrogen atom which occupy an orbit extending toward 
the third corner of a triangle, two comers of which are occupied by the 

O atoms. . 

A particularly interesting influence of directed valence orbits in 

complex ions is afforded by the [Ni(CN) 4 ]-" complex. Surprismgly 
enough, the (CN)” groups occupy the comers of a square rather than 
the corners of a tetrahedron. To explain this we must use a description 
already implied in the previous discussion. We first take two electeons 
from the Ni atom so that we can form four (CN)“ ions. Then we have 
to group these (CN)" ions around the Ni++ ion in such a ® 

electrons of the (CN)“ ions which are turned toward the Ni ® 

able to penetrate as far toward the central ion as possible. One elec ron 
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pair from each (CN)' ion mil be used for that purpose, thus giving a 
partial single-bond character to the Ni-('N bonds. We have therefore 
to accommodate four electron paim in four orbits around Xi++; these 
orbits must be unoccupied in the original ion and indeed must be orthog¬ 
onal m the wave-mechanical sense to those orbits already occupied. 
Now in Ni + the 3s and 3p shells are filled, and eight more electrons 
are placed in 3d and 4s orbits. The angular dependence of a d orbit 
alcme is a little difficult to m-ite, but the hybridization of the s orbits 
and the five d orbits leads to the same angular dependence as that of 
the SIX functions y\ xy, xz, yz. Of these six orbits, four are oc¬ 
cupied by the eight 3d electrons, and two arc available together with 
three somewhat higher 4p orbits. The latter have the same angular 
dependence as the functions x, y, and 2 . Using a linear combination of 
a p orbit mth an unoccupied hybridized sd orbit, wc may construct 
such an orbit which extends particularly strongly in one direction. The 
angular dependence of such an orbit can be written symbolically as 
® function extends far in the positive x direction. If in 

addition to the p orbit of the type x which we have already employed 
we use just one more p orbit, for instance y, we may construct altogether 
four symmetrically situated valence orbits which can be written as 
X -f- z, X — X, y^ -I- p, and y^ ~ y, extending, respectively, in the posi¬ 
tive X direction, in the negative x direction, in the positive y direction, 
and m the negative y direction. We actually obtain, therefore, four 
valence orbits pointing towards the four comei-s of a square by using 
two hybridized functions and combining them with two p functions. 

If we had constructed the four valence orbits by using three rather 
than two p functions, it would have been possible to obtain a tetrahedral 
co-ordination for [NiCCN)^! , but 4p orbits lie higher than the M and 
4s orbits so that it is reasonable to use as few of the p orbits as possible. 
By using other combinations of s, p, and d orbits we can obtain prac¬ 
tically any co-ordination wc choose. For instance, by using three 
^bridized sd orbits and three p orbits we may construct six orbits 

, ~ y> — y, ^ + 2 and — z, pointing towards 

the six comers of an octahedron. This co-ordination is indeed quite 
conunon.^ But it should be noticed that a specific effect of directed 
valences in co-ordination complexes should be expected only if there 
are not too many orbits of the central ion available to be filled in by 
electron pairs drawn from the outer ions. If the number of the available 
orbits is too great, this will mean that the electron pairs can be accom¬ 
modated in orbits of any geometrical configuration; that is, no pro¬ 
nouns^ (^ctional effects exist. Thus it becomes clear why directed 
co-ordination bonds are found for those transition elements in which a 
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d shell is nearly filled and only few d orbits are free for occupancy by 
electron pairs participating in co-ordination bonds. 

8.10 HOMOPOLAR CRYSTALS The best-known example of a 
crystal in which all atoms are linked together by strictly homopolar 
bonds is diamond, the structure of which is shoum in Figure 8.10(1). 
Each carbon is surrounded by four other carbons situated on the cor- 
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ners of a tetrahedron. The valence orbits can be considered the same 
as the C-C bond in a molecule. 

Just as it is impossible to discriminate strictly in a general way between 
a homopolar and a heteropolar bond, so there exists a continuous transi¬ 
tion between homopolar and ionic crystals. The diamond is, of 
strictly homopolar since there is no reason for the electron pair shar 
between two neighboring carbons to be attached more strongly to e 
one atom than to the other. A gradual transition from the homopo ar 
to the ionic lattice takes place in the series of the crystals of diamon , 
aluminum phosphide, zinc sulfide, and silver iodide. The stnicture o 
ZnS is shown in Figure 8.10(2); AlP and Agl have simUar lattices w^cn 
differ from the diamond lattice in that each atom is now surrounde j 
four atoms of the opposite kind. A symmetrical surrounding o 
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kind may seem in the first, moment lather sti-aiiRo for ahiniiiuim phos¬ 
phide which consists of trivalent atoms. Wo may explain the structure 
chemically by assuming citlier llial a crystal consists of univalent AP 
and univalent ions or that very small AI+++ ions nccui- in the inter¬ 
stices of the close-packed structure of very largo P ions. The 
explanation involving univalent ions will probably be favored. But in 
reality it is largely a matter of defi¬ 
nition which of the two ionic struc¬ 
tures we adopt. The essential fact 
IS that the sum of the valence elec¬ 
trons of aluminum and phosphorus 
is eight and therefore just sufficient 
to fill four valence orbits shared by 
the aluminum and phosphorus. Wc 
n^ay arbitrarily associate all these 
eight electrons with the phosplioru-s 
giving none to the aluminum which 

would lead to P -and Al++-^' 

ions, or we might almost equally ar¬ 
bitrarily assume that one electron of 
each pair belongs to phosphorus and 
one to aluminum which will then 
lead to the AP, P+ formula. 

Similar statements maj' be made 
about zinc sulfide in which either 
the Zn++ S—or Zn”-, S++ for¬ 
mula can be postulated. The former 
electronic arrangement would indi¬ 
cate a pure ionic crystal, whereas in 

the latter formula homopolar binding is as important as the coulomb 
forces. In silver iodide the transition to an ionic crystal is practically 
completed since here the Ag"^, 1 “ formula will be definitely preferred to 

an assumption involving Ag-and I'*’'*"*'. Yet the electronic stiaic- 

ture of the silver iodide crj'stal can be obtained by a gradual transition 
from the typically homopolar diamond crystal. This shows most clearly 
that the terms ionic ciystal and homopolar crystal refer more to quan¬ 
titative prevalence of certain forces than to a rigid classification. 

®dl THE METALS Metals are analogous to unsaturated molecules 
and to radicals. The binding of atoms in these compounds as well as 
m the metals is comparable in strength to the binding in saturated mol¬ 
ecules. The unsaturated character is due to the fact that available elec- 
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trons do not fill any closed shell. In the case of unsaturated molecules 
and radicals this leads to the striking property of high reactivity. In 
metals Avhile such reactivity is present its effects manifest themselves 
only in surface properties. Thus we can explain why metal surfaces 
are, generally speaking, good catalysts, a fact wliich is discussed later in 
more detail. 

But the unsaturated nature of the electron stnicture in metals has 
other important consequences. Lack of saturation means that not 
much energy is required to move an electron from an occupied into an 
unoccupied orbit. In fact, as we shall see later, the electronic-energy 

levels of a solid metal form a continuum, and an 
arbitrarib' small amount of energy suffices to move 
an electron to a liigher orbit. The electric con¬ 
ductivity of metals is a direct consequence of 
this fact since any small force suffices to move 
the electrons. 

The easy manner in which electron orbits in 
metals can be influenced also has an effect on the 



Fig. 8.11(1). Body- position of the atoms and on the restraining forces 
centered lattice. which tend to keep the atoms in their equilibrium 

positions. We have seen that directed-valence 
forces are due to a definite preference of electrons for certain orbits; 
such preference is to be expected to a lesser extent when a small 
amount of energy is sufficient to throw electrons into new orbits. 
Thus, in metals directed valences will not be expected. Actually, 
metals usually have close-packed structures in which atoms may 
be displaced with relative ease. The metals are therefore highly 
malleable and often have a low melting point (compared to the 
temperature at which they boil). All these facts show that the 
geometrical configuration of atoms is relatively unimportant as long as a 
sufficient number of atoms remain closely together. In fact it seems 
that metals are like van der Waals solids in this respect, their structure 
being stabilized by a general attraction and by a strong repulsion be¬ 
tween atoms at small distances. 

It is not surprising to find general attraction in an unsaturated com¬ 
pound w'here, if more atoms are close together, more electrons can be 
placed into low orbits. The short distance repulsion is due to the van 
der Waals repulsion between the closed inner shells of the atom. 

The densest structures are based on the cubic and hexagonal close- 
packed arrangements. These are quite common among the metals. A 
further structure frequently encountered is the body-centered lattice 
sho\vn in Figure 8.11(1), in which the atoms are packed only slightly less 
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densely than in the close-packed structui-c. Tlic formation of alloys is 

also a consequence of the unsaturated character of the metallic landing 

and of the resulting general attraction between metallic atoms of all 
kinds. 


8.12 CONDUCTIVITY BY ELECTRONS, THE TOLMAN EF¬ 
FECT It was indicated in the previous ixiragrapli that metallic con¬ 
ductivity is due to the mobility of electrons. In fact it has been assumed 
for a long time that in metals the electric current is carried by electrons. 
The reason for this assumption was that the electric cuiTont in metals is 
not accompanied by transport of matter as it is in those rases whcie 
electricity is transported by ions. It is interesting that the idea of 
electronic conductivity can be demonsti-atcd in a fairly direct manner 

by the Tolman effect which though experimentally rather delicate is 
conceptually very simple. 


It follows from the idea of free electrons in a metal that, if a piece of 
metal is accelerated, the electrons, due to their inertia, lag behind, 
pnee the electrons will be crowded into the end of the metal which 
faces the direction opposed to the acceleration. This greater electron 
density causes electrostatic forces which prevent further electrons from 
flowing into the more densely populated region. A stationary equi- 
hbrium is reached when the electrostatic force, that is the field E, mul- 
the electronic charge e, is equal to the mass of the electron in 
times the acceleration with which the metal as a whole moves. It has 
been mdecd found experimentally that, if a metal is accelerated an 
electric field appears in the expected direction. According to the foie- 
gomg considerations X e - m X a, and E/a =. m/e. The quantities 
on the left-hand side can be measured, and their ratio actually agree.s 
within the considerable experimental uncertainty with the m/e value 
of the electron. 

Theoretically, the experiment is complicated by the fact that, when 
a metal is accelerated, mechanical stresses are set up within the metal 
and these stresses may influence the electron density and produce 
effects comparable m magnitude with the Tolman effect. 


8.13 FREE MOTION OF ELECTRONS It is convenient to de- 
Bcnbe the motion of electrons m metals in a way similar to the descrip 
tion of electrons in molecules by the molecular-orbital method. Th^ 
method assumes that each electron can roam over the whole molecule 
or m our present case over the whole metal, and it is evidently adapted 
to desenbe electronic conductivity. However, electron orbits in a metal 
differ m several resects from molecular orbits. The most important 
difference is that the discrete set of orbital energies of a molecule is 
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replaced by a continuous distribution of orbital energies in a metal. 
This makes it necessary to discuss electron orbits in a metal in some 
detail. 

We shall first consider the limiting case of an electron which can move 
entirely freely within the metal. Than we shall introduce a weak peri¬ 
odic potential and investigate its effect on the motion of the electron. 
Finally we shall consider the opposite limiting case of a series of deep 
potential minima at considerable distances from each other, forming a 
lattice. For the sake of simplicity we shall restrict ourselves in most of 
these considerations to a one-dimensional model and to the motion of 
the electron in this one dimension. 

The motion of electrons in the absence of an external field is, of course, 
easily visualized, and the description of this phenomenon by wave 
mechanics which will now be undertaken can be considered as a mere 
change in vocabulary and does not lead to new facts. Such new facts 
mil emerge, however, from the wave treatment as soon as perturbing 
potentials are present. The following statements about free electrons 
furnish us with the proper vocabulary for the description of the motion 
of electrons in a potential field. 

The free motion of an electron along a straight line is characterized 
by its velocity. More usually the momentum p is used which is related 
to the w'avelcngth X, connected with the motion of the electron, by the 
de Broglie relation, p = h/\. The electron waves can be written 

27rx 27rpx 

^ = sin-= sin-= sin kx 

\ k 

where x is the position at W'hich the wave amplitude is taken and the 
abbreviation, k = 2irp/h has been introduced. Thus the quantity k is 
a measure of p differing from the momentum only by the factor 2-K/h. 
We call k the wave number; it may be defined as the number of crests 
we meet if we proceed 2it cm. in the direction of the wave motion. 

Instead of the sine w'ave we may with equal justification use the func¬ 
tion, = cos kx. Neither the sine nor the cosine is used, how'ever, for a 
description of an electron moving in a given direction. For the motions 
in the positive and negative x directions, the exponentials, 

^ = e’** 

and ^ = e~'** 

are used, which functions are of course linear combinations of sines and 
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cosines. Multiplication of the functions c’*'' and with the usual 
factor describing time dependence c“'“' gives 


and 


g-i(Ar+tol) 


In the first of these formulae the phase of the wave remains unchanged 
if both X and t increase in appropriate proportion, whereas in the sc-cond 
formula x^must decrease with increasing t if (he phas<' is to remain un¬ 
altered. This suggests that positive and ncgati\'c k value.s correspond 
indeed to wave propagation in oppo¬ 
site directions and also to the motion 
of the electron in opposite directions.* 

The original functions sin kx and 
cos kx are standing waves. I'hcy can 
be written as the sum and the diffci- 
ence of the progi*cssing wa^•os and 
If the wave function sin kx (or 
cos kx) is given, wo liavo cci’tain know l¬ 
edge of the absolute value of k and 
therefore of the ab.solute value of p the 
momentum. But this wave function 
also conveys the probability statement that the motion has equal 
chances to proceed in cither direction. 

To each value of A: a certain kinetic energy belongs, according to the 
formula, 

/r _ P' _ 

2m Sirhn 
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In Tigurc 8.13(1) wc plot the energy values as a function of k which 
characterizes the different wave function.s. 

8.14 MOTION OF AN ELECTRON IN A WEAK PERIODIC 
FIELD I.^t the potential energy be a periodic function of the co¬ 
ordinate x. For the sake of definiteness we assume that shallow poten¬ 
tial minima lie at the points x --3a, -2a, -a, 0, a, 2a, 3a, • • • 

where the length a is the period of the potential. It will be simplest to 
assume that potential maxima lie in the middle between each pair of 
neighboring minima. We assume that the kinetic energy of the elec- 

• It rauflt be emphasized that the argument here presented i.s oversimplified In 

particular it cannot be used directly for the derivation of the particle velocity from 

the wave theory. But the quaUtative conclusion concerning the direc tion of propa- 
gallon 16 correct. * * 
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trons is great compared with the fluctuation of the potential energy so 
that the momentum of the electrons will change but little during their 
motion. 

For most momenta and correspondingly for most electronic-wave¬ 
lengths, the electronic-wave function.s do not differ much from the wave 
functions of free electrons, and the energy belonging to the function 

h~ 

continues to be in good approximation k~ ^ • But we shall show 

that for particular Avavelengths of the electron a strong perturbation of 
the wave function and a corresponding change in the electronic energy 
results. 

The original waves e’*' describe an electron state in which the prob¬ 
ability of finding the electron at any place is the same. If we return to 
the waves sin kx or cos kx, the probability of finding the electrons in 
the minima or maxima of the waves will become great while the prob¬ 
ability of finding the electrons at the nodes of the waves vanishes. In 
fact, it may be recalled that the probability of finding the electron in a 
region is proportional to the absolute value of the square of the wave 
function, and this expression is greatest on the wave crests and in the 
wave troughs. Now, if an electron wave fits into the periodic potential 
in such a way as to give rise to a great probability density of electrons 
in every potential minimum, a lowering of the energy is to be expected. 
If, convei'sely, the probability density is great on each potential max¬ 


imum, the energy is appreciably raised. 

If the wavelength is equal to twice the period of the potential X = 2a 
ork = T/a, then the function cos kz = cos irx/a, has alternately maxima 
and minima at • • • —2a, —a, 0, a, 2a, • • ■ in the potential valleys. 
For this function therefore the energy is lower than for either of the 
two originally degenerate functions, e**'* or Conversely, sin 

kx'= sin irx/a has a node at the bottom of each potential minimum, 
so that for this function the electrons avoid potential minima, and a 
higher energy value results. It is easily seen that for an arbitrary value 
of k the energies will not be affected if the standing waves sin kx and 
cos kx are used instead of the progressing waves. This is so because 
the maxima in probability density for sin kx (or cos kx) are for a general 
k distributed evenly betw’een maxima and minima of the potential. 

For k = ±Tr/a, the standing waves sinkx and coskx leading to 
strongly disturbed energy levels are actually the correct w^ave functions 
representing stationary states of the electrons. That progressing w’aves 
represent stationary states for general k values but not for k = ^r/a 
can be explained in another way. According to the interference condi¬ 
tion, reflection of a wave by a periodic lattice is possible if the ratio of 
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the wave functions of the incident and reflected waves is tlie same at 
analogous lattice points. Of course the incident and reflected waves 
must be progressive waves having the same kinetic energy and there- 

8™"“' *1'^ nuio 

/e has diflercnt \alues at analogous lattice ]>oints. But for 


k = ./a, the ratio c"- c-<- = = e ^ dianges l.y a factor = 1 

If X IS increased by the amount a, Tims for k = ±./o all lattice points 
scatter the wave m phase an.l reK.nforce each other in converting tile 
progressmg wave into the wave c-'-' progressing in the op,Lite 

direction. Thus, even if one starts irith a iJrogrc.s.sing nave roflec- 
tions in the lattice will mix in 

the oppositely progre.ssing wave 

and produce a standing wave. \ j 

The same situation which wc met \ / 

for i = ±7r/a is generally true for 'X t 

k = ±nn-/a where a is a positive in- \ i / 

tegcr. For all these values of k the \ / 

interference condition is satisfied for V y 

the reflection of progressive waves. 

The energy of the electronic mo- —^, ^1^ , , 

tion in a periodic field as a function jl 2 L 

of is shown in Figure 8.1-Kl). If “ « fl a 

A: is not close to a value in^/a, the r.naiini v, 

eneigy is the same as for a free elec- tiun in u weak periodic field of period a. 
tron. In the neighborhood of the 

cntical values, however, the energie.s are markedly disturbed, and at 
the critical value two different encrgie.s belong to the same value of k- 
the lower energy corresponds to a standing wave with its nodes at the 
maxima of the potential, the higher energy to a standing wave with its 
nodes in the potential minima. The strong perturbation of the energy 
near the cntical values follows for rea.sons of continuity and can be 
calculated quantitatively with the help of perturbation theory 
It IS mtcrcsting to notice that, if an electron moving in a weak peri¬ 
odic field IS subjecterl to an external electric field, no electric current will 

sTl'h!./"* fT stall vith an electron at rest 

so that at the beginning k = 0. The action of an electric field .rill im¬ 
part momentum to the electron, and the value of k becomes positive 
But as soon as k reaches the value x/a, the electron is reflected by the 
lattice, k becomes -ir/a, and the momentum is reversed. The eleLon 
now moves backward. The field causes an increase of k from -T/a Z 
«ro. By the tune the value i = 0 is reached and the reverse mXl of 


V 


rcflec- 


y 


Fio. 8.14(1). Energy of electronic mo- 
tiun in a weak pt riodic field^of period a. 
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the electron is stopped, the electron has returned to the place from 
which it started. The process then repeats itself. Thus a periodic 
motion is obtained, and the time average of the current is zero. Yet 
the motion of the electron in the periodic lattice can be used as a model 
for metallic conductivity. The potential minima represent atoms. 
They are not absolutely fixed but can vibrate, and collisions of the elec¬ 
trons wdth \nbrating atoms gives rise to an effect resembling friction. 
The electron then may move in an external field at a constant velocity 
at which the fnction is just sufficient to balance the action of the ex¬ 
ternal force. In general, this constant velocity does not correspond to 
a value k = ±nir/a, and a progressive motion of the electron ^^^ll be 
produced by the presence of an electric field. It may be also noticed 
that, if no external field is present, the frictional terms will decelerate 
the motion of any electron so that we obtain no current in the absence 
of a field. 

8.15 ELECTRON STATES IN STRONG PERIODIC FIELDS 
We now turn to the opposite limiting case, namely, the behavior of an 
electron in a strong periodic field. 

In Figure 8.15(1) Ave show the periodic potential consisting of deep 
separate minim a in w’hich the electron is to move. The levels draA\Ti 
in each of these minima signify the energies of the stationary states 
which the electron would liave if the potential had only a single mini¬ 
mum. The problem of finding the energy levels for this infinite series of 



Fio. 8.15(1). Energy levels of an electron in a periodic potential. The tunnel effect 

is disregarded. 

minima is somewhat analogous to the problem of finding the energy 
levels in a two-minimum problem. The latter question has been treated 
in sections 7.7, 7.8 and 7.9 and it was found that for every energy level 
of a single minimum two closely spaced levels appear in the two-minima 
problem. If the energy difference in any such pair is divided by h, we 
obtain the frequency with which the electron in the respective pair of 
levels can vibrate bettveen the tw’o minima. 

For the lowest pair of levels where the electron has to cross a high 
potential barrier to get from one minimum to the other, the frequency 
of vibration and with it the separation of the two levels is very small. 
For high energies for which the barrier is smaller, the splitting becomes 
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much greater, and near the top of the barrier it approaclies in order of 
magnitude the energy dilTerence bctwetai two neighboring levels of the 
one-minimum problem. The energy-level diagram for the two-minimuin 
problem is shown in Figure 8.15(2). Tlie full lines indicate energy levels 
in the one-minimum potential; the broken line.s tliose in the two-mini¬ 
mum potentials. The two levels belonging to the lowest energy of the 
one-minimum potential have been drawn as a .single broken line, since 
the difference of these two energies is loo small to be made visil)le’in the 
figure. To each pair of levels of the two-minimum problem there belong 
two wave functions obtainable in fii-st apinoxirnation by the superposi¬ 
tion of the corresponding wave functions of the onc-mininuim problem 



w m ^ 

Fia. 8.15(2). Energy-level diagram for two minima. The solid lines sliow the en¬ 
ergies obtained wlien the tunnel effeol is neglecttHl. The dotte<l lines show tlu- levels 

wlwrx I he tunnel effect is taken into account. 

in the two holes. One two-minimum wave function is obtained by 
adding the two one-minimum functions, the other by subtractirjg thein. 

In the periodic potential which has been shown in Figure 8.15(1), an 
infinity of energy levels belongs to each level. This is to be expected 
since infinitely many single-hole wave functions are available for each 
single-hole energy level, and from these wave functions one may form 
infinitely many linear combinations. The linear combinations to be used 
are similar to those which we have encountered when describing the 
mobile p electrons in benzene by the molecular orbital method. We 
shall number the holes from - « to and wc denote the number of 
a hole by 1. Let k' be a number greater than - tt but smaller than -f x 
Let also >ki be the wave function of an electron moving in the lih hole 
It can be shown that wave functions 4^,' for the electronic state in the 
periodic field can be obtained in good approximation by the expression 






8.15(1) 


The coefficients are the phases with which the wave functions 
are Buperpo.sed. and the whole function can be considered as a wave 
of the states V-i pa^^ng througli the periodic field. Difforont values of 
k correspond to different wavelengths and to difFerent energies. An 
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exception has to be made for pairs of k' values which differ only in sign. 
Tlu'sc correspond to the same wavelength and to the same energy but 
to opposite directions of propagation. This can be seen from an analogy 
with the electron waves desenbing motions of electrons in an absence 
of a field (section 8.13). It may be noted that k' in equation 8.15(1) does 
not correspond directly to the k value of the free electrons. The latter 
(luantity has the dimension of a reciprocal length while k' is a pure 
number. Actually k'/a (where a is the distance between minima) cor¬ 
responds closely to k, since both can be considered as the factor with 
which the co-ordinate of the electron must be multiplied in order to get 
the phase of the wave. For the free electron this is evident since ikx 
a})peurs in the exponent of the wave function. For an electron moving 
in a scries of potential holes the co-ordinate x is equal to the number of 

k* 

the hole I times the distance between holes a so that i — x becomes equal 

(X 

to ik'l which is the phase appearing in equation 8.15(1). Thus k'/a may 
be called the wave number for the case of strong periodic fields. 

Because of the relation e"^ = two functions do not differ 

from each other if k’ is changed by 2ir. In fact all that counts is the ratio 
of factors on two consecutive lattice points I and I -|- 1, and this ratio, 


is not changed if we substitute k' 4- 27r for k'. This justifies the restric¬ 
tion — IT < k' ^ d-TT, since any k' outside this range describes exactly 
the same function as an appropriate k inside the range. 

Two particular values of k' give rather similar results for the periodic 
potential as has been found for the two-minimum potential. For 
k' — 0 all phase factore in the sum 8.15(1) are unity; that is, the ^(func¬ 
tions are simply added. This recalls those \vave functions in the two- 
minimum potential which have been obtained by adding the single¬ 
minimum wave functions. If on the other hand we set k' = t (or in an 
equivalent way k' = — tt), the factors in the sum 8.15(1) are alternately 
+1 and — 1, corresponding to those wave functions of the two-minimum 
problem where the two single- minim um w’ave functions are subtracted. 
The energy difference of the levels belonging to A: = 0 and A; = tt is of 
the same order of magnitude as the energy difference between a cor¬ 
responding pair of levels in the two-minimum potential. The values, 
k = 0 and k ~ t, correspond to no phase change and the largest possible 
phase change between neighboring single-hole wave functions. All 
intermediate k values corresponding to intermediate phase changes Avill 
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give rise to intermediate energies and will lill with u continuous set of 
levels the range between the energy values belonging to k = 0 and 
k = TT. We obtain thus the energy-level diagram shown in Figure 
8.15(3) for the motion of an electron in the string of potential minima 
The shaded energy regions in the figure are fille«l witli a continuum of 
energy levels. Each of these strips corres]>onds to a level of the one- 
rnmimum problem, and each strip can be interpreted as tlic result of 
the splitting of a one-minimum level owing to the interaction of the 
infinitely many minima in the row. The lowest of these strijis is so nar¬ 
row that we prefer to represent it by a line. The higliei- .strips increase 
rapidly in breadth just as the separation of the pairs of energj' levels has 



Fia. 8.15(3). Energy-level di.igram for many minima. Thu -Khaclod areas correspond 
to energy valuo.s that an electron in a stationary state may posj^e-ss. 

increased in the two-minimum problem. Above the top of the l»arriors, 

motion of the electron from hole to hole becomes possible without a 

tunnel effect, and in this energy region all energy levels aic allowed with 

the exception of narrow energy strips one of which is shown as an un¬ 
shaded strip in the figure. 

That an electron cannot possess all energies greater than the maxima 
of potential barriers separating the holes might seem at first suiprising. 
But the effect becomes intelligible by comparison with the energy levels 
of an electron in a weak periodic field. Indeed for increasing kinetic 
energy of the electron the influence of potential minima diminishes and 
we finally approach the case where the periodic field can be considered 
as weak. Now comparison iWth Figure 8.14(1) shows that in a weak 
penodic field not all electron energies are allowed. Narrow energy re- 

neighborhood of ±n./a are 

Thus we see that for very strong binding of the electron its energy 
must he m one of several narrow strips while the intervening broad 
stnps of energy are forbidden in a like manner, as an electron in a hydro¬ 
gen atom cannot have an energy intermediate between the stationaiw 
energy levels. For high-energy electrons the periodic field may be 
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considered weak, and the permitted energy bands become broad while 
the forbidden strips arc narrow. For intermediate electron energies the 
bi cadth of allowed and forbidden strips is of the same order of magnitude. 

We now consider a narrow strip corresponding to a strongly bound 
electron. Within this strip a definite energy belongs to each value of 

k' between — tt and +ir. For suffi¬ 
ciently narrow strips it can be proved 
that this dependence is sinusoidal, as 
shouTi in Figure 8.15(4). The two 
ends of the curve at k' = —r and 
k' = IT correspond to the same wave 
function. Actually the curve should 
be drauTi on a cylinder and the two 
ends joined. In the figure the hori¬ 
zontal line for E — 0 corresponds to the value of the unperturbed 
one-minimum level. We see that half the k' values belong to lower 
and half to the higher energies, although it may happen that the max¬ 
imum of the energy curve lies at A:' = 0 rather than at k' = ±ir. 

The dependence of the energy on k* for the case of a strong field may 
again be compared with the dependence of the energy on k for a weak 


Fia. 8.15(4). Despondence of onergj" 
on k' (= wavo number X lattice 
dij5tancc) in the case of a strongly 
bound electron. 



Fig. 8.15(5). Energy of electronic motion in a weak periodic field of period a. The 

full curve shows the energies in one Brillouin zone* 


periodic field. For the latter case we may consider an energy band cor¬ 
responding to k values between titt/o and (n + l)ir/a. The same 
energy band appears also for k values between — rnr/a and — (n + 1)t/ a. 
In Figure 8.15(5) we show that part of Figure 8.14(1) which corresponds 
to these k intervals. The full parts of the curve show the dependence of 
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£ on in the band corresponding to —— < k < ~ and - "■ < it < — • 

<i a a a 

The dotted parabola corresponds to the relation between k and a for a 
free electron as shown in Figure 8.13(1). The actual E-k relation 


within the band considered is, save near the ends, practically undis- 
tinguishable from the dotted parabola. 


The two points at k = —2x/a and k = 27r/a correspond to the same 
standing wave, namely, sin 2wj/a. The other standing wave of the 
same wavelength, namely, cos 2irx/a belongs to the 


ne.\t lower energy band which is not shown in the 
figure. Thus it is permissible to join the two inde¬ 
pendent sections in Figure 8.15(5) giving the Figure 
8.15(G). The two free ends of this curve again 
belong to the same wave function, namely, cos 37r/a, 
the other standing wave sin St/o belonging to the 
next higher strip. The figure again should be drawn 
on a cylinder and joined at its ends. 

Figure 8.15(6) is thus quite analogous to Figure 
8.15(4). The analogy can be brought out more 
clearly by comparing the abscissae. Since k'/a 
corresponds to k, the ranges —Stt < k' < —2^ and 

Stt 

2ir < k' < Sfl- correspond to the ranges- < k < 

a 


27r , 27r , Stt 

-and — < k < — ♦ 

a a a 


As has been sho^vn pre- 



Fig. 8.15(6). Elec¬ 
tronic energies in oiic‘ 
Brilluuiii xone in a 
weak periodic field. 


viously, a change of k' by 27r is merely a change in notation and leaves 
the Avave functions unaltered. Thus the ranges for k' may be replaced 
by the ranges —ir<k' <0 and 0 < /:' < tt or by the single range 
— TT < k' < IT, as indicated in Figure 8.15(6). This is the same range 
which appears in Figure 8.15(4). Tlie only difference between the two 
figures is that the curvature in the former is rather smooth, whereas in tlie 
latter sharp bends occur near A:' 0 and k' = 


8.16 MOTION OF AN ELECTRON IN A STRONG PERIODIC 
FIELD It may be assumed tliat the tvave function at a certain time 
is confined to one minimum. According to the foregoing discussion, 
this function does not belong to a definite energy and does not describe 
a stationary state. In fact stationary solutions correspond to wavelike 
functions given in the formula 8.15(1). For a wave function 
localized in one minimum a time change of the probability distribution 
of the electron avUI ensue. In close analogy to the electron libration in 
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the t wo-niinimum problem, the reciprocal time required for the electron 
to spread from one minimum to the neighboring minimum can be esti¬ 
mated by dividing the breadth of the energy strip in question by Planck’s 
constant. The higher the barriers between potential minima, the nar¬ 
rower are the energy strips, and the longer it takes for the electron to 
leave a certain minimum. 

It might be expected that an electron after having penetrated a poten¬ 
tial barrier and having arrived in a neighboring minimum may continue 
to proceed from minimum to minimum in a random way corresponding 
to difTusion. For the wave functions we obtain a more ordered 
motion. These functions correspond in their form to electron waves 
with a definite energy, a definite wavelength, and a definite momentum. 
Thus the waves represented by '^k' describe a definite motion of the 
electron in one direction just as plane waves having a definite k value do. 
The only difference is in the numerical relation between the electron 
wavelength and the electron velocity. The velocity, like all quantities 
involving time, is connected vith the frequency v of the electron wave, 
and this frequency is connected with the electron energy by Planck’s 
relation, = hv. Thus the narrower energy strips occurring for stronger 
binding give rise to slower processes, as has been already indicated by 
the slow spreading of a localized wave function from one potential 
minimum to the neighboring minimum. 

If the foregoing arguments are carried through quantitativeljq it is 
found that an electron with an energy near the minimum of one strip 
moves exactly like a free electron, except that it moves as though its 
mass were different from the electron mass. The narrower the strip is, 
the gr-eater the effective mass will be. In fact, if we consider a certain 
wavelength, and (according to the de Broglie relation) a certain effective 
momentum, a greater effective mass must be assumed in order to ex- 
])lain the smaller velocities which occur when the energy strip is narrow. 

The motion of the electrons in a strong periodic field can be described 
by the simple device of an effective electron mass only as long as | | 

is small compared to r, that is, as long as the wavelength of "^k/ is long 
compared to the lattice distance. In fact, such a description is good 
only as long as the energy curve of Figure 8.15(4) can be approximated 
by the lower part of an energy curve for a free electron such as shoum 
in Figure 8.13(1). 

In order to find the lau's of the electronic motion for larger values of 
k, we have to discuss in some more detail how the electron velocity is 
obtained from the wave description of the electron. We will consider 
a wave packet, that is, a group of waves consisting of several crests. 
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According to the probability interpretation of the wave function, the 
electron must he found somewhere witliin the packet, since outside the 
packet the wave function vanishes. Therefore the ^'clocity with whicii 
the electron moves in the lattice must be equal to the \elocity with 
which the group of waves travels along. A group of waves can Ik^ ob¬ 
tained by a superposition of functions with k' values corresponding 
to a certain not too extended range. The superiJosition must 1 )c a rranged 
m such a manner that the waves shall cancel each othei- outside the gioui) 
and re-enforce each other only within the limited extension of the group. 
In passing it may be remarked that such a wave group is the best illus¬ 
tration for the uncertainty principle. If we want to localize the electron 
with greater accuracy, we must construct a wave group of .smaller exten¬ 
sion, and for this purpose a greater range of k' values must be used, cor¬ 
responding to a greater range of momenta. 

It can be shown that for free electrons the group velocity and with it 

1 OK 

the particle velocity is equal to - —■ For instance, considering Fig¬ 
ure 8.13(1), we see that with increasing k and coiTcspondingly increasing 
momentum values the slope of the energy curve dE/dk also increases, 
and thus greater velocities will be found for greater momenta. The 
proportionality between momentum and velocity can bo shown easily 
by taking into account that the curve in Figure 8.13(1) in a paral>ola 
For electrons moving in a strong periodic field the velocity with which 

the electron is propagated in the lattice is given by “ ^, whore a again 

H sic 

IS the lattice distance. In this case Figure 8.15(4) shows that the slope 
of the energy curve does not continue to increase with increasing k' 
values. For k' greater than ir/2 the slope and with it the vidocity begins 
to decrease, and at k' ^ ^ the slope and the velocity have become equal 
to zero. In this region the electron behaves in a remarkable way in 
that Its velocity of propagation decreases while its energy continues to 
increase. Since k' = n and A' = -r arc equivalent, a further increase 
of k leads to negative k' values, and here we find that the energy' begins 
to decrease while the slope assumes increasing negative values so that 
the electron moves faster and faster in a direction opposite that of the 
original motion. Finally, when k' passes the value -7r/2, the negative 
slope assumes a maximum value, and a further decrease in energy is 
accompanied by a decrease of the absolute value of the velocity. This 
continues until at k' = 0 the velocity zero is reached again, and the 
cycle IS completed. Thus, for | k'\ smaller than x/2, the behavior of 
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th(‘ electron is normal since greater velocities correspond to greater 
energies. The beliavior for 7r/2 < | A:' | is anomalous. 

Comparing the present results u-ith those obtained for electrons 
moving in a weak field, we find a marked analogy in spite of quantitative 
differences. In the weak field we found that, when k increased from 
zero towards w/a, the velocity increased in a normal manner. At r/a 
a reflection of the electron by the periodic field occurs, giving rise to a 
reversal of the direction of propagation. In the light of our statements 
about the connection between the electron velocity and dE/dk, we 
can now trace in greater detail how this change of velocity occurs. 
We see in Figure 8.14(1) that in the irrunediate neighborhood of 
k = r/a the slope of the energy curve begins to decrease rapidly 
and reaches zero at ir/a. The same slope is found for k = —ir/a, 
but with increasing k values the slope assumes rapidly increasing 
negative values until within a short distance from k = — tt/o the 
value of the negative slopes correspond closely to an undisturbed 
parabola. In this I’ange, where the slope varies rapidly, the electron is 
decelerated until its velocity is reversed. From there on the electron 
moves as a practically free particle. 

The difference between the behaviors in the strong and weak fields is 
this: For strong fields the anomalous region extends from k' = —t/2 to 
k' = and from k' = —t to k* = — jr/2. In w'eak fields the anomalous 
behavior of the electron is confined to a narrow region close to A: = x/a 
and k = —x/a. Another important difference is the great effective 
mass in strong fields which, from our present point of view, can be ex¬ 
plained by saying that in a narrow energy band the slope of the energy 
curve, and with it the velocity, will increase very slowly with increas¬ 
ing k'. It should be pointed out that under appropriate circumstances 
the effective mass may be smaller than the mass of a free electron. 
Thus we see from Figure 8.15(6) that near the minimum of the energy 
curve the slope increases rapidly with increasing k’ values, a behavior 
opposite to the one with which w'e associated a high value of the elec¬ 
tronic mass. 

8.17 MOTION OF ELECTRONS IN A TWO- OR THREE-DI¬ 
MENSIONAL LATTICE In a metal electrons move in the field of 
a three-dimensional array of ions. Their behavior will in many respects 
be rather similar to that of an electron in a linear lattice. The w’ave 
functions can be written in the form of plane w'aves. If the periodic 
field is weak, the weaves are actually sine or cosine weaves or simple expo¬ 
nentials. A stronger perturbation of these weaves will arise only when 
certain interference conditions are fulfilled. If, for instance, we have a 
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simple cubic lattice with a lattice distance a, strong perturbations will 
arise if the k value corresponding to the j- component of the momenfuin 
is ir/a or —tt/q. Ihe same holds if the k value corresponding to the 
y OT z component of the momentum is t/q or — ir/n. A graphic repre¬ 
sentation of these momentum values for which strong perturbations 
occur can be given for a two-dimensional lattice in the following way. 
In Figuie 8.17(1) we plot in the horizontal and vertical directions akx 
and aky, respectively. Here a is the lattice distance of a simple scpiarc 



Fio. 8.17(1). Drillouin zones in a two-flimen.xionul simple* srjuare lahire. 

designated by the same Roman numeral form single zones. 


Regions 


lattice, kx and ky are 1/A times the x and y components of the momen¬ 
tum. Strong disturban(!es will arise in the neighborhood of the lines that 
separate the regions which in the figure are designated by Homan nu¬ 
merals. The figure has been restricted to the region where both a k I 
and a\ky\ are smaller than 2t. Inclusion of further regions would 
increase the complexity without introducing new ideas. The lines of 
strong perturbation actually occur whenever a change of ak^ or ah 
or both of these quantities, by some multiple of 27 r, Icave.s the 
kinetic ener^ unchanged. Thus the two x signs in the figure corre¬ 
spond to points for which ak^ has been changed by 27r. For the two 
white-circle points aky differs by 4ir, wliercas for the two black-circle 
points both kx and ky have been changed by 27r. For each of the.se pairs 
the kinetic energy is the .same liccau.se \kx\^-\-\ky and, therefore, the 
a )solute value of the momentum has remained unchanged. It follows 
from the theory of diffraction in crj’stals that the lines of Figure 8 17(1) 
represent the wave numbers of those electrons for which interference 
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(•(iiidilions are satisli(*d and wliicli tlierefore can be scattered elastically 

1»\- llu' crystals. 

% 

Iti perfect analojry with the one-dimensional case the electrons 
move along almcjst fieely as long as they aie far away from the lines 
sltown in rigiiro 8.17(1). They wiW be strongly perturbed near the 
liiu's, aii<l instead of crossing the.se lines tliey will be thrown across to 
another i)oint of like energy changing their ak^ and aky values by 
multiples of 2rr, according to the ruic.s of crystal reflection. It may be 
noticed that, according to this rule, an electron which started in region 
1 of rigure 8.17(1) cannot leave this region by any continuous motion 
owing to the action of external fields. Let us assume for instance that 
an electron has initially ak^ and aky values shown by the □ in Fig¬ 
ure 8.17(1). In the absence of outside fields these values will be pre- 
sciwed, and the electron will continue to he represented by that point 
in the diagram. If an outside field acts, akx and aky change with time 
assuming new’ values, as shown by the line originating in Figure 8.17(1) 
in the open square. The direction in which the repiesentative point 
moves is indicated by the arrow. Wlien tliis line reaches the border of 
region I, it is reflected across to negative ak^ values. Since the same 
external field still acts and continues to cause momentum changes in 
the same direction as originally, the representative point continues to 
move along the direction parallel to its previous path, as indicated by 
the line and arrow on the left-hand side of Figure 8.17(1). Thus the 
point must remain in a region I. Similar arguments show that a point 
starting in one of the regions II will always continue to move in one of 
the regions II for whicli reason we may consider these four regions as 
being part of a single region. The same holds for the regions designated 
by III and IV in Figure 8.17(1). 

The regions ju.st described are called the Brillouin zones. They cor¬ 
respond in the one-dimensional case to the segments: 

— Tr<ak<iT 

— 2Tr<ak< — tt and v < ak < 2ir 

—Stt < ak < —2 t and 2% < ok < Sr 

In the absence of any perturbing field the kinetic energy is propor¬ 
tional to -|- ky^, and therefore w'e can picture an energy surface in 
the form of a paraboloid erected on Figure 8.17(1). In a weak periodic 
field this surface will be strongly perturbed near the boundaries of the 
Brillouin zones. Actually discontinuities will appear on the surface at 
the boundaries betw'een the zones, so that it is impossible to get from 
one zone to another without an abrupt change in either kg or ky or the 
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energy. This emphasizes again that wo can get f.oin one zone to 
another only by a process analogous to a quantuni jumj). Tt is impor¬ 
tant to notice that in crossing from region I to an adjacent point of ir- 
gion II the energy increases abruptly. In spite of this, all cn(>igi<>s of 
region I are not necessiirily lower than any energy of region Jf 'J'lm.s 
the cornors of zone I in wliieh a U, | and „ | h,, \ liavo vaim.s elose to ^ 
corrcponci to lugher momenta than tlie portions of zone II in which 
a I I IS close to jt and a | h, \ i.s clo.so to zero or in whicli a | \ is cIos(‘ to tt 

andal^:,|,s close to zero. As long as the pcrio.lic held is weak, this por¬ 
tion of zone II has a lower energy than the portion of zone I describiMl 
previously. 

For strong periodic fields the simple sine, co.sin(‘, and exponential 
waves no longer describe the states of the electr.ms. We must use 
instead superpositions of wave functions describing the motions of tdcc- 
trons near separate minima, tliat is, near separate ions of tla* lattice. 

I he coefficients appearing in the coin|)osite wave function arc similar 
to those appearing in for tlic onc-dimensional ca.<e xvifh the exc(>p. 
ion t at two constantj3 and k'y are needed to specify (h(>ir state 
These numbers correspond to ak. and ak^ of the case of weakb' houiul 
electrons The physical significance of k'^ and k'y remains unchanged if 
a multiple of 27r is added to either of the two quantities. It can bo 
showm that, if we retain tlic wave function in the single lattice colts but 
change A:, and k'y, wave functions are obtained which corrosiiond to a 
mng e Brillouin zone. To obtain wave functions corresponding to a now 
Brilloum zone a new wave function must be used for the motion of an 
electron m the single minimum, and compo.site wave functions must be 
constructed by superposition. If we establish an appropriate cone- 
spondence between the wave functions near the single ions in a strong 
field and the Bnllouin zones in a weak field, we can say that Figure 
8.17(1) applies to strong penodic fields as well as to weak ones At the 
same time W’e must replace ak. and aky by k'^ and k'y. All the qualita- 
ive statements about the Bnllouin zones will then remain valid For 
strong fields the energies within one Brillouin zone will differ but little 
^ IS the case m the narrow energy strips in the one-Klimensional lattice’ 

In fact, the energy m each zone is nearly tlie same as the corresponding 

erelt^frrt T 'r I" the strong field we again find 

great effective electron masses. The reflections near the borders of the 

zones are replaced by an anomalous dependence of the velocity on the 

enerp over a more extended region within the zone. In these respects 

^‘enttflv t''o<limcnsional case d«;s not'differ 

essentially from its motion in a linear string of potential minima. 

I he thre^imensional case does not differ from the two-dimensional 
one m any unportant respect. The Brillouin zones must be represlnTed 
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in tlirocHlimonsional space, and therefore their geometrical arrange¬ 
ment is somewhat more involved. This arrangement depends, of 
course, on tlie stmcture of the lattice. The simplest arrangement cor¬ 
responding to a simple cubic lattice rarely finds actual application for a 
crystal. But the important conclusions about the separation of the 
energy into zones, the correspondence between crystal reflections and 
the boundaries of the zones, the confinement of a continuous electronic 
motion into a single zone, and the reflections and anomalous behavior of 
the electrons near the boundaries hold, however complicated the geo¬ 
metrical arrangements of the zones may be. 

8.18 METALS AXD INSULATORS There are few physical prop¬ 
erties which resemble electric conductivity in changing so greatly for 
such apparently insignificant reasons. The slight change in lattice 
arrangement from diamond to graphite causes an increase in conduc¬ 
tivity which is much greater than a factor 10*°. In fact, whatever con¬ 
ductivity exists in diamond is probably due to impurities or lattice 
imperfections, whereas graphite on the other hand is a good conductor. 

The difference between conductors and insulatoi's is due to the manner 
in which the Brillouin zones arc filled up. For our present purpose we 
may represent the wave functions for both insulators and metals by 
electrons moving independently of each other in a self-consistent field. 
This means that each electron moves in the field of the nuclei and in 
the average field of the remaining electrons. Effects due to phase rela¬ 
tions between electrons are neglected. This approximation is the same 
as that used in the molecular-orbital method, and it is one of the several 
methods which by making somewhat drastic approximations achieve 
rather far-reaching results. 

The average field caused by the electrons has the same periodicity as 
the field of the nuclei. Since each electronic wave function is spread 
out over the whole crystal, a single missing electron causes an insensible 
change in the average field at any one point, and so each electron 
moves essentially in the same field, namely, in the periodic field of the 
lattice. 

Having thus specified the nature of the orbits in which electrons move 
mthin a real crystal, we can now make the distinction between insula¬ 
tors and conductors. A crystal is an insulator if all electronic levels in a 
certain number of Biillouin zones are filled with pairs of electrons having 
opposite spins, so that according to the Pauli principle there is no room 
for further electrons in these zones; at the same time all other Brillouin 
zones are completely empty. A crystal is a conductor if one or more 
Brillouin zones are partly filled with electrons. 



ELECTRON CONDUCTIVITY OF III':AT 1(J7 

The distinction just desc,il,ed sl.ows ti.at ins„luto.-s arc analogous to 
ra,e-gas atoms and also to saturate.! molecules, whereas mctak are 
similar to atoms with incomplete .shells and also to iinsaturated mole¬ 
cules. In this analoRv the concept of closed shells corrospoiKts to tlie 
concept of fil ed Bnllouin zones, hut, whereas the energy levels in an 
atomic or molecailar shell are .spaced at finite .lisfanees from each <;;hei 
c encigy levels uithin a Bnllouin zone form a colitiiuium. Thus in a 
metal the smallest forces suffice to transfer electrons into new orbits 
This explains qualitativel.v not only the phenomenon of conductivity 
but also many other characteristic properties of metals. We have ai 
ready mentioned that displacement of atoms within some metals is 
accomplished more easily than in insiilatoi-s. In these metals the Lc- 

chan themselves to the new atomic po.siti„n bv 

ging their orbits in an appropriate maimer. This is, in particular 
o be expected when a Brillouiu zone is about halfway fill'd sr«.at 
theie are many electrons which can easily change their orbits. 

8.19 ELECTRON CONDUCTIVITY OP IIFAT At fl,„ „i, i . 

pictely occupy the lower energy levels of one or more zones All elec 

p”". all levels higher than 

iin t” ®'"Pty- The electrons occup.ving all states of a continuum 

f.1, 1 1 f'’; temperature is raised, some electrons are lifted 

fi om levels below to levels above. But only the neichborhood of tho 
surface of the sea is thus affected. The enerJ chants n Vl. 

ture excitation are small compared to the thickness of a relevanTM" 
louin^zoue of a metal. This thickness is usually of the order oft 

^Ihe excitation of electrons contributes to the specific heat but little 
since only the few electrons near the surface of the sea fr ^ ^ 
This contribution to the specific heat can ^e detee ^ 
at very low temperatures whore tlm s^ ifR heat due to 

b”tWirclt "•'-<= vibrational specific‘’heat 

the thermal conL^tivity.''^Tn greater extent to 

that they transport c<Ioctive.r ou,y te^X ^ 

Zot‘7 temperature excitation^thdr elTeet isZ 

t Ter - 

would expect the mean free path to be approximately equal “ bD 
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tiee distance. But the discussion of electronic motion in a periodic field 
has shown that the propagation is essentially the same as for free elec- 
tron.s. Thi.s means explicitly that in a strictly periodic field electrons 
would lun’e an infinite mean free path. The reason for the deflection of 
electrons in a crystal from a straight-line motion is the deviation of the 
field from complete jjcriodicity caused by thermal motion of the atoms, 
by crystal imperfections or by collisions between electrons. At higher 
temperatures the thermal motion is of course most important, whereas 
below the Debye temperature the other two effects predominate. It 
should be noticed that collisions between electrons depend on phase 
relations of their motion which are not included in the original self- 
consistent field approximation. 

Actually the relatively few electrons near the surface of the Fermi 
sea transport more heat in metals than the crystal vibrations which in 
insulators are alone responsible for thermal conductivity. Excitation 
of electrons by temperature is completely negligible in a good insulator, 
since in such substances the energy of the electron must be raised by 
several volts to lift it from the top of the liighest full Brillouin zone to 
the bottom of the lowest empty one. 

8.20 ELECTRIC CONDUCTIVITY IN METALS Although from 
the foregoing it is clear why metals have a high electric conductivity, 
the details of this conductivity phenomenon are still to be explained. 
It is of interest to notice that the picture presented leads to an under¬ 
standing of a number of finer effects, of which we shall discuss the de¬ 
crease of electric conductivity in metals ^\^th increasing temperature 
and the Hall effect. For the purpose of this explanation we have to 
describe the mechanism of metallic conductivity. 

We shall confine our attention to one incompletely filled Brillouin 
zone, since, as we have seen, such incompletely filled zones are charac¬ 
teristic for metals. The effect of the electric field is to increase the 
momentum of all electrons in the zone. In the interior of the Fermi sea 
this produces no change, since electrons move from one momentum 
state to another one which has been just vacated by an electron. 
Changes occur, however, at the surface of the sea where electrons accu¬ 
mulate in states wth velocity components along the field, while they 
are depleted in the states with velocity components opposing the field. 
This new distribution possessing an excess of electrons wth velocities 
along the field gives rise to an electric current in the direction of the 
field. This current would increase to extremely high values but for 
scattering of the electrons by crystal irregularities which tend to bring 
the electrons back into their original distribution. Above the Debye 
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temperature the main reason for tliose irrc'-ulaiilies is tln'i-mai vi])ra- 
tions, and we can show that the increase in the numh(«r of collisions is 
roughly proportional to the square of the vibrational amplitudes. 7'his 
quantity m turn is directly proportional to the heat content of (lie lat¬ 
tice and increases linearly with temperature. Since the number <.r c.i- 
lisions which limit the size of the current is proportional to the tcanpera- 
ture, it is to be expected that the coiiduclivily varies as 1/7’, and tliis 

indeed is found to be true in rough approximation for most metals abov(i 
the Debye temperature. 

At lower tcm]5eratures the crystal vibrations die off rapidlv, and in 
this region the conductivity increa.ses with deci-easing temjieiature more 
strongly tlian 1/7’. But the temperatine variation in this region may 
be affected by crystal irregularities due to other cau.<es than heat motion. 

In some substances, many of wiiich arc not paiticulajh- good con¬ 
ductors, a sharp change occurs at a very low temperature of a few de¬ 
grees above absolute zero. At this point the suh.stanccs in Cjuestion lose 
their electrical resistance completely, that i.s, become superconducting. 
No satisfactory explanation of this phenomenon exists at the ]ne.scnt 

time. It may be due to a more involved interaction of the electrons 
with the lattice vibration. 

A phenomenon which has contributed much to the understanding of 
electrical conductivity is the Hall effect. Let us apply a magnetic field 
to a inctal through whi<!h an electric current is flowing. The magnetic 
field sha 1 be perpendicular to the current. Then a gradient of electric 
potential arises m a direction perpendicular both to the electric current 
and to the applied magnede field. The effect can be explained easily by 
the derfection of the moving electrons in the magnetic field The sign 
of the gradient is determined by the sign of the electronic charge, and 
the corr^t sign is found in some substances which are said to show the 
norma Hall effect. But in many suh.stanccs the Hall effect is anoma¬ 
lous; that IS, It has a sign opposite to the expected one. 

This anomalous effect may be explained by the presence of a Brillouin 
zone which is nearly completely filled up. It has lieen pointed out in 
previous sections that electrons near tlie border of the Brillouin zones 
move m a way oppo.site to the one expected. Actually electrons missing 
from the highest energy region in an otlicrwi.se full Brillouin zone be¬ 
have in many ways like electrons of the opposite cliarge. The existence 
of positive electrons can indeed be formally explained by the absence of 
electrons m a Fermi sea of negative energies, not unlike an electron sea 
in ^ fone. '1 hese negative energies must be introduced 

that the negative-energy states are usually filled up with electrons 
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which, for an unexplained reason, we fail to observe. Only the holes in 
this distribution are observable. They are the positrons. 

Tile absence of electric conductivity of insulators is not due, in the 
present picture, to the absence of “free electrons.” On the contrary, 
the Brillouin zones of an insulator are completely filled with such free 
electrons. But the anomalous behavior of the electrons near the top of 
a Brillouin zone gives rise to currents which are just sufficient to cancel 
the currents due to electrons with a normal behavior. That the can¬ 
cellation must be exact can be seen from the fact that a not too strong 
field can cause only continuous motion of electrons, that is, motions 
within the same Brillouin zone. Since the zone has been filled up com¬ 
pletely to begin with, the field can produce no change. Any level 
vacated by an electron vill be filled at the same time by another elec¬ 
tron, and the net result is a mere redistribution of identical electrons 
among the available levels. 

The Hall effect helps to establish the presence of electrons which 
behave in an anomalous manner. The existence of insulators may be 
said to depend on the presence of such anomalous electrons. Thus the 
Hall effect helps us to understand why insulators differ from metals. 

We may use the Hall effect for another more practical purpose. A 
certain current in a conductor may be due to a few electrons moving at 
high speeds, or to many electrons moving \\ith slow speeds. The de¬ 
flecting magnetic force is proportional to the electron velocities. By 
observing the Hall effect we measure this deflecting force. Thus we 
obtain insight into the average velocity of the electrons, and we can 
also calculate how many electrons participate in carrying the current. 

This number of “conduction electrons” is, in the alkali metals, approx¬ 
imately equal to the number of atoms in the lattice. In other metals 
we find that the number of conduction electrons per atom is not equal 
to one. In some very poor conductors, which are called semiconductors, 
the number of conduction electrons is quite small and strongly tempera¬ 
ture-dependent. In semiconductors electric currents are carried by a 
few electrons which, for a given current, have a rather high drift velocity 
in the direction of the applied field. In such substances a magnetic field 
will strongly influence the motion of the electrons, and we obtain a 
strong Hall effect. 

8.21 SEMICONDUCTORS, PHOTOELECTRIC CONDUCTIV¬ 
ITY, AND ELECTRIC BREAKDOWN For the poor conductors or 
semiconductors which we have just mentioned the rule that conduc¬ 
tivity decreases wth increasing temperature is not valid. A rapid in¬ 
crease of conductivity is observed instead, which can be described most 
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by an exponential fnnef ion of (he fonn Wc nn^ht be tempted 

to assume ionic conductivity for tl.ese subslanees ami intcM-pret the 

e. ponential temperature depen.Ience by an activation euersv which the 

ions in their motion must overcome. But no transport of’matter Ins 

been observed for these substances. The definition of a true semi- 

tnductoi IS lest noted to those examples for which the eonductivit v 
can be proved to bo clectronie. tommern u\ 

Ihe behavior of semiconductors can he explained bv assnminfi tint 

«itli a lektively small fnci-Ry chanse wo nan- lift an olocti-,,,, into -m 
empt 3 - zone. It is not necessary that such an elect,-on slmnhl oiiain-ife 
from the top of a regular tilled zone. Kather it may be ,l,,o t,?', 
easily lomzable impu.ily in tlio ci-ystal. With ri.sinK temi)eratu,e’”in 
exponent,ally .nc,cas,nB mnnher of elect,„ns will appear at the bottom 
c^f he lowest empty zone, and these ele,-t,ons give .ise to the exponen- 
y increasing conductivity. The temperature dependence is roughly 

Sirmran'^f t" ” smallest energy which suffices to 

tniow an electron into an empty zone. 

bc^Wd1rth^‘T of semiconductivity suggests that, if electrons could 

residt I insulator, conductivity would 

result. In a pod insulator the quantity AJC is too great to permit tem¬ 
perature excitation of electrons into an empty Briilouin zone I t 

trons into snoh an empty zone. Indeed photoconductivity kas been 
obsorvod m many salts. The electrons liberated by light are ^.ml y 
rapped soon after their production. Impurities or cry.slrLpeS 
tions are quite effective in trapping such electrons; yet light of appro- 
piiate frequencies produces electrons in sufficient numbers to giv^rise 

tL tr^f" r f 'r " “ illuminated and 

the transfei of electrons into the free zone is kept up. It is interesting 

‘“thfe,^ t ? ® i">""i"=>‘i<>n may cause conductivity 

if the crjstal was previously illuminated by ultraviolet light of appro 

priate frequency. The smaller energies supplied by the temperature or 

t on into a free zone, may tear away an electron from tlie foreign atom 
at had captured It; thus the electron returns into the empty zone 

AAherc It can move freely until it is recaptured. ^ 

The mobility of electrons in free zones may help to exnlain th^ mil. 
complex phenomena encountered in the photographic process Thus If 
an electron is thrown by light into a free zone, it will not ftll K.^ 
general rule into its original position but is trapped in .some new post 
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lion. Such trapped electrons may serve as nuclei around which reac¬ 
tions (fur oxam))le, formation of metal crystallites) may start. This 
opens a possibility of understanding the nature of the latent photo- 
gra|)hic image. 

The mobility of electrons in free zones also plays an important part 
in theories of electric breakdowns in insulators. The breakdown is 
1 bought to be due to the acceleration of an electron which happens to 
luivc gotten into the free zone. When this electron has gathered enough 
kinetic energy, it may collide with a second electron and lift it into the 
free zone. The same process is now repeated for the two electrons. 
Successive excitations give rise to an electron avalanche which finally 
t urns enough electric energy into heat to cause local melting and to dis¬ 
rupt the crystal. 

If a small electric field is present, electrons in the free zone will be 
prevented by collisions with lattice vibrations from accumulating enough 
energ}', and no further electrons are lifted into the free zone. In fact, 
the electrons already present in this zone will soon be trapped and will 
lose their mobility. But, if the field applied to the crystal exceeds a 
certain value, free electrons can be accelerated until they have enough 
energy to excite further electrons so that an electron avalanche is pro¬ 
duced. This explanation of the electric breakdo\vn also shows why the 
field at A\’hich the breakdo\\Ta occui*s is so strongly dependent on impuri¬ 
ties and crystal irregularities which contribute to loss of momentum and 
energy of the electron in the free zone. 

8.22 CHEMICAL BINDING IN METALS AND INSULATORS 
Metals occupy a definite region in the periodic system. The simplest 
representatives of metals are the alkalies which have in addition to closed 
shells just one loosely bound electron. In general, a relatively small 
ionization energy of the atoms seems to be favorable for metallic char¬ 
acter of a solid. This explains why metals are grouped in the first col¬ 
umns of the periodic table in which the outermost electrons move under 
the influence of a comparatively low effective charge, while in the later 
columns of the periodic system there are a greater number of electrons 
in the outermost shell, and any one of these electrons moves in a more 
imperfectly shielded nuclear field and is therefore exposed to a higher 
effective charge. The requirement of low ionization energy can also be 
met by proceeding toward higher rows of the periodic table where the 
outermost electrons occupy orbits of higher quantum numbers and are 
farther removed from the nucleus. Indeed in the later columns of the 
system we find that the lighter elemente are insulatore while the heavier 
ones are metals. 
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In order to find the connection between (he rules jus) slatc.l and llie 
requirement that imperfectly filled Brillouin zones should b.- present in 
inetals, we shall investigate the electronic structure of solids of the sim¬ 
plest elements. We turn fii-st to liydrogon. Ignoring (lu^ fact tliat 
hydrogen forms a molecular lattice, we shall plac(‘ h\<lrogen nuclei in 
such a way as to form a simple lattice of the sanu' kiiul as found for the 
alkah metals. This is a body-centered cubic lattice, that is, a simple 
cubic lattice nnth an additional atom at the center of e\ciy cube 

In order to investigate the motion of an eha-tron in this lattice, wc 
^all apply the rules derived for the moticjn in a sti-ong jxa-iodic li('ld. 
The electron-states must be obtained hy linear supcuposilions of (‘lec- 
tronic motions around individual hydrogen atoms which are Bohr orbits 
perturbed to some extent liy the influonce of ncigliboring lattice points 
If the number of atoms in the lattice is then there are A’ hohr orbits 
available out of which we can foim A^ in.lcpcndc.t linear coinbination.s 
corresponding to waves propagated throughout the ciystal. 'J'his is so 
because by forming linear combinations we cannot incrcai.-^c or diminish 
the immber of states available. It was stated earlier (section 8.17J that 
one Bnlloum zone corresponds to each electronic state of a cell The 
Bnllouin zone corresponding to the lowest hydrogen orbit consists 
therefore of N orbits and, according to tlie two possible values of the 
electron spin, requires 2N electrons to be filled up com]defelv. But in a 
lattice of N hydrogen atoms only N electrons are available; this number 
is msufficient to fill the first zone, and a metal is obtained. 

Let us now consider an arrangement of hydrogen nuclei in which pairs 
ot nuclei are closer to each other than to any third nucleus. The ele¬ 
mental cells of the lattice now consist of two atoms, and, if A^ atoms aie 
present, the number of cells is N/2. Wc consider again the lowest elec- 

. Bnlloum zone corresponding to this state contains 
iV/2 different orbits and can be filled up completely by the N available 
electrons. Therefore an insulator is obtained. 

.V insulator just described docs not differ from the state 

which we would obtain by filling each molecular orbit by the two hydro¬ 
gen electrons. This as well as the formerly described procedure fills all 
the lowest bondmg orbits, and it does not make any difference whether 
we first make up Imear combinations of these orbits and fill all of them 

liLa^^^ V*" t- ‘'I significant to form 

hnear combinations spread out over the crystal only as long as not all 

of the available orbits are occupied. 

A similar situation was discussed in connection with the molecular- 
orbital method. There too it did not make any difference whether all 
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niolociilar orbits, bonding and antibonding, obtained by linear combina¬ 
tion of a state of one atom with a state of the other, arc filled up by as 
many electrons as they can hold, or whether one filled up completely 
the atomic states from which the molecular orbits are constructed. In 
a Brillouin zone states of lower energy are analogous to bonding states, 
and states of high energy to antibonding states. The filling of the whole 
Brillouin zone gives rise to the cancellations of bonding and antibonding 
effects and to the distribution of electron pairs on the single cells. In 
the hydrogen lattice the result is that all forces between the molecules 
cancel out ^\'ith the exception of van der Waals attraction and repulsion. 

If the atoms are close together, the actual wavelength connected ^nth 
a given k' value (sections 8.15, 8.17) is short. The electrons then have 
high momenta, high kinetic energies and also changes in electron states 
require high energy changes. Then it will be more difficult to effect dis¬ 
placements of atoms in the lattice since adjustment of the electronic 
orbits is impeded. In \new of tliis, it will not be surprising to find that 
the displacements of the hydrogen atoms from the simple cubic lattice 
to a molecular lattice is not as ea-sj' at high hydrogen densities as it is 
at the ordinary Ioav densities of hydrogen. Because of the great com¬ 
pressibility of hydrogen, high hydrogen densities can be produced rela¬ 
tively easily, and calculations actually show that at a pressure of a few 
hundred thousand atmospheres the hydrogen atoms should form a 
cubic close-packed lattice, and hydrogen should have metallic conduc¬ 
tivity. It is not impossible that this metallic state of hydrogen exists at 
some distance below the surface of the great planets which are known 
to have a hydrogen envelope. 

The structure of helium may be described from the point of view of 
the Brillouin zones in the same way as the structure of the molecular 
hydrogen crystal. If the crystal consists of N helium atoms, the Bril¬ 
louin zone corresponding to the Is state of helium contains N orbits 
which can be filled completely by the 2N available electrons. An insu¬ 
lator and more particularly a van der Waals crystal results. 

In lithium the filling of the first Brillouin zone corresponds to the 
filling of the K shell. The valence electrons are sufficient to fill half the 
next Brillouin zone, and a metal is obtained. The same explanation of 
one valence electron per atom filling half a Brillouin zone certainly holds 
for the remaining alkali metals which have body-centered cubic struc¬ 
tures. 

From the arguments given so far, we would expect solid beryllium 
like solid helium to be an insulator. Actually the two berjdlium electrons 
in the second shell are just sufficient to fill completely the second Bril¬ 
louin zone. But we find here that a possibility mentioned in section 8.17 
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IS realized; namely, there are some regions of a Bi illouin zone u liich have 
a higher enm-gy tlian certain regions of the next zone. A loiver energy 
IS obtained if one kKxvo6 a portion of the lower zone empty and nio.Ts 
some electrons into tlie lowest portions of the next zone, 'rhus we ob¬ 
tain two incomplete zones, and metallic conduetixity results 
The example of beryllium sliows that, eyen if the' ciwstai structure is 
given and the number of electrons per cell is known, we ma\- not be able 
to predict whether the substance is a conductor or an insuiator. If the 
crystal held must be regarded as a strong periodic held, the Brillouin 
zones will form narrow nonoyerlapping energy bands, and, if the right 
number of electrons arc present, an insulator will l,e formed. If on the 
other hand the periodic fiehl is weak, and the atoms are close enough 
togethei so that the kinetic energy associated with the sjn-eading of elec- 
ron waves tiirough the crystal is more important than tlie binding to 
individual centers, then the Brillouin zones overlap, and metallic con- 
ductivity must be expected. In this, we see a confirmation of the rule 
at Imv ionization energies are fai oral.le for metallic comliictivitv. In- 
decd if the ionization energy is loiv, the cleetrons will bo bound more 

l™Mp''cctcd'' “ rclalivoly weak periodic field may 

If tlie number of electrons per cell is odd, the total niimher of electrons 
is an odd multiple of Uic total number of cells, while the total number of 
places availab e m a given set of Urillonin zones is an even multiple of the 

formTnsuI T daotrons may 

orm insulators only when an even number of atoms (and therefore an 

even number of electrons) is placed in each cell of the crystal. One way 

o lea izmg this is to form the lattice from diatomic molecules. Thus 

formation of homopolar bomls may lead to the electronic .structure of 

an insulator where otherwise metallic conductivity would have to be 

expected. Such bond formation is favored if the outermost shell is in- 

i T u"!!^ g''«d. The unoccupied places 

1 inf ‘'’® «'^«‘Pied ones. This energy is 

ow f the ionization energy ,s gr eat, and thus much energy is to be gaILd 

by the sharing of electrons between neighboring atoms ® 

Generally speaking, if the ionization energy is great and the att.ac ' 

ion cen cm arc strong, it is favorable for the atoms to occupf poll, s 

for wliieli localized electron oil,its of low energy can be fon^l These 

orb, s may belong to diatomic molecules as L the Lloln to vo 

neigliliormg members of a string of atoms as in sulfur, or to li'o neil 

burs m more complicated structures a.s in diamond. These orbits are 

striicP electrons, and an insulator is obtained whose 

ucture can be represented by the molecular-orbital method and there 
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I t )re b.y definite valonce-bond pictures. If, however, the ionization energy 
is small, any molecular orbits that may be found will have a weak bind¬ 
ing energy. In this case localization of electrons in molecular orbits 
does not lower the energy so greatly as does the spreading out of elec¬ 
tron wave-functions over the crystal which latter wave functions give 
an uncertain position of the electron but at the same time lead to low 
momentum and low kinetic-energy values. 

Wc have two simple methods of predicting metallic conductivity, a 
more empirical method connecting conductivity with low ionization 
energies and a theoretical lulc requiring incomplete Brillouin zones for 
the presence of conductivity. But it is necessary to consider the pos¬ 
sible electron orbits and with it the chemical properties of a substance 
in detail before we can say whether the actual crystal structures found 
will permit the filling of Brillouin zones. On the other hand, the cri¬ 
terion of low ionization energies is at best a qualitative guide and be¬ 
comes less valuable when applied to crystals consisting of atoms with 
widely varying properties. 

8.23 RESONANCE IN METALLIC CONDUCTORS One way of 
representing chemical binding in a typical metal such as an alkali 
metal is to assume homopolar bonds between pairs of neighbors. The 
pairs may be arranged in an arbitrary manner except that all atoms 
must participate in one bond linking them to one of their immediate 
neighbors. Since in an alkali metal each atom has eight equivalent 
neighbors * there \rill be an indefinitely great number of possible arrange¬ 
ments of bonds. The actual state of the metal corresponds to a res¬ 
onance among all these various valence pictures. Though for the 
foiTnation of a homopolar bond between two metal atoms it would be 
more advantageous for two metal atoms to be closer to each other than 
to their other neighbors, an arrangement of a great number (8) of 
neighbors at equal distances is stabilized by the greater number of 
resonating states made possible by this configuration. 

Although this picture of the metallic bond is helpful in correlating 
metals and unsaturated molecules having resonance structures, it does 
not yield a ready explanation of metallic conductivity. It is true that 
change from one resonating structure to another involves electromc 
motion. But any arrangement of a finite number of bonds gives nse 

• It seems perhaps a little surprising that the alkalies, as the simplest metals, do 
not have a close-packed structure with 12 neighbors. In the actual body-cente^ 
structure there are in addition to the 8 nearest neighbors, 6 second nearest neigh rs 

which are only 2/V3 times farther than the nearest ones. Thus each alkah atom 
is surrounded by 14 fairly close atoms. In the resonance picture bonds with e 
second nearest neighbors must probably be taken into account. 



RESONANCE IN METALLIC CONDECTOriS 177 

to such electronic displacements the r-ector sum of uhi,.], is rero and 
such displacements cannot give rise to a net current It iCl'^the 

that amorr"' *“ T'"'"’ «l<litionaI In pothLis 

that among the resonating states there are some with an electron na 

o a given atom. Ihis means an mtrocluclion of ionized states a nm 

As a second e.xample for resonance in conductors vc will consider the 
electronic structure of one layer in a graphite crystal it,™: 7 4 
shows several re.sonating structures in a " “ 

part of the crystal platio. As we sliall see 
m the following paragiaphs, the structun? 
of the Bnllouin zones does not i-etjuire hut 
also does not exclude tlin possilulity of a 
partially filled zone. Actually the conduc- 
tmty of graphite shows tliat a jnirtially 
filled Bnllouin zone is jircsent. But the 
example also sliows that ro.sonance drx-s rmt 
necessarily lead to incomplete Brillouiri 
zones. Although the resonance is <-otifined 
to a crystal plane, the motion of the con¬ 
ducting electrons need l>y no moans ho 
parallel to this plane. Thus conductivity 
IS different from zero in a direction per- 

s:rd:::LLL„f :hrL:;iL:‘ ™ 

We shall now invc.siigate the condurtivhv of Lo-mhite fmn. ih. ■ , 
of v^cw of the Bnllouin zuncs. Wc shall ronsi.loL lit 

nd elections, that ls, tho.se oloctron.s. the wave functions of uhicli 
posse.ss a node in tlie grapl.ifc plane, and we shall j-estrir-t Jr i 
t^D the motion of the eicctroii.s in the plane. Then the Brillouinton'‘“'““ 
bo rcprc.se.ited in a twiMlimi nsionai diagram f thl l . '*'' 

dimensional picture give, „uali.a,i„ y Xa re L ‘h '.hL ’ r ‘" ''■ 
Sion must bo included in any nuanlitalive dill i 
shows the first three of tiicsc zonos TIu.» .. r Figure 8.23(1) 

layer leads to the result that the availatX'XilT*7’''*?'^ 
just fill the firat Bnllouin zone If H. elecfron.s can 

the layer proceeds like th^ m »■ ^ electrons along 

kinetic4nergrr,LndL„nhi:r4;;Le':f 

electrons of c<.ua, kinetic cnerg,- ,ie on concentriTc:”^ B “iL‘dL 



Imc, 8.23n). Hrillouin zon<\< 
for a grapfiite plane. 
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picture. All states u)) to a certain circle will be filled; the dotted circle 
in 8.23(1) encloses the region occupied by the state.s of conducting elec¬ 
trons. The overlapping of the energy bands of two neighboring Biil- 
louin zones causes the presence of unfilled zones and makes the substance 
a conductor. 

There is no reason why other conjugated systems should not give 
metallic conductivity. Thus it should not be impossible to make plastics 
which would be good conductors. 

8.24 ALLOYS Wlien we describe the electron structure of metals by 
electronic states belonging to the periodic field as a whole and when we 
fill up these states succe-ssivcl}' with independently moving electrons, we 

relinquish the idea of ascribing definite chem¬ 
ical formulae or bond structures to the metals. 
Thus we deviate from the descriptions used in 
classical chemistry. That such a departure is 
necessary is sho\\'n by the behavior of alloys 
which elude a classification in the usual chemical 
categories. 

The first remarkable fact about the alloys is 
the great readiness wnth w'hich two or more 
dilTerent metals can form homogeneous struc¬ 
tures. Among these stmetures regular arrange¬ 
ments or so-called superstructures are frequently found to be stable at 
low temperatures. The high-temperature arrangement is a more or less 
random distribution of atoms. Thus a 1:3 mixture of gold and copper 
gives at low temperatures after annealing the regular arrangement 
sho^vn in Figure 8.24(1) where the gold atoms form a simple cubic 
structure with the copper atoms occupying the centers of the faces. 
At high temperatures the atoms occupy the lattice points of the close- 
packed cubic arrangement according to a random distribution. 

On the one hand, the miscibility of metals would classify them with 
mixtures; on the other hand, the strong forces which hold together the 
atoms of different kinds seem to indicate chemical forces. Yet the 
rather indiscriminate nature of the forces acting almost equally between 
like and unlike atoms prevents the formation of very w’ell-defined com¬ 
pounds. Metals have been described as electron compounds in w’hich 
almost any kind of atom can be incorporated as long as one of its elec¬ 
trons can be lost with sufficient ease and pooled with the remainder of 
the metallic electrons. The only additional requirement is that the size 
of the remaining positive ion should not cause too great a distortion m 
the lattice. If the fit is poor, the miscibility is limited, and, after the 



Fio. 8.24(1). Ordered 
1:3 gold-coppcr alloy. 
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iraction of foreign atoms lias exceoded a certain limit, a new ficometncal 
arrangement of the atoms is formed. 

The idea of an electron compound is supported hv a most peculiai- 
mle of Hume-Kothery. According lo this rule c<'rtain cr\stal struc¬ 
tures arc favored if the ratio of lattice points to valencv electrons in an 
alloy ,s close to certain nund.ers. Three such charac((a-i.stic ratios are 

fu ’ X i’ ‘ According to a qualitative explanation of JI. Jones 

the crystal structures adopted for each of these ratios is such as to pcainit 
the surface of the Fermi sea to make contact with tiie surface of a Bril- 
loum zone. Wc have scon that in weak pcriotlic fields the only stron-dv 
perturbed electron motions arc tho.se represented by regions close to The 
boundaries of Bnllouin zones. The perturbation is such as to lower the 
topmost energy region of a Brillouin zone and raise the lowest energv 
region of the following zone. [For tlie analogous bclun ior in the one- 
dimensional (rase see Figure 8.1-l(l).] The depression of the en.wgv 
along the border where a Bnllouin zone is in contact ^^ ith a higher zone 
leads to the conso([uence that filling in of such border regions b^■ elec¬ 
trons is energetically favorable, and this in turn explains ^vhv those 
cry'stal structures are stabilized which permit tlie Fermi sea to reach up 
in some places to the border of the Brillouin zone. 

STRL-CTUKES Whilo in alio.vs ato.n.s of 
different kinds replace each oll.cr, interstitiaj structures are funned 
when foreign ions ivhieh are small enough enter into the interstices of 
the normal lattice. In tliis ivay boron, carbon, or nitrogen may 
enter into vanous metals. In fact, the carbon in dUterent forms 
of iron often is present in the interstices. The meelianieul proper¬ 
ties of a metal are innucnced by tl.c strain duo to the atoms in the 

The most interesting c.xample of intcnstitial structures is tl.e so-called 
solution of hydrogen in some metals, particularlv in palladium Tlic 
pressure dependence of the soluliility shows that liy.lrogen i.s dissolved in 
the atomic rather tlian m the molecular form. We sliall describe tlie 
solution of a hydrogen atom as an independent addition of a proton and 
an electron to the metal. The liydrogen ion is a l.are proton, the radiu.s 
of which IS negligible on an atomic scale. Tile reason wliy hr-drogim is 
mrt soluble in many more substances is that tlie II, molecule is rather 
tab e and that a great additional amount of energy i.s needed to ionize 
the hydrogen atom and to obtain the proton and electron. The latter 
particles are taken up eagerly by any metal, but in most instances the 

hberuted IS not great enough to comiicnsate foi- tlie initial 
expenditures of dissociation and ionization* 
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In all metals a certain energy called the “work function” is needed to 
remove an electron from the metal. This energy ranges from about 1 
volt for caesium to about 5 volts for heavy transition elements. The 
same amount of energy is gained if an outside electron is added to the 
metal. I he addition of the proton to the metal also liberates some 
energy, .since, as soon as the proton enters, the density of electrons 
around it increases, and the potential energy of the system is lowered. 

It has been observed in palladium that hydrogen can diffuse freely 
through the metal and that under the action of an electric field the pro¬ 
tons drift in the direction of the field. The latter experiment means 
that the charge of the proton is not completely neutralized by the charge 
of the electron cloud around it. Evaluating the results quantitatively, 
we find that the force on the proton is about 50 times smaller than 
would be the force on a free proton showing that the neutralization of 
tlie proton’s charge is almost complete. In fact, if the proton were 
infinitely heavier than the electrons, a complete neutralization should 
always be expected in a conductor. Since the proton gathers the charge 
of one electron around itself within the lattice, w'e might think that it 
has returned to an atomic state not unlike the state of a gaseous atom. 
But in the gas the nearest orbit to the proton was filled wth one elec¬ 
tron. In the metal the proton is surrounded by electron pairs wth 
opposite spins whose eharge distribution differs radically from that 
found in the gaseous atom. 

The fact that hydrogen atoms are held with sufficiently strong energy 
in palladium to balance the energy needed for dissociation and ioniza¬ 
tion and that at the same time the hydrogens can move practically 
freely within the palladium supports the idea of an electron compound. 
Formation of some definite palladium hydride, if it had enough energy 
to break the H-H bond, would probably hold the hydrogen in a fixed 
position and would not permit great mobility. 

8.26 CHEMICAL PROCESSES ON SURFACES The importance 
of surface effects in chemistry is primarily due to the catalytic action of 
surfaces. Although the details of this catalysis are greatly varied, com¬ 
plicated, and often obscure, the general reasons why surfaces speed up 
some reactions are not difficult to understand. The forces emanating 
from a surface are of different kinds. Van der Waals forces are always 
present, although on closer approach chemical forces may begin to act 
between the surface atoms and the adsorbed atoms. The chemical 
forces may be particularly pronounced at some active points. The in¬ 
discriminate attractive action of the van der Waals forces helps to create 
a greater concentration of reactants near the surface, whereas the chem- 
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leal action of the surface may be useful in forming necessary intcrmcdi 
ate compounds The circumstance that ililferent actiie places on the 
surface might liave different kinds of chemical ehccts ini-di hd , , ! 
~ for the variety of catalytic effec.s observed for a sin^ l:'!!, I; 

.■atalysH ‘ BiiJ'm'Vf '' f-r metallic 

nfr ™ "■ “ ‘■''<‘"”‘■■■>1 faction in one more man¬ 

or They can accept an electron from a reactant, incorporatiiiK this 

electron into the Fermi sea, or they may give an electron to a reactillit 

a vohr wh" t? <|i.itc small (a fraction ,lf 

• ™<’'-Ry needed to pull out an electron from -in 

Z rr.h " “ electron affim,V i 

equal to the energy re<|iiired for an electron to leave the metal both of 

these quantities being called the ivork function. It is eZ t e,! 1 

leason for this dilference between metals and insulators, in insulators 

ho difference between "ionisation energy" (that is, the energy rZ ™ 

to draw an electron out of the insulator) and the electron affinity is e la 

Ztomirtlf K'P B-illouin zone and the 

bottom of the first empty zone. In metals lioth the “ionization enerirv” 

Zof Uie f“'“" t*'® difference between Ihe 

Thus Z"” electron outside the metal 

Thus metals are both good electron donors and good electron accen 

tois Insulators in general are poor electron donors and also pom- 

fact thZhl‘‘”" ™ metallic surfaces is facilitated by the 

fact that the ionic charge is partly neutralized by an appronriatl^ in 
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9.1 EFFECTS OF A MAGNETIC FIELD The motion of charged 
particles is affected by magnetic fields to a very much smaller extent 
than it is by electric fields. This is true as long as the motion of the 
particle is slow compared to light velocity, and it is in particular true 
for all valence electrons whose velocities are less than one hundredth of 
the velocity of light. Since practically all physical and chemical prop¬ 
erties of matter in bulk depend on the behavior of the outer electrons, 
we must expect magnetism to play a much smaller role in the structure 
of matter than is played by electricity. This situation is not changed by 
the presence of the internal angular momentum or spin of the electrons. 
Though the spin is connected with, a magnetic moment, this magnetic 
moment is of the same magnitude as the moment due to the orbital 
motion of electrons. 

Though the interaction of atoms in molecules or in solids is not essen¬ 
tially influenced by magnetic effects, yet the spin plays an important 
part because opposite spin orientations for two electrons allow them to 
occupy the same orbit, ^\'^lenever such pairing of electrons occurs, the 
magnetic effects of their spins cancel. Convei*sely, whenever the influ¬ 
ence of the magnetic moment of an electron is apparent in the magnetic 
properties of a substance, we can conclude that an unpaired electron is 
present, and this statement is of direct interest in connection ^ith 
chemical structure. The magnetic effects of the orbital motion com¬ 
plicate this situation considcrablj'^; but the same effects may yield 
valuable information about the electronic orbits. For instance, in 
crystals containing rare-earth ions, magnetic measurements have helped 
to confirm the conclusion that the motion of the electrons in the internal 
incomplete shells is affected to a very small extent by the field of the 
neighboring ions. 

A discussion of magnetism must of course also include the phenom¬ 
enon of ferromagnetism, a phenomenon which does not affect very 
deeply the structure of the bodies involved and is not connected with 
particularly great energies but which is nevertheless striking and seems 
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THK magnetic MOMENT 
to require a peculiar oorupcnsatiou <,f forces occurriiur „„|v i„ .. .,,,.,11 

by a mr™it Wyth'm'' ”"T"' 'i '’i'"'"''''' 

/<T 

" = 7 9.2(1) 

energy of interaction with tlie field // is given by ' 

-uffcose 9 2 ( 2 ) 

where » i.s the angle included by the dipole and the field direction 

center of thrchcn'olv' nt! I i" ‘^c 

the circle but leaves the Lection 0^0 ^"’'''^'*“"^'. 

inversion leaves both the rhar™ aL 00 “™!" !?-, r"’- 
unchanged, and ssinco the mnfrn *■ distnbution in an atom 

this operation, there is no genemrrrs^ Ir 

cause the magnetic dipole to^vanish symmetry which would 

theTr:rSi:'L“L'’::l:ri'".■""‘r - 

turn of the atom. If M is tiie singular momen- 

the help of equation 9 2(1) that th^ •nomentum, one can show with 

4uauon that the magnetic moment is 


cM 
n - - 

2tnc 


9.2(3) 


"here m and e are the mass and charge, respectively, of the electron. 
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Since the angular momentum of an atom is an integral multiple of h/2iry 
the magnetic moment of the atom must be an integral multiple * of 

eh 

MB =- 9.2(4) 

47rmc 

Ihis elementary magnetic moment, tig, is called the Bohr magneton. 
The simple relationship between the orbital magnetic moment and the 
Bohr magneton holds onl}’ as long as the electron moves in a spherically 
symmetrical field. In diatomic molecules and more generally in linear 
molecules, in which the field has cylindrical symmetry, the component 
of the magnetic moment along the axis of the molecule is still a multiple 
of the Bohr magneton. But, if the field is of a sufficiently low sy mm etry 
and is sufficiently strong, the orbital magnetic moment of the electrons 
turns out to be zero. This is in fact a very common occurrence in 
polyatomic molecules and crystals. Magnetic moments which differ 
from zero but are not multiples of a Bohr magneton occur in fields wth 
a sjonmetiy of three- or more-fold axes. If the symmetry is even lower 
but the microscopic field is extremely weak, the magnetic moment de¬ 
pends on the strength of the external field and vanishes when the 
external field goes to zero. 

In addition to the orbital magnetic moment, electrons possess a 
magnetic moment connected TNith their spin. The magnitude of this 
moment is one Bohr magneton which may seem somewhat surprising in 
view of the fact that the spin angular momentum is only one half the 
unit h/2T. Thus relation 9.2(3) does not hold for the spin.f The re¬ 
sultant of spin and orbital magnetic moments can be obtained by add¬ 
ing the vectors which represent the two moments. The resultant vniU 
be, in general, no longer a multiple of the Bohr magneton, but it can be 
calculated in terms of Bohr magnetons by the quantum-mechanical 
vector-addition rule. 

In contrast to the behavior of the orbital magnetic moment, the spin 
magnetic moment cannot be quenched by microscopic electric fields. 
The only coupling to which spin is subject in atoms, molecules, or crys¬ 
tals is coupling to magnetic fields, other magnetic moments, or other 
spins. 

• Strictly speaking, this holds for the components of angular momentum and 
magnetic moment along a given direction. The actual length of the angular-momen¬ 
tum and magnetic-moment vectors is given according to quantum mechanics not 
by an integer I multiplied by an elementary angular momentum or magnetic moment^ 

but rather by -f- 1) multiplied by the elementary quantity. 

t ThU actually is a consequence of relativistic quantum mechanics. 
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9.3 TEMPERATURR-DEPEXDENT PAliAMAGXETISM A 

paramagnetic substance is a magnetic analogue of a dieJecfric sub¬ 
stance. In an isotropic paramagnetic substance, a magnetic field in- 

fielT I” magnetic moment whicli is parallel to tlie magnetic 

feld. The paramagnetism of many substances shous a temiieraturi' 

Dart of th^d^V r-temperature tiependence of that 
part of the dielectric constant nhieh is due to electric dipoles. In these 

substances the paramagnetism is actually produced I)v magnetic dipoles 

hieh can onent themselves freely in an outside magnetic field 

By an argument which is similar to that given in section 5.4 we find 

that the magnetization, that is. the magnetic dipole per unit volume 
induced by a magnetic field //is » i lu ^ ummc 


where is the number of magnetic dipoles per unit volume 
we obtain for the magnetic perincabilitv * 


9.3(1} 


Prom tliis, 


1 + 


Tat 


9.3(2) 

The temperature-dependent paramagnetism previously described is of 
course found only for substances which do possess a magnetic momlt 
Such substances are relatively rare because in saturated compounds 

“i: 

and 

lar axis. The temperature dependence of the paramagnetism 

tro^c ,’’5' “““ “>« molecule has two low elec! 

tronic levels. In the lowest level the spin and orbital magnetic moment 

cancel each other so that at low tcmperat.ure.s the paramagnetism dis 
orhifr' ^ temperature the next level in which the 

jr“■:r:;; r 

onginatea from spin alone, ite value is + o) If h^i, fh V ^ 

contribute or if the orbital magnetic rnom^nf u t.oth the orbit and the spin 

expressions are obtained. Partly quenched, more complicated 
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I ,St) 

cimplinp: inside atoms, moleeiilcs, and crystals, it is not unusual to en¬ 
counter a situation similar to tluit just mentioned. Levels which differ 
only on relative orientation of magnetic momcnt-s within an atom are 
apt to lie so close to each other that the temi)crature energy suffices to 
cause transitions between these le\'(*ls. 

An extensive class of paramagnetic substances is afforded by crj^stals 
containing rare-earth ions. The paramagnetism is due to the magnetic 
moments of the inner incomplete shell. This shell is sufficiently far 
inside the ion so that the mic-roscopic fickls of the crystal though having 
a noticeable effect do not complicate the calculation of the paramagnetic 
susceptibilities too greatly. Investigation of the magnetic properties of 
these ions has helped materially in clarifying the electronic structure of 
the incomplete inner shell. 

Paramagnetism apjK‘ai>5 in other transition metal ions, but in these 
the incomplete shells arc less completely shielded from the influence of 
tlio crystal field, and thus the theory of paramagnetism for these com¬ 
pounds is more involved. Paramagnetism of these ions may neverthe¬ 
less serve as a guide in finding the electronic configuration in complex 
ions. According to tlie kiml of co-ordination, the number of orbits on 
the central ion available for the electrons participating in the co-ordina¬ 
tion bond may vary, and magnetic measurements can furnish informa¬ 
tion about the configuration of these electrons. This method has been 
used by Pauling to distinguish between the tetrahedrally co-ordinated 
doubly charged nickel ion in 




NH, 
✓ * 

✓ 


s 

^nh, 


and the doubly charged nickel ion with plane co-ordination, 


(CN) 


(CN) 

N ✓ 

< N 


(CN)' 


(CN)' 


In the latter, eight electrons of the four co-ordination bonds (sho^vn by 
dotted lines in the formula) must be distributed among four orbits (one 
3d orbit, one 4s orbit, and two 4p orbits) which results in complete pair¬ 
ing of the electrons. Correspondingly no paramagnetism is observed. 
In the tetrahedral compound, five orbits (one 3d orbit, one 4s orbit, 
and three 4p orbits) are available for eight electrons of the co-ordination 
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bunds. Two spins remain uncompensated, and the substance is, there¬ 
fore, paramagnetic. (See section 8.1).) 


9.1 MAGNETISM AND THE PRODUCTION OF LOW TEM- 
PERATURliiS The magnetic properties of rai-o-earth salts have been 
used to produce temperatures well below 1® N. We shall outline the 
principle on which this method is based. 

Low temperatures arc usually produced by transition of a system 


from a state of loAver eneig,v and small a priori probability to a state of 
higher energy and great a priori probability. The most common exarn- 


l)le of such a process is evaporation, in which process the molecules 
absorb enei-gj-^ in order to get into the vapor phase. The practical limi¬ 
tation of using such processes in the production of low teinp(‘ratures is 
that after the temperature has been decreased to a certain extent almost 


all molecules uill remain in the state of lowest energy. In order to reach 
low temperatures one must therefore utilize processes in which the 
change of energy is sufficiently small so that the process docs not die 
off oven at low temperatures. The fact that magnetic interactions are 
small, particularly if the magnets are not too close to each other, has 
the consequence that the orientations of magnetic moments retain their 
mobility even at very low temperatures. 

The following procedure has been applied. A paramagnetic rare- 
earth salt is brought at liquid helium temperatures into a strong magnetic 
field. According to expros.sion 9.3(2) the poi-meability at low tempera¬ 
tures is very high. By using sufficiently strong fields we can line up all 
atomic magnets with the external field.* In orienting the dipoles, the 
energy of the dipoles is lowered, and the heat thus released is carried 
away by the liquid helium. Then the .system is as far as possible iso¬ 
lated against further heat exchange, and the magnetic field is slowly 
diminished until it reaches zero. During the process the magnets re¬ 
sume random orientation. This proce.ss is occurring while the magnetic 
field is still different from zero, so that the magnetic dipoles perform 
work agaimst the magnetic field. The required enorgj' is furnished from 
the store of heat energy of the substance so that the temperature is 
lowered. Factors limiting the temperatures which can be reached by 
thi.s method are (1) interaction between the magnets which causes them 
to occupy fixed relative orientations if the temperature becomes too low, 
and (2) the .slowness of exchange of energy between various degrees of 
freedom. We cannot completely escape both of these difficulties since 


• In this of saturation, the formulae 9.3(1) and 9.3(2) no longer apply. They 
were derived on the assumption tliat the orienting effect of the magnetic field intro¬ 
duces a small perturbation into the originally Isotropic distribution of magnets. 
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liitrli valuf's of inlorju-tioii provpiit mobility, whoroas too low interactions 
cause r<|uililu'imn to lx* establishcil very slowly. 


9.0 Fr:PxHOMAGXETIS:\I AcronlinK to formula 9.3(2) paramaR- 
netism can be (‘iihanced by lining up a muuber of magnets parallel with 
eacli otln'r. If for instance in an ass(‘mbly of magnets, pairs of magnets 
were always forced to be ])arallel, we could reijlacc A magnets of mo¬ 
ment n b\- A’ 2 magnets of moment. 2ju. In the combination AV^ which 
oiit('rs ill eipiations 9.3(1) and 9.3(2), N is ticcreaseil by a factor but 
M" is increasetl by a factor -1, and the paramagnetism is enhanced by a 
factoi- 2. In haromagnetic substances veiy great numbers of elementary 
magnets arc tied together into a so-called elementary domain. Accord¬ 
ing to the state of the crystal, the large magnetic moment of an elemen¬ 
tary domain may be tied rather tightly to certain directions in the crys¬ 
tal or else may be relatively free to change its orientation. The first is 
usually the? case in a lattice full of irregularities such as hard iron. If 
such a substance is once magnetized, the clemi'iitaiy domains remain 
lined up, aud we have a permanent magnet. In a more regular lattice, 
for instance soft iron, the elementary domains may return more easily 
to random orientations when the external field is removed.* 

The main problem in explaining ferromagnetism is to understand the 
nature of the forces that cause the magnetic dipoles to remain lined up 
with cacli other. One can show that in iron and in similar substances, 
the orbital contribution to tlie magnetic moment is quenched by the 
field of the crystal, and wo need consider only the electron spin. Free 
spins arc indeed available in the incomplete d shell. In discussing the 
chemical bond, we have seen that forces causing relative orientation of 


spins may bo due to the operation of electrostatic interaction between 
electrons and the Pauli principle. If in particular the symmetrical 
orbital wave function of two electrons has a lower energy than an anti- 
symmetrical orbital wave function, then in the more stable wave func¬ 
tion the spins will be opposed. This is the case in the lower state of the 
hydrogen molecule, for the electron pairs in the valence-orbit picture, 
and in general always when a maximum number of electrons are to be 
packed into a given number of states. But in the transition elements 
there is a surplus of free orbits, and under tliis condition there is no 
reason why the antisymmetrical state should not be the lowest. In this 
antisymmetrical state the spins must be parallel according to the re¬ 
quirements of the Pauli piinciple. 

• Electric as well as magnetic dipoles have sometimes the tendency of parallel 
orientation within extended domains of some crystals. This occurs, for instancy 
in KH 2 PO 4 and BaTiOa- The resultant electric phenomenon is called ferroelectnci y 
and is analogous to fcrromagnetisni. 
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At high temperatures fenomagnets become weaker, the magnetic 
moment of an elementary domain decreases, and at a certain tempera¬ 
ture, the Curie point, ferromagnetism changes into temperature-de¬ 
pendent paramagnetism. If the Curie point is ai)i>roached from the 
high-temperatine side, the paramagnetism increases and becomes 
infinite at the Curie jjoint. It is easy to understand qualifati\el\’ these 
effects. We shall start at low temperatures where the sjuns within an 
elementary domain are perfectly ordered. With rising temperatuit; the 
distribution of spins becoriu's more random, and the moments of the 
domains decrease. The preferred orientation of each spin in the domain 
is determined by the action of the other spins in the domain so that, ns 
disorder within the domain increase.^, the average orienting forces on 
each spin becomes smaller. Thus disorder will increase with rising 
temperature at an accelerated rate, and at the C’urie temperature the 
magnetic moment of the domain has become erjual to zero .save for 
fluctuations. The fluctuations consist of correlations between neighbor¬ 
ing magnetic dipoles; they cause the paramagnetism, immediately abo\'e 
the Curie point, to have exceptionally high values. The enc'rgv needed 
to introduce random orientation of the spins also causes a specific heat 
anomaly at the Curie point. 


The value of kT at the Curie point gives the order of magnitude of 
the coupling between the spins. This energy turns out to be of the 
order of one tenth of an electron volt and is thus considerably smaller 
than energies of bond foi-mation. The relatively small energy value 
may be explained by the fact that the inteiacting elections are located 


at relatively great di.stances in the internal shells of different atoms and 
that the overlap of their wave functions which determines the relative 
spin orientation is small. We might perhaps expect that by bringing 
incomplete orbits closer together substances with higher Curie points 
might be produced. There are tw’o reasons which make thi.s expecta¬ 
tion somoNvhat doubtful. First a variety of ferromagnetic suhstances is 
already known, and though some of them have quite low’ Curie points 
none has a Curie point higher than 2000° K. The second reason is that 
if the incomplete shells approach too closely to each other and if their 
functions begin to overlap considerably, we may expect that the inter¬ 
action of the electrons in these shells becomes similar to the usual inter¬ 


action of electrons in the outer shell, namely, that an atti-action between 
electron pairs is associated with symmetrical orbital wave functions and 
opposed spins. 

According to experimental evidence, conditions for the occunenee of 
ferromagnetism are satisfied if few electrons arc missing from the 3d 
shell. Thus iron, cobalt, and nickel are ferromagnetic, but copper in 
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w liieh tlie slicll is filh'cl is not, ferromagnetic, and neither is manganese 
in wliicli apparently too many electrons are missing from the 3d shell. 
In tiiis connection it is interesting to note tliat ferromagnetism has been 
observed in eoi^per-manganese alloys in wliich apjiarently some of the 
copper electrons are transferreil to tlie manganese atoms. 

n.() TKMPKRATrRE-IXDl-:PKXDEXT PARAMAGXETISM AND 
DIAMACIXIOTISM The efTects dLscu.ssed in the irrevious sections 
ai'o exhibited only by a small fraction of substances. The magnetic 
cffect.s in most suh.stances are considerably weaker than those found 
for h’rromagnetic substances and the typical temperature-dependent 
paiamagnetic substances. In addition, the magnetic propertie.s of most 
substances do not depend sensiti\ely on the temperature. 

One class of these more usual substances contains many of the metals 
and shows a weak tcmfjcrature-indepcndent paramagnetism. To ex¬ 
plain this we must consider the distribution of electrons in the partially 
lillecl Brillouin zone of the metal. In the absence of a magnetic field, 
spins of both orientations occur equally frcciuontly. But in the presence 
of a magnetic field the electrons will lend to have magnetic moments 
which are parallel to the magnetic field. This they can accomplish 
without violating the Pauli principle, if electrons with spins opposed to 
the field and having the highest kinetic energy arc transferred to empty 
state.s in the same Brillouin zone in which the kinetic energy is some¬ 
what higher and the spin is parallel to the field. The rise in the kinetic 
energy is at first overcompensated by a decrease in magnetic energy, 
Init, after a number of electrons have made the transition just described, 
a too great change in kinetic energy will be necessary to transfer further 
electrons with spins ojjposed to the field into states with spins parallel 
to the field. It is seen that the circumstance limiting the number of 
electrons that can change their spins does not depend on temperature. 
It can be verified by simple calculations that the afore-mentioned ideas 
load to a paramagnetic permeability of the magnitude observed in most 
metals. 

A very great numoer of substances have a magnetic susceptibility 
which is smaller than 1. This means that a magnetic field induces in 
these substances magnetic dipoles which are opposed in direction to a 
magnetic field. These substances are said to be diamagnetic. Diamag¬ 
netism is as a rule a smaller effect than the temperature-dependent 
paramagnetism discussed in section 9.3. 

Diamagnetism is in more than one way analogous to that part of the 
dielectric constant which is due to the polarizability of atoms or mole 
cules. It is a small reaction to magnetic fields found in such systems 



191 


TEMPEllATUIUvINDEPKNDENT PAPAMACJNETISM 


which have no permanent magnetic moment. For .‘saturated substances 
absence of a permanent magnetic moment is the lule, and this accounts 
for the great number of compounds belonging to this class. Diamag¬ 
netism is as a rule temperature-independent. The reasons for this arc 

si^ar to the reasons for tlie temj)erature independence of tlie dielec¬ 
tric constant in nonpolar substances. 

The explanation of diamagnetism is connected with the effects that a 
changing magnetic field has on charged bodies. Time-dependent mac¬ 
roscopic magnetic fields are known to induce currents in closed wiios, 
and the resulting circular current has a magnetic moment. If initially 
no magnetic field is present and the field strength is then subsequently 
increased to a finite value, the induced magnetic moment is opp<xsed in 
direction to the magnetic field. Fntlor ordinary circumstancc.s, the in¬ 
duced current is of course soon damped out by the resistance of the 
vire. The simplest way of explaining diamagnetism is to consider an 
atom as a microscopic cond\ictor whose resistance is zero. Then it is 
clear that when a magnetic field is applied a current is induced which 
produces a magnetic moment opposed to the field. In the absence of 
resistance, this moment persists as long as the magnetic field remains 
unchanged. In view of the fact that electrons move in an unhindered 
way in the atom and that in stationary orbits they cannot lose energy 
by collisions, the picture propo.sed here is not unreasonable. Diamag¬ 
netic susceptibilities can be calculated by incorporating the magnetic 
and induction forces into the differential equation describing the atom. 
A really quantitative calculation can be performed, of course, onlj' for 
those systems whose wave functions in the absence of a magnetic field 
are already known. 

A few substances have large diamagnetic susceptibilities, and these 
susceptibilities often exhibit a rather complicated dependence on tem¬ 
perature and field strength. One striking example is metallic bismuth. 
The effect is due to the magnetic induction acting on the free electrons 
in the metal. In itself this should be a small effect, but if a Frillouin 
zone is very nearly full or if one has just been started, then the electrons 
may act as though they had a very small effective mass, and in this case 
the theory does predict strong diamagnetism. Another example of a 
substance with high permeability is graphite. It may be seen from 
Figure 8.23(1) that if graphite has incomplete Brillouin zones only few 
freely moving electrons and holes are to be expected, and all of these 
are close to boundaries of zones. It is also interesting to note that the 
diamagnetism of graphite has the anomalously great value only if the 
magnetic field is applied in a direction perpendicular to the strongly 
bound planes of graphite. Indeed electrons vill be affected by the 
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ma^ctic induction much more strongly if the induction forces lie in 
the graphite planes. This is the case if the magnetic field is perpendicu¬ 
lar to these planes. 

Superconductors act in some respects like infinitely diamagnetic 
substances. Tn fact, it is not quite clear whether, in describing this as 
yet unexplained phenomenon,* we should consider infinite conductivity 
or infinite diamagnetism as the main feature. If in the macroscopic 
model for diamagnetism which has been used previously the conducting 
clo.sed wire were replaced by a superconductor, the magnetic moment 
induced by the field would persist indefinitely. 

• By infinite diamagnetism we mean .such diamagnetism which completely expels 
magnetic force lines from the substance in question. 
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10.1 INTRODUCTIOX In the development of quantum theor\', 
the emphasis on spectroscopy was so great that sometimes it seenu'd as 
though quantum theory itself were merely a tool for finding spectro¬ 
scopic rules. As quantum mechanics became a completed branch of 
physics, it was found to play the same rule for atomic and subatomic 
phenomena as is plaj'cd by ordinary mechanics in the description of 
macrophysics. Spectroscopy retains, however, its importance as a direct 
method of finding atomic and molecular energy levels. 

We shall be interested here in the method of getting such infoimation 
from spectra and also in the general results to which these methods 
lead. Molecular spectroscopy will receive much more attention than 
atomic spectroscopy, some results of which have already been mentioned 
in connection with the theory of the hydrogen atom and the periodic 
table. 

We shall consider in this chapter those spectra which are connected 
with molecular vibrations, that is the infrared and Raman spectra. In 
the following chapter the electronic spectra of atoms and molecules are 
considered. 

10.2 MOLECULAR VIBRATIONS A diatomic molecule can vi¬ 
brate in one definite manner. The vibration consists in the periodic 
change of the interatomic distance. If during the vibration the dis¬ 
placements from the equilibrium distance are small, then it is justifiable 
to assume that the restoring force varies proportionally to the displace¬ 
ment. Of course, in any actual molecule the dependence of the restoring 
force on the displacement contains quadratic and higher terms, but for 
small displacements these can be neglected. If we restrict the discus¬ 
sion to that of a linear dependence of the restoring force on the displace¬ 
ment, we obtain the model of a harmonic oscillator. The linear-force 
law is called the harmonic-force law, and the resulting sinusoidal varia¬ 
tion of displacement with time is called harmonic oscillation. Accord¬ 
ing to a simple classical treatment we obtain, for the displacement x, 

X — a sin 2wvt or x = a cos 2?rrt 10.2(1) 
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where a is the amplitude of the vibration and v is the frequency. Tiie 
two formulae differ only in the phase of the vibration. Linear combina¬ 
tions of the sine and cosine wouUl give other possible phases. The fre¬ 
quency may be calculated from the proportionality constant k between 
restoring force F and displacement. {F — —kx, the minus sign indi¬ 
cating that the direction of the force is opposite that of the displace¬ 
ment.) The frequency is given by 

10.2f2) 

,111 , 

where n is the reduced mass of the two atoms I - =-1-> 

\fi 7^2 

m 2 being the masses of the atoms 

According to quantum mechanics, the possible energies of the har¬ 
monic oscillator are (n + \)hv where n can be zero or any integer. The 
lowest energy level n. = 0 lies by the amount \hv above the minimum 
of the potential energy corresponding to the equilibrium distance. This 
residual energj'^ which the harmonic oscillator necessarily retains even 
at the absolute zero is called the zero-point energy. Its presence is due 
to the fact that according to the uncertainty relation one cannot localize 
the two atoms at c.xactly their equilibrium distance from each other and 
at the same time make the momentum and with it the kinetic energy 
exactly equal to zero. Thus the same reason which explains why the 
electron of the hydrogen atom does not fall into the proton also pro¬ 
hibits a harmonic oscillator from being absoluteb' at rest in its precise 
equilibrium position. 

The vibrations of polyatomic molecules present a more complex 
picture. If by the displacement of atoms strains are produced in the 
molecule, an apparently disorderly motion results. There are, however, 
some vibrations, called normal vibrations, for which the motion is 
simpler. In a normal vibration, all atoms move in straight lines, and in 
addition all of them move in phase, their displacement changing ^^dth 
time in a sinusoidal manner. Thus each normal vibration has a certain 
characteristic frequency. On the other hand, the amplitude of t e 
normal vibration can have any value. All this holds only if the forces 
are harmonic, that is, if they depend linearly on the atomic displat^ 
ments from the equilibrium positions. For small displacements, t e 
assumption of harmonicity is permissible. Even harmonic forces may 
be quite complicated since the components of the force acting on any 
atom may depend on the components of displacement of any other atom. 
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We can show that the number of dilTorent normal vibrations is c(]ua] 
to the number of ^■ibr^^tionaI degrees of freedom, 'i'his numl)er is ob¬ 
tained by taking the total number of degrees of fre(‘dom of tlie mole¬ 
cule, that is, the number of indepemleiit ways in which atom.s of the 
molecule can move, and subtracting the tran.slational and rotational 
degrees of freedom. For an «-atomie molecule the total number of 


degrees of freedom is Zn\ there are always thrc'c translational degrees of 
freedom and mostly throe rotational degree.s coiaesponding to three 
independent rotations of the molecule about thiee j)erj)(*ndic'ular axes. 
But for linear molecules only two rotational degrees of frcerlom oxi.st 
since the rotation around the molecule axi.s docs not displace the atoms 
and must therefore not be counted as a <legree of freedom. Altogether 
we find 3n - G vibrational degiees of freedom and the same number of 
independent normal \ibrations in a nonlinear molecule. I'lie corre¬ 
sponding number for a linear molecule is 3« — 5. 

The knowledge of all normal vibrations of a molecule makes it possi¬ 
ble to describe all the vibrational motions in a comparatively simjile 
manner. Ibis is possible because of two facts. The first is tliat normal 
Vibrations may bo simply superposed, by which no mean that from two 
or more normal vibrations wo can construct an actual vibiation of the 


molecule in which the displacement of each atom at eacrh lime is the 
sum of displacements which that atom would have according to the 
several normal vibrations. The second fact is tliat the normal vibra¬ 
tions form a complete system, by which we mean that any di.splaccment 
in which no translation or rotation is involved can bo obtained by 
superposing displacements cliaractcri.stic of normal vibrations. A fur¬ 


ther very helpful fact is that, as a general rule, superposed normal vibra¬ 
tions not only proceed independently of each other but also give rise to 
independent effects in the various spectra. Therefore, ajiart from cor¬ 
rections and exceptions to be discussed later, the influence of each nor¬ 
mal vibration on the spectmm can be considered by itself. 


10.3 SYMMETRY OF NORMAL VIBRATIONS If in a molecule 
of known configuration the linear relation between restoring forces and 
displacements i.s given, it is possible to calculate the frequency and the 
form of the normal vibrations. However, the calculation is complicated 
for polyatomic molecules, involving as it does the solution of an equa¬ 
tion of high order. In practice the opposite problem usually arises. 
The frequencies can be determined experimentally, and in addition some 
information may be obtained about the forms of the vibrations. From 
these data we wish to find what kind of forces arise when atoms are dis¬ 
placed. These forces arc of direct interest in molecular structure and in 
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chemistry since they insure the stability of the molecule and may enter 
iti (juantitative considerations of the mechanisms of chemical changes. 

Unfortunately in most cases the experimental facts about the normal 
vibrations are too few to permit the calculation of all force constants. 
But the problem can be greatly simplified and sometimes completely 
.solved by taking into account the molecular symmetry and the sym¬ 
metry of the normal \dbrations. In fact, considerations of symmetry 
often make it possible to find the form of normal vibrations without 
making lengthy calculations. 

For the discussion of the \’ibrations of diatomic molecules, symmetry 
need not be considered, since for each molecule only one mode of vibra¬ 
tion exists. One of the simplest examples among the polyatomic mole- 
^ ^ cules is carbon dioxide. The three atoms of this 

o c o molecule lie in a straight line, and the two oxy- 

^ ^ . gen atoms are at equal distances from the car- 

Fio. 10.3(1). Totallysvin- i * nr m at. i. i j 

metrical vibration of car- 

bon dioxide. of vibration exists in the course of which the 

complete sjTTimetry of the molecule is preserved. 
In this vibration the carbon atom remains at rest while the tAvo oxygen 
atoms move at the same rates in opposite directions. The displacements 
in this vibration are shown by arrows in Figure 10.3(1). It is evident 
that the vibration just described is a normal vibration. In fact, sym¬ 
metry insures that the carbon atom A\ill remain at rest Avhile the equal 
displacements of the oxygen atoms produce equal forces so that the two 
oxygen atoms continue to move in phase. The reason why it is possible 
in this case to guess the fonn of a normal vibration \rithout any calcula¬ 
tions is that carbon dioxide possesses just one normal vibration of this 
symmetry type. Whenever we can construct more than one normal 
vibration of the same sj'mmetry type, the form of the normal vibrations 
will depend on the force constants of the molecule, and more detailed 
calculations cannot be avoided. The carbon dioxide vibration men¬ 


tioned is an example of a totally S5nnmetrical vibration. 

The remaining normal vibrations of carbon dioxide can also be ob¬ 
tained by using symmetry arguments alone. In these vibrations the 
two oxygen atoms move by equal amounts and strictly parallel to each 
other, while the carbon atom moves in the opposite direction, and its 
amplitude may be obtained from the rule that in a normal vibration 
the center of gravity of the molecule does not move. The vibrations 
which we are considering include two different types. In the one, all 
atoms move along the molecular axis. This vibration is shoAATi in Fig¬ 
ure 10.3(2). The symmetry properties of this vibration are described 
by the statements that the vibration is symmetrical to certain sym- 
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Fio. 10.3(2). Normal vi¬ 
bration of carbon dioxide, 
Thi.s vibration is char¬ 
acterized by the statc- 
Jiient that it is antisym- 
melrical to a plane passing 
through C and perpen¬ 
dicular to the molecular 
axi.s. 
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metry elements while it is antisymmetrioal to others. We shall say 
that a normal vibration is symmetrical to a certain symmetry operation 
if the \ibration remains unchanged when the symmetry operation in 
question is performed. For instance one operation belonging to a sym¬ 
metry of carbon dioxide is reflection in any plane which contains the 
molecular axis. The vibration just described remains unchanged under 
the influence of this symmetry operation since the motion takes place 
along the a.xis. A vibration is called antisymmetrical to a symmetry 
element if the phase of the vibration is reversed 
by the reflection. For instance the vibration 
under discussion is antisymmetrical to the re¬ 
flection in a plane which is perpendicular to 
the molecular axis and which passes through 
the equilibrium position of the carbon atom. 

It is also possible that the parallel motion 
of the oxygen and the opposite motion of 
the carbon atom take place perpendicularly 
to the molecular axis. This gives the last 
normal vibration [showoi in Figure 10.3(3)] 

of carbon dioxide. This vibration differs in one respect from those 
previously discussed, which were perfectly defined as soon as their 
amplitude was given. The vibration proceeding perpendicularly to tlie 
molecular axis may occur not only with an arbitrary amplitude but also 
in an arbitrary direction away from the axis. The vibrations in differ¬ 
ent directions have of coui-se the same frequency since they can be trans¬ 
formed into each other by rotations around the molecular axis. If as in 
the present case vibrations differing in more than their amplitude belong 

to the same frequency, we speak about a de¬ 
generate vibration. If the reason for the de¬ 
generacy lies, as in the present case, in the 
symmetry of the molecule, we talk about a 
necessary degeneracy in contrast to the ac¬ 
cidental degeneracies w’hich may occur if the 
force constants of the molecule happen to 
satisfy certain relations. 

There are infinitely many w-ays in which the carbon dioxide molecule 
can vibrate perpendicularly to the molecular axis. Yet we count this 
vibration as only two vibrations, or, in more technical terms, we speak 
about a twofold degenerate vibration. We do tliis because from two of 
these vibrations we can obtain by appropriate superposition any other 
^bration of the set. Thus the degenerate vibration corresponds to two 
degrees of freedom. This situation is siimlar to the well-knmvn case of 
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Fiq. 10.3(3). Degenerate 
vibration of carbon di¬ 
oxide. 


MOLECULAR VIBRATIONS 


] DS 

molecular translations. Although translations are possible in any 
direction in space, yet only three degrees of freedom correspond to trans¬ 
lations since all translations can be obtained by appropriate superposi¬ 
tion of translations in three pcrj)endicular directions. 

It is noteworthy that for degenerate normal vibrations we may and 
usually do apply a definition of normal vibrations which differs from 
the one given in section 10.2. Let us con.sider two vibrations which are 
])erpendicular to the carbon dioxide axis and also to each other. If these 
vibrations are superposed with a phase sliift, we find that all atoms 
move on ellipses rather than on straight lines. This motion in which all 
atoms still move with the same frequency is included in the usual def¬ 
inition of normal vibrations, and it is not required that all atoms move 
in phase and along straight lines. 

We have now desciibed all normal vibrations of carbon dioxide. This 
molecule has nine degrees of freedom, of which three belong to trans¬ 
lations and two to rotations. From the four vibrational degrees of free¬ 
dom, one is totally sj-mmetrical, another is not totally symmetrical while 
also not degenerate, and the two remaining degrees of freedom are 
accounted for bj' a twofold degenerate vibration. All other motions of 
carbon dioxide can be obtained by superposing the simple motions just 
described. For instance, if the carbon atom is displaced at an angle 
different from 90® to the molecular axis, both the vibrations parallel 
and perpendicular to the axi.s will be excited. Since these vibrations 
have different frequencies a complicated motion results. 

The types of normal vibrations found for carbon dioxide exhaust the 
possible kinds of normal vibrations for any molecule. If a vibration 
remains unchanged under all symmetry operations, then it is totally 
symmetrical. If the vibration does not remain unchanged under all 
symmetry operations but reverses its phase under the influence of some 
operations, then the vibration is nontotally symmetrical and nondegen¬ 
erate (at least, as long as accidental degeneracy is disregarded). If, 
finally, some symmetry operations cause a more profound change in the 
vibration than mere reversal of sign, then we have a (necessarily) de¬ 
generate vibration. Most of the degenerate \dbrations of molecules are 
twofold degenerate, but in molecules of cubic symmetry like CH 4 or 
SFe, threefold degenerate xdbrations occur (that is, vibrations where all 
the degenerate modes are obtained by the superposition of three inde¬ 
pendent vibrations). It may be observed that a degenerate vibration 
may be symmetrical or antisjonmetrical to some symmetr}' elements. 
For instance the degenerate carbon dioxide xibration is symmetrical 
with regard to reflection in the plane which is perpendicular to the 
molecular axis and passes through the equilibrium position of the car- 
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bon atom; and the same normal vibration is antisymmotriral with 
icspect to reflcctioji in the venter of svmmefrv 

lO.-f MOLECULAR ROTAI'IOX AvvordiiiK ('> classical iheorv, the 
rotation of a diatomic or a linear polyatomic molecule is (‘.\trcmel>' 
simple. Ihe rotation takes place around an axis whicli jiasses Ihrousii 
the center of gravity and is perpendicular to the molecular axis. The 
energy of rotation is given by the sipiare of tlie angular momentum of 
rotation divided by twice the moment of inertia. 

In quantum theory, the foregoing statements still remain es.scntiallv 
true, but one important addition must be made. In classical (hca.r'v 
the angular momentum can a.><sume any value, in quantum theory the 
angular momentum must be zero or an integral multijile of Plam-k’s 
constant divided by 27r. AVe may set tlio angular momentum .1/ 

J he fact that M is an integral multiple of h, 2ir is due to the 

owo’"® ''*^“'** atom gave rise to tlic values 0, 

Q i <‘ngular momenta of the .v, p. etc., electrons. 

Substituting j;i/27r into the classical expi-e.s.sion for rotational cnergv 
we obtain ’ 

~ 10.4(1) 


where I is the moment of inertia. Quantum-meehanieal calculations 
show that the foregoing expres.sion must he sliglitly nioditied and one 
obtains, for the rotational energy in (juantum theory, 


Hr.,, = 


+ 1 ) 


10.4(2) 


Ihe reason why the correct quantum exj)re.s.sion 10.4(2) differ.s from (he 
equation 10.4(1) obtained by .simple quantization of the angular momen¬ 
tum IS connected with the uncertainty principle. 4’he angular momen¬ 
tum must be repre.sentcd by a vector who.se direction is tiarallel to the 
axis of rotation. It can be shown that the tliree comiionents of the 
angular-momentum vector cannot be known accurately at the same 

uncertainty in the direction of the rotational axis 
which IS the more important the lower the angular momentum. Lack 
of accuiatc knowledge of the components of AT leads to the further con- 
•scquence that j in equation 10.4(1) must be replaced by j(i + 1 ) u 
may be seen that, though tliis elTcct increases with increasing^ values its 
relative importance compared to the total rotational energy deere^xr 
he formula for the rotational energj' levels of a linear molecule has 
been discussed m some detail, because this formula enables us to calc^ 
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late the interniiclear distance in a diatomic molecule from the rotational 
levels. By adjusting the formula 10.4(2) to empirical rotational 
levels we obtain the moment of inertia I, which is equal to the reduced 
mass of the two atoms times the square of their distance. 

Tile theory of the rotation of a nonlinear polyatomic molecule is more 
inv'olved according to both classical mechanics and quantum mechanics. 
The influence of rotation of nonlinear molecules has been analyzed in a 
few cases, and they have led to the determination of interatomic dis¬ 
tances. As examples may be mentioned water and methane. The 
method is essentially the same as for linear molecules; quantization of 
the angular momentum leads to discrete rotational energy levels, the 
values of which depend on the moments of inertia. From these the 
internuclear distances may be determined for sufficiently simple 
molecules. 

Further complications arise if the interaction of rotation and vibra¬ 
tion is taken into account. In fact, rotations and ■vibrations can be 
discussed completely separately only as long as all vibrational ampli¬ 
tudes are small compared to interatomic distances. If atoms are held 
very loosely in their equilibrium positions, displacements become too 
large, and interaction of vibration and rotation becomes important. 

10.5 THE INFRARED SPECTRUM The mechanism of emission 
of radiation is the production of electric and magnetic fields by oscillat¬ 
ing electric charges. Molecular vibrations and rotations produce peri¬ 
odic oscillations of charges and give rise to emission (and absorption) of 
radiation. The frequency of this radiation is of course equal to the fre¬ 
quency of the molecular motion in question, and thus direct information 
about the latter frequency may be obtained. These frequencies lie in 
the infrared region. The well-known ■vibrational frequencies are mostly 
between 10*^ and 10*^ vibrations per second, while some vibrational 
frequencies and practicaUy all rotational frequencies are still lower. 

The study of frequencies lower than vibrations per second be¬ 
comes increasingly more difficult so that most data refer to the higher- 
frequency region. The wavelength of the radiation in the important 
frequency region 10*^ sec.”* to 10*^ sec.”* varies * from 30 X 10”^ cm. 
to 3 X 10”^ cm. It is usual to give the reciprocal value of the wave¬ 
length which is called the wave number. The advantage of using wave 
numbers is that they are proportional to the frequencies of radiation 
and also to the energies of the light quanta. In the region mentioned, 
the wave number varies roughly between 300 and 3000 wavelengths per 

• Vibrations in which lengths of bonds containing a hydrogen atom are stronglj 
affected often have frequencies slightly above the upper limit of this range. 
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centimeter, or, if the ciistoiujuy notation is used. Ijotween 300 cm 
and 3000 cm.“h 

lO.G SELECTION RULES Though all vibrational and rotational 
frequencies absorb radiation, tlie ditTcrence in absorjition for <]if'feiont 
kinds of motion is extremely groat. Many nbrations or rotations alisorb 
i^diation so weakly as to be practically unob.s<‘rvabIe in the spectrum 
I he corresponding s|>ectral lines are called forbidden linos. It is ea.s\' 
to understand the difference Ijctween an allowed and a forbidden ^-ibra- 
tion by considering an examph* for each fvpe. 

During the vibration of the HC'l molecule a net displacement of 
charge accompanies the vibration, and so the molecule emits and ab¬ 
sorbs radiation just as strongly as an isolated vibrating charge would 
Ihis vibration is allowed and shows up in the infrared spectrum. 

In the nbration of the molecule, a di.splacement of charges again 
takes place, but no net displacement is produced by the \'ibration. In 
act, every displacement of a charge on one end of tiic molecule is bal¬ 
anced by an opposite displacement of a like charge on the other end. 
Ihese opposite displacements give ri.se to opposite values of radiated 
e ectnc and magnetic fields, and the sum total of the field intensity in 
the radiation is zero. Thus no radiation is emitted, and it can also bo 

shown that none is absorbed. The vibration is therefore forbidden 
in the infrared. 

Though It would appear from the pretdous paragraph that the vibra¬ 
tion of Nj cannot give rise to any radiation, this statement is not abso- 
lutcly correct. If it is taken into account that electric and magnetic 
fie ds are not established instantaneously but spread with the finite 
velocity of light, it is found that, by the time the electromagnetic effect 
produced by one end of tlie molecule spreads to the other end, the dis- 
piacement at the other end has undergone a slight change of pliasc. 

us the cancellation of the effects of displacements at the opposite ends 
of the molecule IS not complete. But the fraction of the electromagnetic 
field that IS not canceled is veiy much smaller than the original field. 

he latio is obtained if the linear dimension of the molecule is divided 
by the wavelength of the emitted radiation. This ratio is IQ-* and 

rnen?'" emission and also the probability of absorption 

depend on the square of the field, the forbidden frequency may be ex- 
pected to appear with 10« times smaller intensity than an alloLd fre- 

It is easy to find a criterion distinguishing allowed frequencies like 
e vibration of HCl from forbidden frequencies like the vibration of 
Na. Tor our present purpose it is permissible to consider tlie molecule 
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as cDinposecl (1) of positive charges at tlie positions of the nuclei whose 
motion we shall think of as proceeding accoj-ding to classical mechanics, 
and (2) of a negati\e-charge cloud corresponding to the probability 
distiibution of the elections which arc described according to wave 
mechanics. When the configuration of the nuelei varies, the charge 
cloud of the electrons varies along with it. If in the course of a vibration 
or rotation the dipole moment of the whole system is changed, then the 
motion is accompanied by a net displacement of charge, and the cor¬ 
responding frequency is allowed. If, on the other hand, the dipole 
moment remains unchanged during the vibration, the transition is for¬ 
bidden. More specifically, the intensity with which the frequency of a 
molecular motion appeai-s in the spectrum is proportional in very good 
approximation to the square of the change in dipole moment produced 
during the motion. 

The rule which distinguishes between allowed and forbidden fre¬ 
quencies is called the selection rule. The appearance of a forbidden 
frequency in a spectrum is called a violation of the selection rule. One 
instance of such a violation has been <lescribed for the vibration of the 
N 2 molecule. Schematically, the effects of the No vibration can be rep¬ 
resented by the simultaneous vibration of two opposite dipoles. A 
charge distril)ution consisting of two opposite dipoles is called a quad- 
rapole, and the resulting weak radiation is a quadrupole radiation, in 
contrast to the usual dipole radiation. 

Selection rules may be violated for other reasons. For instance, 
while an N 2 molecule happens to be in a state of collision, its charge 
distribution may be sufficiently perturbed, so that complete cancella¬ 
tion of the dipoles produced by the ^^b^ation no longer occurs. It is 
clear that all selection rules which are based on the symmetiy of molecules 
may be violated by collisions. But the resulting intensities remain small. 

10.7 THK PURE ROTATIONAL SPECTRUM If a rotational 
frequency appears by itself in the infrared, we talk about a pure rota¬ 
tional spectrum. The name serves to distinguish the pure rotational 
spectmm from the rotational structure of Wbrational or electronic bands 
in which the rotational frequency is superposed on a vibrational or elec¬ 
tronic frequency. During a rotation the dipole moment of the system 
changes if the molecule possesses a permanent dipole moment. Change 
in direction of this dipole moment amounts to an oscillation of the 
charge, and the pure rotational frequency will be present in the spec¬ 
trum. If the molecule has no permanent dipole, no change of dipole 
moment can occur during rotation, and the pure rotational spectrum is 
absent. 
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Appearance of tiie classical rotational fro(iucncies in the spcctnim 
corresponds in the quantum theory of a linear molecule to transitions 
between neighboiing rotational levels. The pure i-ota1ional spectrum 
wll have a different appearance according to classical theory and accord¬ 
ing to quantum theory. In classical theory the rotation can hiiVQ any 
frequency, and an assembly of molecnies will give nse to a continuous 
spectmm. In quantum-theory transitions between states j = {) ^ ] 

j = 1-^ 2, j = 2 ^ 3, etc., give rise to a diseiete sot of ecpiidistant 
rotational lines. In fact, the formula for the rotational oneigN’ 10.4(2) 
gives for the energy difference of the Jth and (i-f-l)th levels 
h^ij + and this energy difference yields the frequency 

h(j + l)/4n-^/. From the fi-ecpiencies, the moment of inertia I may be 
obtained which in turn determines the internuclear distance. It may 
be noticed that the quantized frequencies h<j + l)/-l7r“7 correspond to 
the riuantized angular momentum k(j + l)/ 27 r. 

The intensities of the rotational lines are proportional to llic square of 
the change in dipole moment occurring duiing a rotation. Since by 
rotation through 180® the permanent dipole moment is re^■L'rsed, tlie 
total change amounts to twice the permanent (lipole moment. Thus 
from intensity measurements in the pure rotational spectrum, the 
pci-manent dipole of a linear molecule may be obtained. I3ut intensity 
measurements are difficult and usually not very accurate. Therefore 
this method of deteimining <lipole moments is not a good one. 

The (iucstion arises whether transitions may occur between rotational 
states of a diatomic molecule which are not immediate neighbors. Such 
transitions would correspond in classical mechanics to overtones of the 
rotation, that is, to integral multiples of the rotational frequency. Such 
overtones are to be expected according to classical radiation theory 
whenever a motion is not purely harmonic. But the rotation of a linear 
molecule can he considered as the superposition of two puiely haimonic 
o.scillations which are 90® out of phase. Therefore overtones of the 
rotational frequency will not occur, and correspondingly no other tran¬ 
sitions than between neighboring rotational states must be expected for 
linear molecules. The more complete quantum theory of emission and 
absorption bears out this conclusion. 

The selection rule that for linear molecules only neighboring rotational 
states combine can be violated by collisions. In fact, collisions produce 
a nonuniformity in the classical rotational motion, and thus the rota¬ 
tion can no longer be obtained from pure haimonic motions. Since the 
rotation of molecules may be easily influenced by collisions, this viola¬ 
tion of the rotational selection rule may become important. It is inter¬ 
esting to note that in quantum theorj' the rotational selection lule is a 
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conseqiienoo of the symmetry of sj)aoe, according to which all orienta¬ 
tions of a molecule in free space are equivalent. If the presence of a 
second molecule disturbs this symmetry, the selection rule ceases to 
operate. 

Wc can f(jrmulatc the rotational selection rule for a linear molecule 
in another manner which brings out the more essential aspects of this 
S('le<-lion rule and which is ca])able of wide generalization. It has been 
noted that the angular momentum of the rotation can take on only 
integral multiples of h/'Iw. The rule that only neighboring rotational 
states may combine means, therefore, that a transition can occur only 
between states whoso angular momenta differ by one of the quantum 
units h/2w. This latter fonnulation is the more general one since it 
Iji'ings out the connection between the selection rule and the angular 
momentum which is closely connected with the symmetry in regard to 
rotations. In fact, the angular momentum is a characteristic constant 
of the motion of a system as long as symmetry with respect to rotation 
prevails. 

Quadmpole transitions give rise to transitions between rotational 
levels which arc second neighbors. In such transitions the angular 
momentum may change by two units h/2Tr. Such transitions have a 
small intensity compared to dipole transitions. In nonlinear molecules 
a more complicated nature of the rotational spectra arises because the 
rotational axis may have any direction vith respect to fixed axes in the 
molecule, and therefore the components of the angular momentum as 
well as its magnitude have a bearing on the rotational states and tran¬ 
sitions. This results in a much gi*eater number of states than were found 
for a linear molecule, and the resulting rotational spectra consist of many 
lines arranged in a complex manner. The selection rule governing this 
spectrum requires that the total angular momentum and also any com¬ 
ponent of the angular momentum which is a definite multiple of k/2ir 
must not change by more than one of the units, h/2T. It is, however, 
permitted that changes by =tA/2ir takes place or that no change occur. 

The complexity of the spectrum is particularly great for the asym¬ 
metric top molecules; as a rule all molecules fall into this class which 


possesses low rotational symmetry; in particular, no rotation smaller 
than 180® brings such a molecule back into a configuration similar to 
the original one. For instance, the water molecule which contains only 


a twofold axis (that is an axis about which rotation by 


360® . . , 

-is required 

2 


for performing a symmetry operation) passing through the oxygen atom 
and bisecting the H-O-H angle is an asymmetric top molecule. Its 
observed rotational lines are distributed all over the far infrared and 
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are still observable for as short a wavelongtii as al>out 10”'’ cm. Those 
weak rotational lines are quite important in influencing I lie weather In- 
absorbing the infrared radiation issuing from the heated surface of tlie 
earth. Ihis blanketing effect is the main factor in limiting the drop of 
temperature at night. 

The rotational spectrum of symmetrical top molecules is considerably 
simpler. These are molecules which have a higher axis of symmetry. 
An example is ammonia Avhose threefolil axi.s reproduces the original 


atomic configuration by rotation through 



Th(‘ pure rotational 


spectrum of such molecules is at fu-st siglit as simple as that of a linear 
molecule. But, according to theory, to each line in the .sjiectruin of the 
linear molecule there should correspond a great number of closely spaced 
lines in the symmetric top molecule. 


10.8 VIBRATIONS IN THE INFRARED SPECTRUM As a 
general rule vibrations have from 10 to 100 times greater frequency 
than rotations. Their absorption lines lie in the more accessible part 
of the infrared, in the region between 300 and 3000 wave numbers, and 
the investigations of vibrations have been much more numerous than 
studies of pure rotational spectra. Owing to the considerably higher 
frequency of vibrations as compared to rotations, it is permissible in 
first approximation to think of the molecule as retaining a fixed direc¬ 
tion in space during the period of one vibration. Thus vibrations may 
be discussed independently from rotations. 

According to classical theory, harmonic vibrations may give rise to 
absorption and emission of radiation only if the frequencies of the 
radiation and of the mechanical motion are the same. In quantum 
theory the harmonic -vibration has quantized energy levels of the mag¬ 
nitude (see section 10.2) 


E = hv{n-\-\) 10.8(1) 

where n is zero or a positive integer. We might expect perhaps that a 
transition may occur from any of the.se energy levels to any other energy 
level. But this would give rise to a multiplicity of energy changes and 
a corresponding multiplicity of possible emitted and absorbed frequen¬ 
cies, and thus quantum theory and classical theory would lead to essen¬ 
tially different results. The correspondence principle requires and the 
mathematical formalism of quantum mechanics confirms that in quan¬ 
tum theory as well as in classical theory the absorbed or emitted fre¬ 
quencies have the value v. This means in terms of the energy levels that 
the vibrational quantum number n must change from n to n -|- 1 during 
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an absorption process and from to n — 1 during an emission. Then in 
oacli case tiic cncrg>' change is hv, according to formula 10 . 8 ( 1 ), and the 
frcciuency of radiation is v. Thus we have obtained the vibrational 
selection rule that ti may change only by ±1 in close analogy to the 
rotational selection rule mentioned in the previous section according to 
which a change in j must be ±1 in the pure rotational spectrum of a 
diatomic molecule. 

In a polyatomic molecule possessing several normal vibrations, only 
such a radiation frequency may be absorbed or emitted as agrees with 
the frequency of one normal vibration. This is due to the fact that 
normal vibrations proceed independently of one another. In quantum 
theory the energy levels can be written as a sum of expressions 
hviirii + 5 ) where v, is a frequency of the fth nonnal vibration and n, i.s 
the quantum number of the same vibration. In order that the frequency' 
of the absorbed or emitted radiation shall agree ^\^th one of the fre¬ 
quencies Vi, we must introduce the selection rule that in an infrared 
emission or absorption process only -one of the quantum numbers n, 
must change and that the change shall be either -f-1 or — 1. The vibra¬ 
tional selection rules stated in the last two paragraphs retain their 
validity only as long as the vibrations are strictly harmonic. Excep¬ 
tions from these rules are discussed in section 10 . 10 . 

As an example we shall consider again the ^^brations of the CO 2 
molecule. During the totally sjunmetrical vibration, Figure 10.3(1), 
the dipole moment does not change since in this \'ibration the molecular 
symmetry is preserved, and this sjmimetry is incompatible ^\■ith a dipole 
moment. The nontotally sjonmetrical vibration which proceeds along 
the molecular axis. Figure 10.3(2), may produce a dipole moment. This 
can be seen most readily by attaching opposite charges to the carbon 
and oxygen atoms. Though such a model is certainly overeimplified, 
yet a vibration is not forbidden if an}' assumption consistent \\'ith the 
molecular symmetiy leads to a finite change of the dipole moment dur¬ 
ing the vibration. By the same argument and the same model it can be 
shoAvn that the degenerate CO 2 vibrations, Figure 10.3(3), may cause a 
change in dipole moment perpendicular to the molecular axis. Thus all 
nontotally symmetrical vibrations may appear in the infrared. Actu¬ 
ally two strong bands have been observed in the infrared at 650 wave 
numbers and 2300 wave numbers. Subsequent considerations show 
that the smaller frequency belongs to the degenerate vibrations. 

10.9 THE VIBRATION-ROTATION SPECTRUai We shall con¬ 
sider a diatomic molecule vibrating and rotating at the same time. The 
vibration causes a change in dipole moment which may be represented 
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at each instant by a vector of tlie maKnitinIo a sin 2Tru,J lying in tlie 
^rection of the molecular axis. Here a is the maximum change of the 
dipole moment, ami»/,. is the ^•il)^a 1 ional fre<iuenc>'. We shall choose the 
plane in which the rotation proceeds as the xt/ plane of a co-oi'dinate 
system. Then the vibration ma\' inteiact with radiation polarized in 
the .r or y direction. We shall consiiler the first of these two directions* 
light polarized in the // direction will behave in the same way. 

The emission and absorption of light polarized in the .r direction is 
due to the a- component of the vibrating dipole: a sin 27 r.,t cos ^ where 
•P IS the angle included by the instantaneous direction of the molecule 
and the x axis. Xhc dejiendence of ^ on time is described In' ^ = 2Trvrt 


P branch 


R branch 





Vu-^Vr 


The 


Fig. 10.9(1). Rotational -structure of a vibrational line (lijerruin tiouble band). 

structure shown is the one predicted by classical theory. 

where is the rotational frequency. The complete e.xpre.ssion for the 
X component of the vibrating electric moment can be written 

a sin {2irv^t) cos C27rv^0 = ^ [sin 27r(i/^ + v,)t + sin 27 r(i;„ - v^)t] 10.9(1) 

The last expression shows that the oscillating dipole moment can he 
considered as the .sum of two terms, the first varying with the frequenev 
+ V ; the second with the frequency - v,. Accordingly, wc see 
that the pure vibrational frequency cannot be absorbed or emitted. 
1 he two frequencies v„ + Vr and ~~ appear in the spectrum instead, 
bince the rotational frequency Vr is much smaller than the vibrational 
frequency «/„, the two actual frequencies lie close to the pure vibrational 
frequency It may also be observed that various molecule.s rotate 
with various frequencies Since each molecule emits a pair of lines 
a continuum of frequencies appears instead of the .single vibrational 
frequency. The shape of the rotational structure is shown in Fig¬ 
ure 10.9(1) in which the intensity is plotted as a function of the frt 
quency. The center of the figure corresponds to the pure vibrational 
frequency For this frequency the intensity vanishes. Toward 
shorter wavelength, one finds the continuum of frequencies 
constituting the so-called R branch, whereas toward longer wavelengths 
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the frequencies v„ — Vr form the P branch. The whole structure has 
the appearance of a doul)le band in the spectnim which carries the name 
Bjernim double band. The intensity distribution in both the P and R 
branches of the double band is due to the distribution of rotational 
velocities of the molecules. This distribution resembles to some extent 
the usual Maxwellian velocity distribution.* The separation of the 
two maxima depends on the average rotational frequency, and so wth 
increasing temperature the maxima recede from each other. From this 
distance the moment of inertia of the molecule may be evaluated. But 
actually the breadth of the maximum makes tliis determination of the 
moment of inertia inaccurate. 

If a Bjerrum double band is observed under higher dispersion, it is 
seen to break up into a series of rotational lines. This is due to the 
quantization of rotation. As has been stated in section 10.7, the rota¬ 
tional frequencies of a diatomic molecule can possess only the discrete 
set of values v, = h(j where the integer j is the rotational 

quantum number, and I is the moment of inertia of the molecule. Thus 
the frequencies v„ of the R branch and also the frequencies — Vr 
of the P branch form an equidistant set of lines. The lines of the R and 
P branches are produced when in addition to the change of vibrational 
quantum number, a change in rotational quantum number by ±1 
occurs. The ab-sence of the pure vibrational frequency means that a 
change in vibrational quantum number never occurs without an accom¬ 
panying change in the rotational quantum number. From the positions 
of the rotational lines, the moment of inertia I may be determined with 
considerable accuracy. It is experimentally much easier to study the 
vibration-rotation structure than to measure the pure rotation struc¬ 
ture which lies in the far infrared. 

If in a polyatomic molecule all atoms lie in a straight line and if in a 
normal vibration the dipole moment oscillates along the molecular 
axis, then the rotational structure will be the same as for a diatomic 
molecule. The conditions just mentioned are satisfied for the non- 
symmetrical vibration of CO 2 shown in Figure 10.3(2). But linear 
molecules have other infrared-active vibrations in w'hich the vibratmg 
dipole is perpendicular to the molecular axis. An example is the de¬ 
generate CO 2 vibration shown in Figure 10.3(3). The rotational struc¬ 
ture of this vibration differs from that of a diatomic molecule. For such 

* It is actually a Maxwellian velocity distribution corresponding to the motion 
of a particle restrained to move in two rather than in three dimensions. The reason 
for this is that in enumerating all possible rotations of the molecule we must consider 
the possible motions of one of the nuclei in a plane perjjendicular to the molecular 
axis. 
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a vibration the viljrating dipole may be parallel to tlio axis aroumi which 
the molecule rotates, in which case the vibrating dipole moment is un¬ 
affected by the rotation so that the pure viljrational fre(|uencv r,, aiJ})ears 
in the spectrum. It may happen witli equal probability that the vibrat¬ 
ing dipole moment while still remaining perpendicular to the molecular 
axis is also perpendicular to the axis of rotation. In fhi.s case the rota¬ 
tion affects the vibrating dipole in the tuime way as has been de.scnbed 
in connection with a diatomic molecule, and the fretjueiuies i/,, -j- and 
— Ur appear. If the oscillating dipole includes an arbitrary angle w ith 
the axis of rotation, the dipole still can ho decomposed into a component 
parallel to the axis of rotation and into a comj>onenf pcrjicndicular to 
the axis of rotation. The former gives rise to the fixxpjencv v,.; the 
latter to the pair of frequencies r.. - and i'ite rotational 

structure of a vibration with the dipole moment oscillating at light 
angles to the molecular axis will con.sist of a line of frecpiency wiiicli 
contains half the intensity of tlie whole rotational structui'e and is 
called the Q branch, while the remaining intensity is distril)utcd be- 
tw'een P and li branches in a similar way as in a diatomic molecule. 
Thus there is a distinct difference between the rotational structure of a 
so-called parallel band in w’hich the dipole moment vibrates along tlie 
molecular axis and a perpendicular band in which the change of dipole 
moment is perpendicular to the same axis. 


In quantum theory the presence of a rotational structure witli P, R, and 
Q branches means that a change of rotational quantum number by zfcl 
and also by 0 may accompany the change in vibrational quantum number. 

In CO 2 a typical Bjerrum double band appeal's Avith the center at 
2300 wave numbers, showing that the corresponding vibration proceeds 
along the molecular axis Avhereas the band around 050 cm.~’ posscs.ses 
the additional sharp Q branch, indicating that this vibration is of the 
perpendicular type. AVe see that a study of the rotational structure 
serves not only to determine the moment of inertia but also to decide 
the correlation between observed frequencies and theoretical vibra¬ 
tional forms. 


^ Only m a few polyatomic molecules is the rotational stmeture as 
simple as described in the preceding paragraphs. In most cases all 
nuclear equilibrium positions do not lie on a straight line, and then the 
rotational structure is much more involved. But it is nevertheless pos¬ 
sible to obtain information about the moments of inertia and the vibra¬ 
tional forms by a more detaUed analysis of the rotational structure 


10.10 VALENCE AND DEFORMATION VIBRATIONS Investi¬ 
gation of the vibrational frequencies by measurements in the infrared 
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as well as by other methods has led to empirical relationships connecting 
the structure of a molecule, its vibrational frequencies, and the form of 
the corresjjonding \ibrations. Tliese rules are formulated in terms of 
the atoms participating in a vibration and in terras of the directions in 
which these atoms arc displaced. It should be stressed in this connec¬ 
tion that in general every atom participates in every normal vibration 
except when symmetry requires that the atom be at rest. However, in cer¬ 
tain vibrations some atoms move much more strongly than other atoms, 
and moreover certain directions of motion may be strongly preferred. 

It is an ill-defined but useful mle that in one noimal vibration those 
displacements occur predominantly whicli, taken by themselves, that 
is, without other displacements being considered, would give rise to 
similar frequencies. There ai-e two factors which cause a frequency to 
be high: the small mass of the atoms participating and the high value 
of the restoring force. Experience has shown that in accordance ^rith 
chemical intuition restoring forces are great if the distance of atoms 
bound together by a chemical bond is altered; much smaller restoring 
forces arise if merely valence angles are changed. We may conclude 
that in high-frequency vibrations valence distances change. These are 
the valence vibrations. In low-frequency vibrations valence angles 
change; these are the deformation vibrations. 

We can refine the previous statements, and we must also find the 
limitations of these qualitative rules. The valence forces are greater 
for double bonds and even greater for triple bonds. The influence of 
mass is still more important. Thus a hydrogen-valence vibration has so 
high a frequency as to be practically not coupled with any other motion 
within the molecule. Even the atom to which the hydrogen is directly 
linked participates but little in the vibration. Hydrogen has a valence 
frequency of 3000 cm.“‘ if linked to a carbon atom. In the N-H and 
0-H groups the hydrogen-valence frequency is 3300 cm.”^ and 3600 
cm.“*, respectively. These values vary to some extent from molecule 
to molecule. 

On the other hand, hydrogen-deformation vibrations have about the 
same frequencies as carbon-valence vibrations (about 1000 
and therefore in many hydrocarbons it is impossible to decide whether a 
vibration is due to change of valence angle of a C-H bond or to change 
of length of a C-C bond. The failure to clarify such vibrations as 
belonging to one or the other type is due not merely to a scarcity of 
information but also to the fact that the two kinds of displacements 
strongly participate in the same normal vibration. 

In CO 2 the tw'o nondegenerate vibrations w^hich proceed along the 
molecular axis are valence vibrations, whereas the degenerate vibration is 
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a deformation vibration. In tlii^ case as in all linear moleeules the dis¬ 
tinction is sharp since it is hascnl on s>'niin(‘(iy arjiiinients latlicr than 
on empirical rules. Fiom tlu' jseneral statements just made, we may 
be led to suspect tliat from the two vibrations ohser\ ed in the infrared 
the high one at 2300 wiivo numl)er.s is the ^•alcnce \ibration, while the 
low one at 650 wave numbers is a deformation \ ihration. Stiid>' of the 
rotational structure has led to the same conclusion. The remaining 
valence vibration is the totally symmetrical vibration. Its fre<iucncj' as 
will be seen later is 1300 wave numbers. 


10.11 EFFKCTS OF AXHAKMOXK’ITY Bv the statement that 
the oscillation of a molecule is purely liamionic we mean two things: 
(1) that the forces are proportional to the di.splacem(‘nt of tlu? nuclei, 
and (2) that all displacements of electric charges are jiroportional to the 
displacement of the nuclei. One consecpieiK'o of the first statement is 
that no change of frequency occurs if (he ami>litude of the ^■ibration 
changes. A further consequence of the same statement is that the dis¬ 
placements of the oscillating nuclei vary sinu.soidally with time. How¬ 
ever, a purely harmonic (that is sinusoidal) motion of the charge dis¬ 
placements follow.s from this only if the displacement of cliarges is pro¬ 
portional to the displacement of nuclei. In the pre.sont discussion wc 
are interested only in changes of <Iipolc moment during tlic vibration. 
Therefore we shall consider a vibration harmonic if proportionality 
exists between nuclear displacements and the resulting changes of <lipolc 
moments as well as between nuclear displacements and rc.storing forces. 

Anharmonicity, that is lack of haiinonicify, may accordingly be due 
to two things. First, the proj>ortionality between nuclear displacements 
and restoring forces may not be satisfied. In this case wc talk about 
mechanical anharmonicity. Or deviations may exist from the propor¬ 
tionality between nuclear di.splacements and the accompanying clianges 
of the dipole moment. In tlris case there exists an electrical anhar¬ 
monicity. 


In practice, the concept of harmonicity is used only if the propor¬ 
tionalities mentioned arc appi-oximatcly satisfied and if the devia¬ 
tions from these proportionalities may be treated as small perturba¬ 
tions. In molecules of sufficiently rigid structure, displacements from 
the equilibrium po.sitions are usually small compared to interatomic 
distances. For these relatively small amplitudes it i.s justifiable to 
^ssume in first approximation both the proportionalities mentioned. 
There will be, of course, t|uadratic and higher terms both in the depend¬ 
ence of the dipole moment on nuclear displacement and in the depend¬ 
ence of the restoring forces on nuclear displacement. But these “an- 
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Iiiunionif” terms will as a Keiu'ial nile be smaller than the linear or 
iiaiinonic teiins, the ratio of the two being of the same order of magni- 
tiulc as the ratio of im<-lear displacements to internuclear distances, 
this con.'^ideration suggests tliat, in general, mechanical and electrical 
anhaiinonieities arc about etjually important, though in a special case 
one of the two may be considerably greater than the other. 

The simplicity of a harmonic oscillation manifests itself in two ways: 
(1) The fre(iuen<‘y is independent of the amplitude, and (2) the purely 
sinusoidal motion of the charges causes the appearance of fundamental 
tones only when overtones are ab.sent. We shall first consider the 


theory of the overtones in classical phy.sics. 

If an oscillation is merely periodical without being sinusoidal in time, 
then the actual change of dipole moment can be represented as a sum 
of purely sinusoidal changes. There will be one term, the frequency of 
which is the same as the frequency of the oscillation. In another terra 
the frc(iuency is twice as great, in a third tenn three times as great, and 
so on. Of course, after the time l/j', each of the terms will have regained 
its original value since this time is equal to the period of the first term, 
twice the period of the second, and so on. Thus \/v is the period of the 
composite motion. It can be shown that this decomposition of a periodic 
motion into a sum of sinusoidal motions is always possible. This de¬ 
composition is called Fourier analysis, and the resulting sum is the 
Fourier series. 

In classical radiation theory, absorption and emission of radiation 
are closely connected with the Fourier series describing the dependence 
of the dipole moment on time. The lowest frequency absorbed or 
emitted is v, and the intensity of the process is proportional to the square 
of the amplitude of the term in the Fourier series with the frequency v 
(that is, the first term). This radiation is said to have the fundamental 
frequency of the motion and is called the fundamental tone or first 
harmonic. A frequency 2.v is likewise emitted or absorbed, and the in¬ 
tensity of this process is proportional to the square of the amplitude of 
the second tenn in the Fourier series. The corresponding radiation is 
often called the second harmonic or first overtone. Similarly the fre¬ 
quency 3*' is due to the third term in the Fourier series and is called the 
third harmonic or the second overtone. 

Mechanical anharmonicity may manifest itself by a change of fre¬ 
quency wdth amplitude and also by the appearance of overtones. The 
latter effect may arise, since mechanical anharmonicity modifies the 
purely sinusoidal motion of the nuclei and may cause therefore a devia¬ 
tion from the sinusoidal variation of the dipole moment. But the con¬ 
nection between nuclear displacement and change of dipole moment is 
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influenced by the electrical anharmonicity, and tlu’ appearance and 
intensity of overtones depend therefore both on the mechanical and 

electiical anharmonicitv. 

% 

The frequency may either increase or decrease with increasing ampli¬ 
tude of the vibration. The latter beha\-ior is to he expected iJ' the poten¬ 
tial energy plotted against the intcrnuclear sei>aration flattens out at 


great values of the nuclear displacement. In the flat jjarts of the; curve 
the forces acting on the nuclei are small, and the time roejuin'd for the 
motion through this part of the curve is longer than in case of a har¬ 


monic motion, thus the vibration becomes inercasiiigly slower as it 
extends into the region of greater nuclear amplitude. Since all diatomic 
molecules finally dissociate at groat intcrnuclear distances, the curve 
representing the potential eneigy must eventually become flat. It fol¬ 
lows that in diatomic molecules the vihiational frequencies become very 
small for xnbrations of high amplitudes. As a rule vibrations of moder¬ 
ate amplitudes already tend to liave longer periods than the purely 
harmonic vibration that obtains for infinitesimal amplitudes. It occuns 
only as a rare exception that the frequency of a diatomic molecule in¬ 


creases with increasing amplitudes before the decrease at liigh ampli¬ 
tudes sets in. 

We can obtain a rough estimate of the dilTcrence between the frequency 
of a finite amplitude xibration and that of the idealized infinitesimal 
vibration. This frequency difference is smaller than the vibrational 
frequency by approximately the square of the ratio between the nuclear 
displacement and the internuclear distance. The intensity of the first 
overtone or second harmonic is smaller than the intensity of the funda¬ 
mental tone or first harmonic by approximately the square of the 
same ratio. In many practical cases the first overtone has 100 to 
1000 times smaller intensity than the fundamental tone, and the 
frequency change between a one-quantum and two-quantum vibration 
is approximately 100 times smaller than the frequency of the hannonic 
motion. 

I In a polyatomic molecule anharmonicity produces, in addition to the 
effects mentioned, a coupling between the various noi-mal vibrations 
The frequency of a normal vibration will be affected not only by its owm 
amplitude but also by the amplitudes of other normal vibrations as w’ell. 
Also sums and differences of frequencies of tw’o or more normal vibra¬ 
tions may appear. These are combination tones. Usually all these 
effects are as small as those discussed for a simple vibration. But if the 
frequency of a normal vibration happens to be nearly equal to one-half 
the frequency of another normal vibration or if the sum of the frequen¬ 
cies of two normal vibrations is nearly equal to the frequency of a third 
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normal vibration, resonance effects occur which may greatly enhance the 
importance of anharnionicitv. 

Anharmonicity manifests itself in quantum theory, just as in classical 
fiieory, in two ways. Corresponding to a change of frequency with 
amplitude, we hnd a change in the .sjjacing of vibrational levels. Thus, 
an increase of vibrational energy and ^’ibrational amplitude is accom¬ 
panied by a change ot the separation of neighboring levels and also by 
a change of the fre(iucncy associated with the vibration. If, as is usual, 
t he fre(iuency decreases with increasing amplitude, the spacing of vibra¬ 
tional levels decreases with increasing energy. If for high ampUtudes 
the vibrational frequency tends towards zero, the spacing of levels also 
becomes vanishingly small. Such a convergence of vibrational levels 
occurs of course only for high-vibrational quanta which are practically 
ne\er attained in the infrared spectrum. But the convergence has been 
observed often in connection with the electronic transitions in molecules 
and may be used to determine dissociation energies (see section 11.11). 

The presence of overtones and combination tones is the second mani¬ 
festation of anharmonicity in the classical theory. A corresponding 
phenomenon in the quantum theory is the appearance of transitions 
between vibiational levels that are not immediate neighbors. Transi¬ 
tions between second neighbors appear first while combinations between 
farther neighbors are inci'oasingly less likely. If the 'v'ibrational levels 
weie equidistant, the transitional frequency between second neighbors 
would be exactly twice the frequency of transition between first neigh¬ 
bors, so that a transition between second neighbors would have exactly 
the same frequency' as the second harmonic has in classical theory. 
Actually the spacing of the levels is not quite uniform, and, though the 
transition between second neighbors is the equivalent of a second har¬ 
monic, it does not have exactly twice the frequency of the first harmonic. 

In polyatomic molecules simultaneous changes of quantum numbers 
of more than one normal vibration may occur. This gives rise to the 
appearance of sums and differences of the frequencies of two and, Avith 
weaker intensity, of several normal vibrations. But in quantum theory 
as well as in classical theory, all these combination tones and the over¬ 
tones mentioned in the previous paragraph have small intensities as 
compared to the intensities of the ground tones. 

If the molecule possesses symmetries, then only some of the over¬ 
tones and combination tones appear in the infrared spectrum. We may 
consider for example the ahtis 3 Tmnetrical vibration of CO 2 in w’hich all 
atoms move along the molecular axis [see Figure 10.3(2)]. It w'as stated 
that the frequency of this vibration (more specifically the fundamental 
tone of this vibration) appears in the infrared spectrum. We can show 
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that, in addition, tiie third, fifth, and so on, harmonics appear wlnle the 
second, fourth, and so on, harmonics are forbidden by tlie syinmctiy of 
the molecule. 

It may happen that a fuiulamental tone and an overtone or combina¬ 
tion tone have comparable intensities, either because* the fundamental 
tone happens to be associated with an unusually small chanKC of dipole 
moment and appears therefore with rather small intensity, or be(;ausc 
the intensity of the overtone or combination tone is enhanced by res¬ 
onance. The latter occurs if twice the freciuency of one noimal vibra¬ 
tion is nearly c<uml to the fretpu’ncy of another one. Then the two- 
quantum state of the first vibration (/q = 2, n-j - 0) has nearly the 
same energy as the one-quantum state of the second \ibralion (ui = 0 

712 = 1). 

For actual occurrence of resonance it is further nece.ssary that the 
anharmonic terms in the potential energy (that is, tlic tci'm.s increasing 
more than quadratically with the nuclear displacements) .should not be 
small compared to the energy difference of the two close hing levels. In 
fact, it is required that anhaiTnonic terms of a certain kind shall be 
present which couple the two normal vibiations with each other. If 
such coupling terms are permitted by symmetry and if they do not 
happen to be too small, two now mixed states will appear instead of the 
simple states, ni = 2, n 2 = 0, and Wi = 0, n 2 = 1. Those mixed states 
are then displaced toward high and low energies from the common po.si- 
tion of the two original levels. The di.splacement divided by the original 
frequency is roughly proportional to the power of the ratio between 
vibrational amplitude and interatomic distance so that the effect is con¬ 
siderably greater than the usual change produced by the anhaimonicity 
(which is proportional to the square of the same ratio). Both mixed 
levels partake of the properties of both of the original quantum states; 
if a strong transition to one of the original states is possible, then -strong 
transitions to both mixed states will occur. For instance, the transition 
from the ground state 7i, = 0, nz = 0 to the state n, = 0, 712 = 1 might 
be permitted as a ground tone, whereas the transition from the ground 
state to 71, = 2, 712 = 0 may have at best the intensity of an overtone. 
Then transitions from the ground state to the two mixed states will both 
appear with strong intensities. 

The same kind of resonance may occur if the sum of tw'o frequencies 
are nearly equal to a third frequency. In this case the levels (71, - 1 
”2 - 1, 713 - 0) and (ti, =0, 712 = 0, = 1) may interact. Such 

interaction apparently occurs in CCU- The vibration of the carbon atom 
against the chlorine tetrahedron has a frequency of 750 cm Instead 
of this single frequency, a doublet is observed. This is due to the fact 
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tiiat fho /50 cm. * vibration resonates with the sum of two other fre¬ 
quencies « hieh have the values 450 cm.-* and 300 cm.-* It should be 
added that this (luantum effect is simpler than the corresponding classi¬ 
cal effect. The (luantum treatment becomes involved only if resonances 
between higher (luantum states arc taken into account. 


The resonances mentioned are sometimes called accidental degen¬ 
eracies. Their presence may comi)Iicate infrared spectra and may lead 
to false conclusions by siving to overtones the appearance of ground 
tones. A reliable analysis of infrared spectmm requires consideration of 
all the available frequencies, of the symmetry properties, and, if possible, 
of the specific heats and the Raman spectrum. 


10.12 INFRARED SPECTRA IN SOLIDS, LIQUIDS, AND SOLU- 
IIONS When a molecule is closely surrounded by others as is the 
case in solutions, liquids, or solids, its vibrations as well as its electrical 
dipole are changed so that its infrared spectrum is modified. If the 
mtermoiccular forces arc small as compared to the forces holding the 
molecule together, the vibrations depending primarily on the latter 
foices lemain essentially unchanged. The molecular rotation, however, 
will be almost always strongly influenced. With the exception of cases 
of so-called free rotation (which in reality is never quite free in the con¬ 
densed phase) the rotational motion is actually transfoimed into a vibra¬ 
tion about an equilibrium orientation. In solids this orientation is fixed 
in space, whereas in liquids the vibration is aperiodic, and the orienta¬ 
tion executes a “Brownian” motion. The translation of the molecules 
is likewise transformed into a vibration or Bro^^■nian motion. In solids 
and in many liquids all degrees of freedom of a molecule may be con¬ 
sidered as vibrational. For instance, in water and in ice rotation and 
translation are replaced by vibrations having roughly the frequencies of 
500 and IGO cm.~* 

The change of rotation into vibration replaces the pure rotational 
spectrum by frequencies corresponding to a faster oscillatory motion. 
At the same time the rotational structure of the internal molecular 
vibrations is effectively eliminated. This sti-ucture contained sums and 
differences of vibrational and rotational frequencies. Instead of this 
structure we now have combination tones between internal vibrations 
and the orientational vibrations which have replaced rotation in the 
liquid, solid, or solution. But these combination tones have as usual a 
small intensity compared to the fundamental tones, so that the strongest ’ 
absorptions in the spectra correspond to simple vibrations. The 
disappearance of rotational structure gives rise to a narrowing 
do^vn of the absorption region which belongs to vibration. This 



INFRARED SPECTRA IN SOLIDS, LIQl lDS AND SOLETIONS 217 


effect is, however, often overeoinpensnte(.( by the one inentionecl in 
the next paragraph. 


The internal vibratit)ns a?(‘ never c<)m})letel>' iininflueneed by the 
neighboring molecules. It a inoleoule is in a disorilereil siiri'ounding 
(liquid or solution), llic internal fre(iueneies will be aifcetetl dilTej(>ntly 
according to the changing surroundings. For this reason the fre(iuoncies 
are broadened as well as shifted. Strong broadening effect is to be e\- 
t)ected if tlie interaction between molecules is great, as is the case in 
strongly polar litjuids. The various vibrations will of ooui'se l^e broad¬ 


ened to different extents. The greatest broad(‘ning would be expected 
for translational or nitational vibrations, wliereas the prop(‘r internal 
vibrations are usually less affected. 


The over-all displacement of a vibrational fre<iuency may b(> in either 
direction, but a lowering of the fietpiency is tlie rule. This may be 
made plausible in the following way. Electronic states in molecule.s 
adjust themselves to give the lowest energy and therefore tlie strongest 
possible binding. If molecules in the condensed phase attract eacli 
other, the total energy of the system is lowered, hut at the same time 
the electronic configuration of the molecule is .so modified as to give no 
longer so great a bond stjongth within tlie individual molecule. Con¬ 
currently, a lowering of the frequency may be expected. 

The influence of neighboring molecules also affects the inten.sities of 
infrared transitions. If a s^'nimetrical molecule is placed in unsymmetri- 
cal surroundings, the symmetry reasons for the ab.sencc of a frequency 
from the infrared spectrum are no longer strictly valid. Thus vibra¬ 
tions appear w’hich arc forbidden in the gaseous state. At the same time 
the magnitude of the dipole-moment change in an allowed vibration 
may be different in the condensed phase from what it is for the isolated 
molecule. It is of interest to consider a hypothetical example. Let the 
contribution of the intermolecular forces to the vibrating dipole be 
approximately one tenth of what we choose to call a normal dipole- 
moment change for an allowed vibration. Then the amplitude of a 
vibrating dipole is changed from 1.0 to 1.1 and the intensity from 1.0 to 
1.21, that is, by 21 per cent. If, on the other hand, the vibrating dipole 
of 0.1 strength is induced in a forbidden transition whose original 
vibrating dipole is zero, the resulting intensity is 0.01, that is, 1 per cent 
of the intensity in an allowed transition. Thus it is seen that compara¬ 
tively great changes of intensity in allowed transitions are compatible 
with relatively faint appearance of forbidden vibrations. Frequently 
the arrangement of the surrounding molecules will accommodate 
Itself to a lesser or greater extent to the .symmetry of the molecule 
under consideration, and then the intensity with W’hich a forbidden 
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transition appears in the condensed phase may be very small or even 


zero 


Altliouffh in Ii(inids and solutions it has not been possible to take into 
account flic effect of neighboring molecules on the spectrum in other 
than a fiualitative way. a ([uantitative treatment of these effects is pos- 
silile in crystals. In fact, crystals can be considered as giant molecules, 
and we may discuss mathematically the normal ^■ibrations of the crystai 
as a whole. If a crystal consists of N atoms there will be 3A^ degrees of 
fieedom, and, as jV goes to infinity, the normal nbrations of the crystal 
will cover a continuum and often several continua. The quantitative 
treatment of these vibrations is made possible by tlie crystal S3’mmetry. 
This allows the simplifying assumption that, for each normal vibration 
of the eiystal, the vibrations in different cells differ from each other onlj'' 
in phase. Furthermore, if the cells are numbered sj'stematically b}' 
thieo indices corresponding to their three-dimensional arrangement, 
then the vibrational phases in different cells can be represented by a 
linear function of the indices characteiizing the cell.* A normal \nbra- 
tion of a crystal is then characterized by the form of \abration within 

one cell and by the linear function determining the phase relation be¬ 
tween the cells. 


For every ciystal there exist vibrations where the motion mainly con¬ 
sists in the displacement of cells with respect to each other. These are 
essentiallj' elastic vibrations and are known as the acoustical branch, 
because the vibrations produced by sound in the solid belong to this 
continuum of frequencies. 

If each cell consists of one atom onljq then the acoustical branch com¬ 
prises all the vibrations of the crystals. If, however, there is more than 
one atom in a cell, there will be further branches in which the main 
vibrations consist of the relative motion of atoms within one cell. Since 
some of the vibrations of these further branches appear in the infrared 
spectrum, they are often referred to as optical branches. In molecular 
ciystals such vibrations may closely resemble vibrations of isolated 
molecules; how'ever, all molecules in the ciystal will participate with the 
same amplitude and with regular phase shifts. The frequency too will 
not differ greatly from the frequency of an isolated molecule and will 
not be strongly affected by the phase shifts between neighboring mole¬ 
cules. Thus all frequencies within the branch lie in a narrow' region. 

The frequencies w’ithin a branch are more strongly influenced by the 
phase relation betw'een cells w'henever the main vibration does not take 


* This is in close mathematical analogy to the properties of the wave function 
of an electron moving in a periodic field. The vibrational phase corresponds to the 
exponent in the complex factor appearing in the electronic wave function^ 
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place witUn isolated atom gionps or molecles. A.s an example we may 
consider the soda,m ehloiade eiysfal ahose elementary cell consists of 
a sodium and a chlorine atom. A yibration of ,he.se two aga n" 
other myolycs equally important displaiements of each of the' atoms 
against atoms in neighboring cells, ami the fiyquenm- ivill greatly del,end 

speetraf rc^on greater 

From the whole continuum of crystal vibrations only a a-ery few may 

““""K fnndamental tone.s The 
translational symmetry of the crystal requires that in an infrared 

active vibration all crystal cells .shall vibrate in the .same phase-• 

othenuso the effects of the vai-ioiis vibrating cells would destroy each 

other by interference. Thus, at the most, one vibration of each la,m 

may appear ,n the infrared. The acoustical branch never contributes 

to the fundamental tones api>earing in the infrared. In this case enu-,1 

p ase in a cells means a simple translation of the whole crystal Thus 

coated I ntr ° f “r - 

pectod at a 1 m the infrared spectrum. In more complicated crystals 

fundamental tones do appear and should, according to the simplified 

theory given here, he sharp lines. Their sharpness is lie not to lack 

fc^y— pSitci: - 

observe the dependence of the absorption strength on the rTl 

™S."' “• " •“* »• i—.."" 

weaker overtones and combination tones. This's durtoX'lef thtt 

more ahsorhing material In a c-ris ”'111 “te XllT 
kWdee dlrtaaee U aevcrlkckaa 



220 


MOLECULAR VIBRATIONS 


containing an absorbing gas so that weak absorption is more easily 
ol).scrved. 

10.13 SCATTERING OF LIGHT The scattering of light by atoms 
and molecules is due almost exclusivch' to the electronic displacements 
under the infliu^nce of the incident electrical vector. This displacement is 
governed by the polarizability' which is essentially a property of the 
ground state of atoms and molecules. Furthermore one specific kind of 
scattering, the Raman effect, affords a method which is fully as important 
as the analysis of infrared spectra for studying molecidar vibrations. 
Experimentally the investigation of light scattering is simpler than 
work in the infrared, and thus the Raman effect has yielded more mate¬ 
rial about molecular vibrations than any other method. 

The process of light scattering is the following. The incident electric 
vibration induces a dipole in the atom or molecule. This dipole vibrates 
Avith the same frequency as the incident radiation. The vibrating 
dipole emits in turn electromagnetic waves, and these are the scattered 
radiation. It may be seen that this mechanism of scattering changes 
only the direction of propagation of the light and not its frequency. 

The intensity of the scattered light depends on the polarizability of 
the scattering particles, and it is possible to measure the magnitude of 
the polarizability by dctcimining the scattered intensity. We have 
seen, however, in section 5.11 that the polarizability is not characterized 
by a simple number but rather by a tensor. This tensor may be repre¬ 
sented by an ellipsoid whose longe.st axis coincides Arith the direction of 
greatest {lolarizability and the shortest axis with the direction of least 
polarizability. The total intensity of scattering depends on the mean 
value of the polarizability which is the same quantity that appears in 
the formula for the dielectric constant. 

Additional information may be derived from the scattering of light 
by a more detailed inve.stigation of the orientation of the electrical vec¬ 
tor in the scattered radiation. We shall assume first that the polariz¬ 
ability of the scattering particle is spherical. This means according to 
our previous discussion, section 5.11, that the inducing electric force 
and the induced dipole moment are always parallel to each other and 
that the proportionality constant between these two vectors does not 
depend on the orientation of the electric force AAuth respect to the scat¬ 
tering particle. These assumptions are fulfilled for a rare-gas atom or 
for a molecule of cubic sjunmetry such as CH4, CCI4, or SFe. We 
assume that the incident radiation is linearly polarized. This means 
that the electrical vector has a fixed orientation. We shall choose its 
direction as the x axis. Since we assumed that the polarizability of the 
scattering particle is spherical, the induced dipole moment also vibrates 
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m the .r dnection. If fho scattered radiation is observed, its eleetric d 
polarized '' ™"'Pletely 

Let us assume on the other hand that tl.e polarizability of the seat- 

paraUel to the tncident olectncal vector but deviates from it b,- fcndinv 

dent greater polarizaltilitv. Thus, if the inci¬ 

dent eicctncal vector ,s again parallel to the r direction, the induced 

dipo e moment points in general in a different direction. If light scat 

have x and y components. The magnitude and even the sign of the „ 
component depend on the orientation of the scattering pai tict If Ii„h't 

Lnfn'T ^Ttule.s with a„rso! 
opic polanzabihty the scattered radiation is not completelv polarized 

soatteZ“n Vr polarizability of the 

A quantitative measure of the anisotropy may be obtained by meas- 
unng separately the intensity of the radiation scattered in the 2 direc- 
on having an electrical vector parallel to the y ilirection and the radia 
0 1 scattered in the .same direction but with an electrical vector parallel 
to the X direction (that is, the direction of the electrical vector in e 
incident radiation). The ratio of these two intensities is kno!™ as riie 

trical^tmh P'oscnt, the scattered elec- 

tilcal vector has no y component, and the depolarization factor is zero 

t he most anisotropic polanzabihty a molecule can possess is one where 

a ong one axis the polarizability is very great compLed to the pohril 

bihties m any direction perpendicular to that axis. In this hmiting 

case, the depolarization factor approaches the value 4 ^ 

Ihough a measurement of the depolarization factor does not suffice 

to determine all components of the polarizability ellinsoid d t ^ 

theless a good idea of the deviation of the polarizabnitv nl 

aphere. Conversely, we can give a quant!^" ^ “ 

polarization factor in terms of the components of thrpo^.dihitv'tcn' 

the incident .i,ht. The. appr:i:t^- 
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which contain tlie frequency of the vibration. This effect was predicted 
theoretically: it is named after Raman who first succeeded in finding it. 
Its great importance lies in the fact that, by measurements in the readily 
accessible spectral regions of the Wsible and near ultraviolet, values of 
molecular frcfiuencies may be obtained. 

A superposition of the vibrational frequencies on the frequency of the 
incident light can be explained with the help of a simple classical model. 
We write for the incident olectiical vector 

E = Ea&m2wvit 10.14(1) 

Here Eu is the amplitude of the vibrating electrical vector, and vi is the 
frequency of the incident light. The induced dipole moment is then 
given by the expression, 

D = aEa sin 2wvit 10.14(2) 

Wc now assume that during the molecular vibration which proceeds 
with the frequency v„t the polarizability a suffers a small change having 
the same frequency, 

a = ao + «i sin 2ttv, nt 10.14(3) 

Substituting equations 10.14(3) into 10.14(2), we obtain 

£> = [ao + ai sin 2irv,ni\Ea sin 2irvi 10.14(4) 

= a^Ea sin 2irvit + ^ori^ufcos 27r(*'/ — Vm)t — COS 2it{vi + »'m)f] 

The first term on the right-hand side gives rise to scattered radiation of 
the unchanged frequency vj. This constitutes the main part of the scat¬ 
tering and is called the Rayleigh scattering. The second term is much 
smaller because the polarizability varies only by a small fraction during 
the vibration. This term gives rise to the sum and difference tones of 
the light frequency vi and the molecular frequency v„t. 

The intensity ratio of the Raman scattering and the Rayleigh scatter¬ 
ing may be roughly estimated as follows. A usual small-amplitude vibra¬ 
tion may be assumed to produce a fractional change in the polarizability 
which is of the same order of magnitude as the ratio between vibrational 
amplitude and the distance of the atoms in the molecule. This ratio 
cxi/otQ is also the same as the ratio of the amplitudes of the electrical vec¬ 
tors in the Raman and Rayleigh radiation. The ratio of the intensity 
of these two scattered radiations is then approximately given by the 
square of the ratio of the vibrational amplitude and the interatomic dis¬ 
tance. As a rule, the Raman scattering in a gas is from 100 to 10,000 
times weaker than the Rayleigh scattering. 
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According to formula 10.14(4) the two froriueneio.s, e, - an.l 

+‘'"I’ “PI’™'- '"‘h equal intensity. This prediction i.s not 

venfied by experiment. Tlic frequency, apiiears almo.st always 

u 1 gieater intensity, often wifli considerably greater intensity. This 
line conforms to Stokes’ rule for fluorescent radiation, according to 
which the fluorescent light has a lower frequency than the oiiginal radia¬ 
tion. Accordingly, the line r, - r„, is called the Stokes line while the 
line VI + is the anti-Stokes line. 

Ihe quantum explanation of the Raman effect makes it clear why 
these two lines differ in intensity. Accordinfi to the oi-iginal rough form¬ 
ulation of this argument, the light quantum hv, may be absorbed by the 
molecule even if the frequency vi is not in resonance with any eh'ctronic 
frequency and if accordingly there exists no e.xcited stale with any 
energy hvi above the ground state. The absorbed light quantum may be 
retained, however, by the molecule only for tlic very short penod wiiich 
would be necessary for an absorbing molecule to establi.sh the fact of 
lacking resonance. After that period the quantum is reradiated, but it 
may happen that part of the oiiginal energy hvi is retained by the mol¬ 
ecule m the form of a vibrational quantum hv,^. Then the reradiated or 
scattered quantum carries the diminished energy, - u,.,), and the 
scattered frequency is therefore .1 - Conversely, if the molecule 
was originally in a higher vibrational state, it may give up to the out¬ 
going light quantum the energy of a vibrational quantum hv,,,, so that 
the outgoing energy is h{vt + and the outgoing frequency is v, + 

Since, according to the Boltzman distribution, the number of molecules 
m higher vibrational states is smaller, there is a gieater chance for the 
emission of the Stokes line.* It can be shown that in the limiting case 
0 high temperatures {kT » hv^) the intensities of Stokes and anti- 
btokes lines becornc equal in agreement with the classical argument. 

Ihe previous simple quantum argument not only is successful in 
explaining the greater intensity of the Stokes line but also helns to 
ducKlatc the relationship between the Raman effect and fluorescence. 
Ihe latter phenomenon is usually described as the actual absorption of 
one light quantum followed by an emission from the upper quantum 
state which the absorption has thrown the atom or molecule. The 
re-emitted light may have the same frequency as the absorbed radia¬ 
tion, or It may have a different frequency, according to whether the 
system returns into its onginal state or into a different state. The Ray¬ 
leigh scattenng and ^man effect go over continuously into fluorescence 
when the incident radiation approaches resonance. AVhile this happens 
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tlie polarizability and with it the scattering increases rapidly. There is 
also :iii increase of the time during wliich the quantum may be con- 
sid(*red as absorbed by the molecules, owing to the fact that moi*e and 
more time is rc^tpiired to distinguish between the frequency of the inci¬ 
dent riidiatioi\ and the proper frequency of the electrons within the 
molecule. If finally the freciuency difference becomes smaller than the 
l)roadth of an absorption line, the usual description of fluorescence be¬ 
comes full>' justified. 

A more elaborate quantum argument is needed to prove that in the 
proper Raman effect, that is, in the case of complete lack of resonance, 
there is very little likelihood of the molecule acquiring or losing more 
than one quantum of one noimial vibration. Likewise it is possible but 
difficult to derive the selection rules operating in the Raman effect and 
the depolarization factor in the Raman effect if the quantum theory is 
used as the starting point of the investigation. It is much easier to 
approach these problems from the standpoint of classical theory. An 
extension of the derivation in the beginning of the section gives the re¬ 
quired answers, and it can be shown that the results are in need only of 
two major corrections: (1) The Stokes and anti-Stokes lines are of un¬ 
equal intensity, and (2) the classical treatment is valid only in the ab¬ 
sence of resonance, that is, if the difference of the incident frequency 
and any molecular-absorption frequency is great compared to the fre¬ 
quency of molecular vibrations. 

10.15 THE VIBRATIONAL RAMAN SPECTRUM The discussion 
in the previous section involved the assumption [see equation 10.14(3)1 
that a normal vibration of frequency v,n causes a variation of the same 
frequency in the polarizability. This assumption is justified in first 
approximation as long as the polarizability changes linearly ^ith the 
displacement of the vibration. For diatomic molecules this is generally 
the case. But in polyatomic molecules symmetry frequently prevents 
such a linear variation. 

Consider for instance the nonsymmetrical nondegenerate vibration of 
CO 2 , Figure 10.3(3). Since all atoms remain lined up along the molecu¬ 
lar axis during the vibration, the polarizability remains an ellipsoid of 
revolution. The only change that can occur during the vibration is a 
change in the length of the axes of this ellipsoid. If the variation of 
polarizability with the displacement were a linear one, opposite dis¬ 
placements in the vibration would correspond to opposite changes m 
the length of the axes. But opposite displacements are obtained by 
reflection in the center of symmetry of the molecule, and such a reflec¬ 
tion, while changing the sign of the displacement, leaves the polarizabil- 
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ity ellipsoid unchanged. Since the change in the pnla.izahilih- cannot 
both alter its sign and remain the same, our a.s.sumption tliat t'he polar 
izabthty vanes linearly with the cUsplaccment must hat e been erroneou' 
It IS of course to be e.Mpected that the vibration just considered does 
cause a change in polanzaliility. But sucli a cliange must be at list 
quadratiea in the displacement, and, if the displacement is small 
qimdratical effects are much less important. Therefore the vibration 
ay appear only very weakly in the Haman ell'cct. Furthermore we 
e seen that opposite displacements of the vibration give rise to the 
same change of the polarizability. But it takes only hah a vibrational 

ent. ihus the polarizability resumes its onginal value after Imlf o 
vtbrational period so that the polarizability changes nih lie"'he 
fiequency of the vibration. TJiercfore the vibration itself will nnt 
appear at all m the Raman effect. Its weak manifestation in tho E 
spectrum will be limited to the second (and possii:;^:^^^^^ 

tionTav tTT J? tone of a vibra- 

laUzedTnt th be actualb- gen- 

eialized into the statement that in a molecule pos.scssing a cen'ter nf 

symmetry all vibrations are forbidden in the Raman effect which are 

signlfT^cfl ^ symmetry, that is. which change their 

in CO an no n Performed. For instance 

inc " all nontotally symmetneal vibrations are antisvmmotrical to the 

center and consequently forbidden. The totally .sjunmctiical vibm 

ion, on the other hand, is allowed in the Raman spectii Ttl i 

L” corresponding selection rule in the infrared spectrem 

s just the opposite. If a vibration is siinmctrical to *1 

no change of dipole moment can occur during the vibration and th" 
vibration is forbidden in the infrared If nn th„ .11^’. “ 

tion is antisymmetrical to thf ^ontr he vibmt^n'*' 

infrared unless it is forbidden by otter symm^v L^ t'’'* 

vestigation of both infrared and^Raman "h usefulTor"! I"' 

determine the symmetry of the molecVr f ^ 
quency in both ^ectrlVthe fr"„t™el real^^^^ 

vibration and is not due to chance coincidence) pr“ov“t'tte mVT 

has no center of svmmctrv F^r the molecule 

quencies of normal vibrations may appear" in ^the'™ ‘''h 

only while the third is allowed only inIL Raman etect" 

tion n:^izz:nTrzz-:z^. 
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I'lo. 10.15(1). Normal vibration of 
acetylene and corresponding change 
of polarizability. 


tlic* jiruunil tone of a viljration may appear in the Raman effect, it is 
lu'cessary to investigate for each vibrational type whether a linear 
variation of the polarizability is consistent with the symmetry. For in¬ 
stance, in ethylene the vibration winch con.sists of a twisting of the two 
('H 2 groups around the axis of the double bond is symmetrical to the 
(■(‘liter of svmmeti v and is nevertheless forbidden in the Raman effect. 
This vibration is also forbidden in the infrared, so that, while in ethjdene 
no vibration can appear in both the infrared and the Raman spectra, we 
liave an example of a vibration Avhich is forbidden in both spectra. 

A few statements about Raman selection rules are valid for all molecu¬ 
lar symmetries. For instance a totally symmetrically vibration is never 

forbidden in the Raman effect. 

Nontotally symmetrical vibrations 
may appear in the Raman spectrum. 
As an example we may consider the 
normal vibration of acetylene shown 
in Figure 10.15(1). This figure shows 
in addition to the displacements a 
tracing of the original polarizability 
(full line) and the polarizability 
changed as a consequence of the dis¬ 
placement (broken line). The lengths of the axes of the polarizability 
ellipsoid remain in first approximation unchanged but not the orientation 
of the axes. A change in the orientation influences the induced (iipole 
moment and creates a component of this vibrating moment that con¬ 
tains the vibrational frequencj’’ and gives rise to the appearance of the 
fundamental tone in the Raman spectmm. The vibration used here as 
an example is one of the simplest illustrations that could have been used, 
but the vibration is apparently so faint in the Raman effect that until 
now it has not been identified with complete certainty. It is an empir¬ 
ical fact that nontotally symmetrical vibrations involving primarily the 
motion of hydrogen atoms are often very weak in the Raman effect. 

Investigation of the polarization in the Raman scattering provides a 
useful way to recognize nontotally sjTnmetrical vibrations. It can be 
shown that in such vibrations the sum of the lengths of the axes of the 
polarizability ellipsoid remains unchanged in first approximation. This 
type of polarizabilit}'^ change makes it possible to calculate the depolar¬ 
ization factor, and the value f is obtained. This value is greater than 3 
wliich was the maximum obtainable for the Rayleigh scattering. But 
the Rayleigh scattering is due to the polarizability which as a rule does not 
assume negative values; that is, no component of the electric field pro¬ 
duces a component of the dipole moment in the opposite direction. The 
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Raman effect, on the other Imnd, is due to a clianso of the polarizahiliiy 
and for a degenerate vdnation this change is actually- positive in so,„e 
directions and negative in othei-s. The- aiiisotro,>v residtiiig from the 
positive and negative eliaiiges arising during siicli vibrations is of course 
gieater than the anisotropy in tlie molecular iiolarizahilitv M liicli is due 

Llrr"" 1 "7" Actually the ai,isolro,,v 

and depolanzation factor obtained in noiitotallv svmnietrical vibrations 

^scattering*'*'' to the simple polarizability theory 

Multiples, sums, and differences of the normal fre<|iicmies are some- 
bmes observed superimposed on the frcqt,en<-y of the incident light 
This appearance of overtones and combination tones in the RaiLn 
effect IS due to effects similar to those causing the appearance of these 

tnc7‘'‘'r '■>">». that is, to meclianical and clec- 

tncal anhaimomcities. Elcctncal anhaimoiiicit.v means in this case a 

toncrand "’’T ““ ™ tlie displacements. Over- 

toncs and combination tones are less frequently observed in the Raman 

iStn effe't" ‘ “'l7 s|>octrum. This is due to the fact that the 

Raman effect gives small intensities oven for the ground tones I’lie in 

ensity ratio ground tones to overtones and combinationones il nl 
expected to differ in the Raman and infrared spectrum. 

molecules, selection rules operate for the overtones 

spec?Z H fnndamontal tones in the Raman 

spectrum However, even haimonics are never forbidden. 

raUf \ T Raman line.s, there exist in gases a pure 

rotational Raman effect, and the vibrational line.s have f rotutiLal 

state On Raman observations are made in the liquid 

state One reason for this is the weakne.ss of the Raman effect The 

The rotational Raman effect is due to the change in onentation of the 
polanzabihty ellipsoid during rotation. For diatomic and line-ir i 

cules the twofold i.„ta,i„„al frequency appearZather tha'“rhe tet 

onal frequency itself, since rotation by 180*’ brings the polarizabilitv 

“ rr 
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10.16 THE ISOTOPE EFFECT Even if both the mfrared spectmm 

and the Raman si)octrum of a molecule are investigated, a number of 
molecular frcKiucncies may not be found. For instance benzene has 
20 normal vibrations. Of these, all but four are forbidden in the infra¬ 
red spectrum, and only seven may appear in the Raman effect. All the 
pi edicted fre(]uencies have been observed and identified and are in agree¬ 
ment with the presence of a center of symmetr>^ The Raman fre- 
(luencics are never duplicated in the infrared spectrum. But even so 
only 11 of tlie 20 freriucncies are found. The remaining nine vibrations 
are forbidden in both infrared and Raman spectra. Though in other 
molecules all normal frequencies may be obtained from the spectra, 
tliis is a.s a rule not sufficient to obtain all the elastic constants of a 
molecule. In order to find out the rc.storing forces arising from all the 
possible distortions of the molecule, it is necessary to know, in addition 
to all frequency values, the specific forms of the vibrations associated 
with each frcciuoncy. Information about the elastic constants of a 
molecule, though perhaps not so fundamental as the knowledge of the 
equilibrium positions, will probably prove increasingly helpful in the 
discussion of reaction mechanisms. 

Measurement of molecular spectra in which certain atoms have been 
replaced by isotopes not only makes it possible to test the validity of an 
interpretation of Raman and infrared spectra but also offers the addi¬ 
tional data needed for finding the foirn of molecular vibrations and 
clastic constants of the molecule. It has l)een mentioned in section 4.4 
that substitution of isotopes does not affect the interaction of atoms and 
therefore does not change the force constants. But by altering the 
masses participating in the vibrations, we produce a change in fre¬ 
quency. It is easily seen how such frequency-changes can be used to 
obtain information about the form of a vibration. If for instance an 
atom remains at rest during a noimal vibration, substitution of this 
atom by an isotope docs not change the frequency. The more strongly 
the substituted atom participates in a vibration, the greater ■sN'ill be the 
resulting frequency change. 

Isotopic substitution may effectively destroy molecular sjmunetry, 
and it may thus cause the appearance of previously forbidden fre¬ 
quencies. Lastly, simple rules exist concerning the ratio of products of 
frequencies before and after substitution. The exact form of these rules 
depends on molecular symmetry, and thus the rules can be used to verify 
assumed symmetries. 

10.17 THE VIBRATIONAL SPECIFIC HEAT One of the most 
striking proofs that classical mechanics cannot be applied to inner- 



THE VIBRATIONAL SPECIFIC HEAT 229 

molecular processes without some modification is obtained from the 
fact that at low temperatures r-ihrations do not contribute to the spe¬ 
cific heat. According to quantum theory, this is to he o.xpectcd since 
as long as AT is small compared to the quantum hv of the vibration I he 
excitation of a vibrational quantum is very improbable. If, on Ihe othei- 
hand, the temperature is sumciently high so that AT is great eompaied 
to Ac many vibrational quanta are, as a rule, excited. Then tlie corre¬ 
spondence pnnciple is applicable, and the classical value of A per vibra¬ 
tional degree of freedom (or It per vibrational degree of freedom in a 
mole of the substance) is obtained for the specific heat. For intermedi¬ 
ate temperatures quantum statistical calculations give, for the contri- 
bution to the specific heat by a harmonic oscillator c^, 


Vsinh X/ 


10.17(1) 


fnTt’h'' n “"^^1 of tf’o harmonic oscillator, 

and the hyperbolic sme (sinh) is the function — e~^). 

In a polyatomic molecule each normal vibration contributes a term 
c. according to formula 10.17(1). to the specific heat. In each case one 
has to substitute for the frequency of the normal vibration in ques¬ 
tion. Thvo- or threefold-degenerate normal vibrations must be counted 
as two or three normal vibrations of the same frequency. In a solid it 
IS necessEY to sum over the very great number of different vibrations 

At low temperatures, x in equation 10.17(1) becomes groat, sinh x 
increases exponentially, and the vibrational contribution to the specific 
heat approaches zero as an exponential function. This exponential be- 
havior is charactenstic of the vibrational specific heat of molecules. In 
sdids the acoustical branch contains some vibrations of arbitrarily 
small frequencies. Thus for any given low temperature there exist I 
number of vibrations for which the ratio x is unity or smaller. These 
vibrations contnbute to the specific heat amounts roughly equal to k 
wher^s Vibrations of higher frequencies give diminishing contributions’ 

find th neglected. In solids we 

find therefore that at low temperatures the specific heat is proportional 

comparable to It or are 

pTrat^r'esI^T™ ' ^ 

The me^urement of specific heats is useful in giving additional infor 
mation about vibrational frequencies. In many soMs spedfie hea^ 
rnrmshes until now the only available information about^ibrations 
But, omng to the rather gradual variation of equation 10.17 (1), specific- 
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iicat nioasuromonts are not apt to yield very accurate values of the fre¬ 
quencies, and it is necessary to know the specific heat over a consider- 
al»le temperature raiifie to obtain useful information. 


Specific lieats of gase.s may help to establish molecular frequencies, 
riie \ ibrations of ethylene may be quoted as an e.vample. This molecule 
lias 12 normal \'ibratioiis of which si.v are pei'mittcd in the Raman effect 
wliil(‘ five are infrared-active. The 12th vibration consisting of a tor¬ 
sion of th(‘ two (’H 2 groups about the double-bond axis is forbidden in 
lioth spectra. The sper-ific heat has been used to estimate the frequency 
of this vibration. A value of 750 or 800 wave numbers was obtained for 
the frequency on this basis. It was verified later by interpreting weak 
lines in the infrared and Raman spectra* that the value 800 cm.”^ is 
approximately correct. 

Data about specific heats of a veiy great number of gases have been 
obtained from the measurement of sound velocities. These data are 
unreliable unless cognizance is taken of the fact that often the penod of 
the sound is too short for the vibrational energy to get into equilibrium 


\rith the translational and rotational enei'gies. 

As soon as the vibrational frc(]uencies of a molecule are knoA^■n, the 
vibrational specific heat can be accurately calculated. For lughest 
accuracy one must take into account the effects of anharmonicity and 
of the interaction between vibration and rotation. Knowledge of the 
accurate specific heats is needed in calculations of thermodynamical 
properties and of chemical equilibria. Comparison ^^ith the experi¬ 
ments makes it then possible to check any assumptions which may have 
entered in the calculations. For instance, the question of free rotation 
in ethane has been elucidated by using data on specific heats and also by 
considering the C 2 H 4 -f H 2 C 2 H 6 equilibrium. It was found that 
the forces opposing toi-sion of the CH 3 groups are considerable, so that 
barriers of about 3 Kcal. electron volt) restrict internal rotation. Of 
course these barriers are still sufficiently low to pei-mit fast interconver¬ 
sion of any isomers which may be constnicted from appropriately deu- 
terized ethane. So in the sense of stmctural chemistry, though by no 
means in the sense of physics, the rotation may be considered free. 


• Although the torsion vibration cannot occur as a permitted fundamental fre¬ 
quency, its first overtone may occur in the Raman spectrum, and the fundamental 
frequency shows up as a weak forbidden band in the infrared. The presence of this 
weak band is probably due to interaction of the vibration with the rotation of the 
molecules. 
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11.1 ATOMIC SPECTRA AithouRh tlie olpcironic motion in atoms 
IS in principle capable of exact treatment, the problem is in practice 
hopelessly complicated. The relative simplicity of the spectra iin-olving 
nuclear vibrations is due to the small amplitudes of these motions On 
the other hand, the motion of the electrons extends over the uhole 
atom. Only in one particular case, namely, that of the hydroKon atom 
has a complete solution been obtained in a simple way. But for other 
atoms where the number of interacting particles exceeds two, mathe- 
m^ical experience has shown that no simple .solutions arc to be expected. 

The interpretation of atomic spectra nevertlicicss has been possible 
by using a semicmpirical procedure. Three circumstances facilitate 
such an analysis: (1) The higli symmetry of the atoms makes it possible 
to give a rigorous classification of atomic states and to establish selec¬ 
tion niles for the transitions lietwcen these states. f2) By making sim¬ 
plifying assumptions some of which are rather drastic, a complete sys¬ 
tem of atomic levels can bn obtained which (hough admittedly crude 
has proved useful. (3) By varying external conditions, for instance by 
applying a magnetic field, experimental infoi-mation can be obtained 
about the nature of an atomic line so that in the analy.sis of the spec¬ 
trum one has a more reliable guidance than cpiantitative compaiisons 
with crude calculations. 

11.2 SYMMETRY PROPERTIES OF ATOMIC STATES The 

potential acting within an atom depends only on the relative positions 
of the constituent particles. The problem of finding the inner-atomic 
motions 18 therefore the same whatever the orientation of fhe co¬ 
ordinate system in which the atomic motion is described. In this sense 
the problem of inner-atomic motion is spherically symmetrical. Of 
course, it does not follow that each solution of the problem, that is, eacli 
atomic state, is spherically symmetrical 

The coK,rcli„ate in the motion of electrons within the 

atom IS to be desenbed can lie changed not merely by a rotation but 
also by reflectmn; such reflection will not change the form of the prob¬ 
lem any more than a rotation. Actually it is unnecessao- to considm all 
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possible reflections. It is sufficient to take into account reflection in the 
(•(Miter of .symmetry which involves replacement of the x, y, an(i z co¬ 
ordinates l)y —X, ~ij, and —z. This inversion together with all rota¬ 
tions permits the construction of every symmctiy operation which leaves 
the problem of inner-atomic motion invariant. 

Tile systematization of all symmetry operations, the classification of 
atomic .states made pos.sible by the symmetry, and finally the common 
properties of atomic states belonging to one symmetry class are treated 
in group theory. We have discussed simple applications of group theory 
in connection with the .simple vibrations of polyatomic molecules. In 
that case, normal vibi'ations rather than quantum states were classified 
according to symmetry. The selection rules which we have obtained 
from the molecular symmetry are among the properties investigated 
usually by group-theoretical methods. Wo shall not give here the 
mathematical details of group theory nor its application to atomic 
spectra, but shall restrict ourselves to the presentation of simple results 
and tlieir connection with other facts of atomic physics. 

The classification of atomic states according to symmetry is tw'ofold. 
First, with respect to inversion (reflection in the center of mass) the 
wave function describing the state may be cither symmetrical or anti- 
symmetrical. In the first case the w’ave function remains unchanged if 
the signs of all co-ordinates are reversed. In the second case the w'ave 
function changes its sign when the same operation is carried out. States 
whose wave functions are symmetrical or antisymmetrical with regard 
to the center are called, respectively, oven and odd states. The prop¬ 
erty of a state of being even or <xld is called the parity of the state. The 
difference between even and odd states cannot be interpreted in an 
immediate intuitive manner in classical theory. But the distinction 
between these states is of great importance in selection rules. • 

Second, we must consider the classification of the atomic states with 
respect to rotations. This classification is closely connected \vith a classi¬ 
cal property: each atomic state is characterized by its angular momen¬ 
tum. In fact, angular momentum of a system is conserved as long as 
there are no external fields w'hich disturb the spherical symmetry, and 
classification with respect to rotational symmetry is rigorously valid 
under the same conditions. 

If at first the spin of the electrons is disregarded, the angular momen¬ 
tum may have only the values zero or an integer multiple of h/2ir. In 
this respect atomic proper functions behave in the same way as the 
simple proper functions describing the electronic motion in the hydrogen 
atom. There we have seen that the angular momentum may have the 
values zero (s states), h/2Tr (p states), 2h/2ir (d states), Zh/2ir (/ states), 
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and so on. States rclatinp; to a whole atom rather tlian to a single oloc- 
ron are ca led - Z) states if the e.arespondi,.. anRuInr .ne"!:;, 
aie 0,1, 2, 3 times the quantum of ansular momentum/, 2;r. Inclose 

analoRv to the spherically .symmetrical ,s- slate.s of In-drosen. the .S’ states 
o an atom remain nnehanpred under any rotation, 'riie Rround states 
of all rare-gas alkali and alkaline-earth atoms are .S' states The P 
states are threefold degenerate just as the p states in hydrogen. Ihider 
c influence of rotation these degenerate states transform among each 

fact, the transformation properties of the P states are due to the spheri- 
alsjmmetry rather than to any six'cial property of the hvilrogen prob- 
bm. Ihiis these transformation properties persist a.s long as th«e is 
spiencal syinmetry. In a like manner D, F. etc., .slates behave like 

ihi'Jt'f ° '‘‘■K'-'e <'f degeneraev is 5, 7, etc for 

c^r fh degenerate slates transform as in’ the 

case of hydrogen. There is just one dilierence betneen the symmetry of 

the hydrogen states and that of the states of higher atoms. In hyilrlm 
all states mth an even angular momentum (s, ,1, ■■■) are even iritli re 
epect to inversion and all states with odd angular momenta (p f ... ) 

2^1 PItatfam/r™' 

If the spin of the electrons is taken into account, we find that the total 
angular momentum (including the spin an^lar momentumfean have 

troiJts^o^dd^t ■''I f whenever the number of elec- 

W he fact I>alf-m eger values of the angular momentum are due 

to the fact that the spin of the electron itself is J-A/2 t. Tlie states with 

angular momenta 3 , f, etc., are 2-fold, 4-fold, etc., degenerate The 
transfoliation properties of these degenerate states ^nder the influent 
of lotations are somewliat more complicated than those of the states 
Mth integer values of angular momentum. If the atom contains an 
even number of electrons, the angular momentum can be shown to be 
an integral multiple of A/2.. In that case the degree of d gene aey a^I 
the trans ormation properties are the same as for .S, P, D etc s LT 
The selection niles regulating transitions between th^se states ar^ 
analogous to certain selection rules discussed in the previous c iapter 
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atomic states is that only transitions between even and odd states are 
permitted, but all transitions between even and even or odd and odd 
states are forbidden. 

In the infrared-rotational and vibrational-rotational spectra of 
diat4)niic molecules w(> have seen that the angular momentum can change 
only by 1 or —1. In the vibiational-rotational spectrum of polyatomic 
linear molecules, transitions accompanied by no change of angular 
momentum were also permitted. It can be shown that general sj'm- 
metry arguments exchule all other changes of angular momenta in 
absorption or emission spectra for atoms or molecules. Thus transi¬ 
tions between states with the angular momenta 0 and 1, 1 and 2, 2 and 
3, 1 and 1, 2 and 2, etc. (all angular momenta measured in units h/2Tf) 
are allowed, whereas for instance a transition between states with 
angidar momenta 0 and 2 is forbidden. There is only one additional 
selection rule; a transition cannot occur between two states wth zero 
angular momenta. The reason for this rule is that, if the angular mo¬ 
mentum is zero, the state is spherically symmetrical. The transition 
between two spherically symmetrical states may be considered as a 
pulsation of a spherically s^-mmetrical charge distribution, and, accord¬ 
ing to cla.ssical electrod^mamics, such a pulsation does not emit any 
radiation. 

The selection rules concerning parity and angular momentum are 
due to symmetry with regard to reflections and rotations. Therefore 
these selection rules may be violated if the symmetry is temporarily 
impaired by collisions. The fact that the analogous selection rules in 
vibrational spectra concern infrared transitions which are due to dipole 
radiations indicates that the atomic transitions previously discussed 
are due to an effect similar to the absorption and emission of radiation 
bj' a vibrating dipole. The usual theory of optical transition prob¬ 
abilities is based on a generalization of this dipole radiation. But in 
connection with the extremely weak infrared spectrum of Ng, section 
10.6, we hav’e pointed out that radiation may be emitted or absorbed 
by a vibrating quadrupole. Weak transitions in atomic spectra are 
produced by quadrupole radiation and further types of radiation. For 
such kinds of radiation different selection rules operate. 

The interpretation of observed atomic frequencies in terms of differ¬ 
ences between energy levels leads to a knowledge of the energy states of 
the atom. The application of selection lailes makes it possible to find 
out the sjunmetry properties of the energj' levels. The goal of the 
analysis is the knowledge of the energj- values and sjunmetry properties, 
but the analysis would be very hard to carry out ^^dthout the use of sup¬ 
plementary theoretical considerations and experimental devices. 
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11.3 ATOMIC ^MODELS The some crude description of atomic 
proper functions which we have used in connection with the pcnodic 
system is also the one employed in llu’ cla.ssification of atomic states. 
In this simplified atomic model we shall at first disrcfiaixl the spins of 
the electrons. As a further simplification wc assume that tljore are no 
phase relations between the motions of tlic electrons and that each of 
them moves in the field produced by the charge of tlic nueleus and the 
average field of the other electrons. This simplification is equivalent in 
quantum theory to the assumption that the wave function can be wi’il- 
ten as a product of wave functions of the separate electrons, ^^’e finally 
introduce the simplification that tlie field in wliicli each separate elec¬ 
tron moves is sphencally symmetrical; if the actual average field of the 
remaining electrons docs not fulfill this reijuirement, wc take the aver¬ 
age of that field over all orientations before employing it in furtlicr cal¬ 
culations. The model just described is called the Hartrce model. 

Since in this model each electron moves in a spherically sxTiimetrical 
ficltl, each has a definite orbital angular momentum and is accordingly 
described as an s, p, d, etc., electron, the small letters emphasizing that 
the notation is used for single electrons. The s states of whicli an elec¬ 
tron is capable are numbered with increasing energy gi\ing Is, 2s, 3s, 
etc., states. These symbols have been used for the hydrogen orbits and 
also for the hydrogen-like orbits in higher atoms. The present defini¬ 
tion remains valid even if the orbits are very unlike the hydrogen orbits, 
l)ut it coincides with the prenous definition wlicncver the orbits resem- 
l>le those in the hydrogen atom. A similar notation is introduced for the 
p orbits, but to preserve the corrc.«pondenco with the hydrogen notation 
we start with 2p, 3p, etc. For the same reason the lowest d state is 
called Zd. 

From the angular momenta of the separate electrons, the total angular 
momentum of the atom can be composed. The loilcs of this procedure 
may be described in terms of classical mechanics: one replaces each 
angular momentum with a vector of a length proportional to the absolute 
value of the angular momentum. The total angular momentum is ob¬ 
tained by arranging the angular-momentum vectors of the electrons in 
arbitrary directions and then adding these vectors. But the restriction 
is imposed that the resultant vector must be again an integral multiple 
of k/2ir or else zero. If, for instance, we have a d and a p electron with 

angular momenta 2 — and ^ , we obtain for the vector sum the values 

Ztt Ztt 


^ h h , A 
3 " , 2 — , and — 

2Tr 2ir 2^ 


These correspond to an F, a D, and a P state 
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This vector-addition rule maj' be derived rigorously by group-theoreti¬ 
cal methods. As long as the Pauli cxclu.sion principle need not be con¬ 
sidered, the results are the same as those obtained from the simple vec¬ 
tor picture. 

We use as the symbol of an atomic state the product of the s>Tnbols 
for the single electronic states composing it and add the sjTnmetrj' 
symbol of the atomic state as a whole. Thus the lowest state of the 
carbon atom is written (ls)“(2.s)^(2p)^Pg. Here (Is)^ stands for the 
product of two Is functions an«l indicates the presence of two electrons 
in the K shell. Similar statements hold for (2s)^ and (2p)^. The sjTn- 
bol P shows that the total angular momentum is one (in units of h/2ir) 
which is one of the possible results if the angular-momentum vectors of 
four s electrons and two p electrons are added. The subscript g indi¬ 
cates that the atomic state is even. (An odd atomic state would be 
indicated by the subscript u.) That the state in question is even is due 
to the fact that, apart from the s electrons each of which has an even 
wave function, the atom contains two p electrons which according to 
previous statements are odd. But the product of two antisymmetrical 
functions is symmetrical, and so the product of two odd functions gives 
an even state. 

The symbols (Is)^ and (2s)^ prescribe in an unambiguous way the 
product of the indicated electronic wave-functions. On the other hand, 
the expression (2p)^ leaves the question open which of the three degen¬ 
erate p states or which linear combination of such states each electron 
occupies. Actually the symbol (2p)^ is somewhat misleading, because 
according to the somewhat involved quantum theorj’’ of the vector- 
addition rule we cannot construct a state of definite angular momentum 
(for instance a P state) by ascribing to each p electron a definite wave 
function and taking the product. It is necessary to construct a sum of 
products; for instance to obtain a P state, we may place the first electron 
in a Px state and multiply it by the py * wave function of the second 
electron, then take the Py state of the first electron and multiply it by the 
Px function of the second electron, and take the difference of these prod¬ 
ucts. In this way we obtain one of the degenerate P states and more par¬ 
ticularly a state which in analogy to the notation just used we should call 
Px. Linear combinations of products such as have just been described 
amount no longer to independent motions of the electrons but rather to 
motions vith some definite phase relation. This is so because the square 
of the total wave function giving the probability of the different electron 
configurations is no longer the product of the squares of single electron- 

• The Px and py states are similar to the states which have been designated in 
section 2.2 by (2a:) and (2y). 
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wave functions and therefore can no longer be written as the product of 
independent probabilities. The throe atomic states, 

(U)H2s)H2p)-S 

(un2.n2pfP 

{lsn2sfi2p)^D 

which according to the vector-addition rule can arise from the 
{ls)"(2s)^(2p)" electron configuration, dilTcr in energy owing to the dif¬ 
ferent phase relations of the 2p electrons in the S, P, and D slates. 
However, the linear combinations and the re.sulting phase relations and 
energies cannot be discus.sed without at the same time the Pauli exclu¬ 
sion principle being taken into account. Tlii.s princiijle eliminates all 
states wliich are not antisymmetrical with regard to the interchange of 
any pair of electrons, and for tliis reason not all states appear which 
can be obtained from the vector-addition rule. The influence of the 
Pauli principle, as wo have seen, is further modified by the presence of 
the electronic spin. We shall return shortly to a brief discussion of the 
spin effects. 

The possibility of exciting one of several electrons in an atomic spec¬ 
trum together with the several ways in which the angular-momentum 
vectors of the electrons can be combined into a resultant atomic angular 
momentum accounts for the great number of atomic states in the so- 
called complex spectra. The possible electronic transitions increase 
even faster than the number of electronic states, so that the compicxit}’, 
for instance, of the iron spectrum is not surprising. 

One class of spectra, namely, the one-electron spectra of the alkalies 
is by contrast quite simple. Here all electrons except one are in a closed 
shell, and the visible and near ultraviolet parts of the spectra are due 
to transition between states of the last loosely bound electron, called 
the valence electron. A further simplification arises from the fact that 
the electrons of the core (that is all electrons except the valence electron) 
form a closed shell which has the total angular momentum zero and 
produces a spherically symmetrical field. Thus the angular momentum 
of the atom will be equal to the angular momentum of the valence elec¬ 
tron. Let us consider, for instance, the sodium atom. Its lowest elec¬ 
tron configuration is (l.-{)^(2s)^(2p)®(3s). The two electrons in (I. 5 )* 
fill the K shell; the eight electrons in (2s)^(2p)® fill the L shell. The six 
nonspherical wave functions of the p electrons arc oriented and com¬ 
bined in such a way as to form a spherically symmetrical total wave 
function. The addition of the 3s electron in the M shell still leaves a 
zero angular momentum so that an S atomic state results. The first 
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excited state has a (15)^(2 .'j)-(2/j)®( 3/)) electron configuration, and cor¬ 
responding to the angular momentum of the (3p) valence electron a 
F state is obtained. The parity of the atomic states is also equal to the 
parity of the valence electrons. This is so because the closed shell form¬ 
ing the core has an even parity. Thus, for these spectra S, D, etc., 
states are even, and P, F, etc., states are odd. According to the parity- 
selection rule P~P, D-D, etc., transitions arc forbidden, and the orbital 
angular momentum must change by ±1 in each electronic transition. 
This same result can be obtained by a crude intuitive method. In 
alkali spectra the core, being totally symmetrical and essentially un¬ 
affected by electronic transitions in the usual spectral regions, can be 
considered (nucleus included) as one particle. Then the structure of 
the alkali atom in its various states can be considered as a two-body 
problem. We have encountered a two-body problem in the vibration- 
rotation spectra of diatomic molecules. In* the alkali spectra as in the 
infrared vibration-rotation spectrum of a diatomic molecule, changes of 
orbital angular momentum by ± 1 occur, but no transition is found in 
which the angular momentum remains unchanged. 

We have seen that phase relations between electrons are not provided 
for in the simple scheme of the Hartree model, but they have to be taken 
into account if energy difTercnccs are to be obtained between atomic 
states belonging to the same electron configuration. To describe such 
phase relations, the wave function must be written as a sum of prod¬ 
ucts; if, for instance, we consider a state of carbon (li')^(2s)^(2p)^, then 
each term in the sum contains two factors which are Is functions, two' 
factors which are 2s functions, and two factors which are 2p functions. 
The wave functions obtained by limiting ourselves to these factors are 
approximate solutions. The exact solution can always be written as 
the sum of products of single-electron wave-functions, but products 
belonging to all electron configurations must be used; in addition to the 
terms of the type (Is)^ (2s)^ (2p)^, other terms will occur such as 
(Is)^ (2s) (2p)^ (3d). The simplification in the Hartree model lies in 
the neglect of all but one of these electron configurations. In the alkali 
spectra this is an excellent approximation. The exact proper function 
of alkali atoms would include terms in which electrons of the core are 
shifted into higher shells. But the great energy needed for such excita¬ 
tion makes the contribution of such terms to the wave function insig¬ 
nificant. On the other hand, in the complex spectra where the excita¬ 
tion energy of several electrons is approximately equal, the Hartree 
model leads to less reliable results (compare section 3.8). 

11.4 THE INFLUENCE OF SPIN The physical interaction be¬ 
tween electron spin and electronic motion is due to magnetic forces 
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The effect of these forces depends on the electronic velocity and remains 
small as long as the electronic velocity is small compared to light veloc¬ 
ity. For lighter atoms this is always the case, and the interaction be¬ 
tween electron spin and electron orbits can be ncglect(‘d in first ajjproxi- 
mation. The influence of the spin on the symmetry types and energies 
of atomic states is nevertheless great. The wave fim<'tion may often be 
written in the absence of forces between spin and orbit as a pi oduct of 
wave functions depending on position an<l on .spin alone. The atomic 
energy depends only on the factor containing electronic po.sitions. But, 
according to the Pauli principle, the factor deiiending on the positions 
is symmetrical or antisymmetrical with regard to the intejchange of 
two electrons according to whether the spin factor i.s anti.symmetiical 
or symmetrical with regard to the same operation. It may happen 
that the Pauli principle is .satisfied in a more compli<‘atcd way in that 
the total wave function is a sum of spin- and position-dependent prod¬ 
ucts in which no factor is completely symmetrical or antis 5 ’rametrical. 


Thus, while the total wave function simply changes .sign whenever two 
electrons arc interchanged, the effect of this opeiation on the part de¬ 
pending on positions alone may be more complicated. This more com¬ 
plicated behavior has been discussed fully in terms of group theory. 
Only this time the operations whose effect on the wave function is 
studied are not reflections and rotations but permutations of the elec¬ 
trons. 

The result of this discu.ssion can be summarized in two simple state¬ 
ments: (1) Owing to the antisymmetry of the total wave function the 
permutation properties of the positional factor are determined by the 
permutation properties of the spin factor. (2) The permutation prop¬ 
erties of the spin factor are characterized by the value of the angular 
momentum resulting from a vector summation of the individual spins. 


Therefore we need discuss only this resultant spin momentum. 

The maximum possible value of the total spin angular momentum is 
\hl2ir (which is the spin of one electron) times the number of electrons. 
Other possible values differ from the maximum value by integral mul¬ 
tiples of h/2ir. Thus the spin angular momentum of two electrons may 
be A/27r or 0. For the value of this angular momentum in units of 
A/27r, the notation * 5 is used. For two electrons we have S ~ 1 and 
S = 0, and the possible values for three electrons are S = and 5 = 5 . 
For 5 = 0, the spin-dependent wave function is not degenerate. For 
5 = 5 there is a twofold degeneracy, for 5 = la threefold degeneracy.f 


• This is the same letter as is used for the symbol of a slate with orbital angular 
momentum zero. It is easy to distinguish from the context in which sense S is used, 
t In general, we have a (2*S -}- l)-foId degeneracy. 
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Accordingly, states with *S' = 0 are called singlet states, those \\ith 
S = § doublet states, those with S = 1 triplet states, etc. The property 
of a state being a singlet, doublet, etc., state is called its multiplicity. 
The multiplicity is indicated by an inde.x on the upper left-hand side of 
the letter (.S, P, 1), • • •) giving the total orbital angular momentum of 
tlie electrons within the atom. For in.stance, llie ground state of the car¬ 
bon atom is a triplet; tliis state is written in the fonn (ls)^(2i.-)“(2p)^ ^Pg. 
Actually even this symbol does not characterize the atomic state com¬ 
pletely. The spin angular momentum S and the orbital momentum 
called L may still be oriented with regard to each other in an arbitrary 
manner giving various values to the total angular momentum J. The 
energy difference of states belonging to the same electron configuration, 
to the same 5 and L values but to difTerent J values, is due to the actual 
physical forces acting on the spins witMn the atom. These energy dif¬ 
ferences are small in light elements resulting in a close multiplet of 
states. For hydrogen, the multiplet separations are less than 1 cm.”^ 
But for heavy' atoms where electrons have high velocities whenever they 
come close to the highly charged nucleus, multiplet separations become 
as great as 10,000 cm.“^ When the multiplet separation becomes com¬ 
parable to the electrostatic energies within an atom, the justification for 
writing the wave function as a product of positional and of spin factors 
falls down. Then it becomes inadmissible to assign definite values to 
the spin and orbital angular momenta, and the so-called L-S coupling 
which has been discussed pre\'iousIy is no longer valid. But the total 
angular momentum J still retains its significance. The atom still pos¬ 
sesses a definite total angular momentum as long as the rotational sjtii- 
metry of the problem as described in section 11.2, is preserved. 

There exists an important connection between the multiplicity of a 
state and the way in which electronic orbits are filled. We shall now 
give a few illustrations. If the spins of two electrons form a singlet 
state (S = 0), then the wave function changes its sign when the spins 
of the electrons are interchanged. It follows, according to the Pauli 
principle, that the orbital part of the wave function retains its sign if 
one exchanges the positions of the electrons. Indeed, simultaneous 
exchange of spin and positions is equivalent to the interchange of all 
properties characterizing the electrons, and, according to the Pauli 
principle, such interchange must invert the sign of the wave function. 

When two electrons form a triplet state, their wave function is a 
symmetrical function of the spins; that is, interchange of the spins leaves 
the wave function unchanged. Then the Pauli principle demands that 
the wave function be antisymmetrical with respect to exchange of the 
positions of the two electrons. 
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A consequence of the previous statement is tliat, when (wo electrons 
are found in the same orl)it. their siiin state must he a singlet. Only if 
the two electrons occupy different orbit.s can their spins form a ti'iplet. 
In general n electrons may add up their si)ins to a total value S = fi/2. 
This is, however, possible only if all the n elections occiiiiy different 
orbits. One more rule is of great help in interpreting spectra. If a 
number of electrons form a closetl shell, their spin momenta have to 
cancel and form a singlet state (S = 0). The same hold.s for tlie n 
orbital momenta, and we also have L = 0. Thus a closed shell may 
always be disregarded when orbital and spin momenta of an atom are 
investigated. 

It may be of interest to mention that in the hoa^^cst atoms a differ¬ 
ent kind of coupling is frequently employed with success. The spin of 
each electron is coupled to its orbital momentum I giving the total 
angular momentum j of the single electron. Then the j values are 
coupled to give the atomic angular momentum J. Of course, when¬ 
ever angular momenta are coupled, that must be done according to the 
mles of vector addition. 

11.5 APPROXIMATE SELECTION RULES The exact selection 
rules given in section 11.2 refer to the parity and to the total angular 
momentum J. According to this rule, changes in J by two or more units 
are forbidden, and in addition transitions between two states J = 0 are 
also prohibited. If as assumed in the previous section the interaction 
between spin angular momentum S and orbital angular momentum L 
is weak, then less strict selection rules arc valid for S and L separately. 

The first of thc.se rules is that in an electronic transition the spin 
angular momentum S must not change. This rule can be made plausi¬ 
ble in the following w'ay. The electronic spin interacts with the radia¬ 
tion field only through its magnetic moment, and this magnetic inter¬ 
action is weak compared to the electric coupling between the radiation 
and the atom. At the same time it has been assumed that only small 
forces act on the spin within the atom. In the absence of strong forces 
we would not expect the spin to change. We can indeed show in quan¬ 
tum theory that, in the ab.scnce of forces acting on the spin, only such 
transitions occur in which the spin-dependent factor of the w’ave func¬ 
tion remains unchanged. This means that the relative orientation of 
the individual spin vectors and the resultant angular momentum 5 do 
not change during the transition. 

It was stated that certain permutation properties of the positional 
part of the wave function are associated with each spin value. Since S 
remains constant, it follow’s that the permutation properties of the posi- 
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tional factor of the wave function must not change in a transition. This 
rule is similar to the more rigorou.s statement requiring the total (posi¬ 
tional and spin) wave function to remain antisATnmetrical with regard 
to interchange of electron pairs if this antisymmetry was originally 
established. However, the conservation of antisymmetry and the Pauli 
piinciple is due to the identity of the electrons and is not based on the 
neglect of the spin forces. Thus the permanence of the Pauli principle 
is an exact law while the selection rule forbidding changes in S is only 
approximately valid. 

The selection rule that the value of S, or in other words the multi¬ 
plicity, must not change is ver.v well satisfied for the lightest atoms 
where the forces acting on the spin are practically negligible. In helium 
the spins of the two electrons give rise to 5 = 0 or singlet states, or 
S = 1 or triplet states. Transitions between singlet and triplet states 
arc so excessively weak that they' remained undetected for a long time. 
The systems of singlet and triplet levels were thus practically inde¬ 
pendent, and they were said to belong to two different atomic species 
called para-helium (S = 0) and ortho-helium (S = 1). Later, evidence 
for a weak intercombination between the two sy'stems was found. In 
heavy atoms transitions involving a cliange in multiplicity which are 
also in this case called intercombinations occur vith much greater in¬ 
tensity. The familiar mercury line ^ith the wavelength of 2537 A. is 
due to a transition between singlet and triplet states. 

The approximate selection rules for L are e.xactly analogous to the 
rigorous rules for J. Thus the possible changes in L are limited to ±1 
and to zero, and in addition no transition can occur between two S 
states. This rule is valid only as long as forces acting on the 
spins may be disregarded. Thus for heavy atoms the rule becomes 
less rigid. 

If the Hartree model were strictly valid, further intensity rules would 
follow. Strong transitions could then occur only between states whose 
electron configuration differs only in the quantum number of one elec¬ 
tron. The orbital angular momentum of this electron would have to 
change by ± 1. In transition elements where the Hartree model is often 
entirely inapplicable this last rule is not very useful. 

11.6 THE ZEEMAN EFFECT If an electric or magnetic field is 
applied to atoms, the spherical symmetry on which the strict quantiza¬ 
tion of angular momentum w’as based is now removed. At the same 
time in states \vith J different from zero the reason for degeneracy ceases 
to operate. Indeed for J 5 ^ 0, the state itself cannot be considered as 
spherical, and degeneracy arises from the equal energy of states differmg 
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in orientation onij'. In external fields, however, difTerent orientations 
may have different energies, and the degenerate electionic levels split.* 
The effect of magnetic fields on atomic speetia is more mai’ked, easier 
to study, and was discovered earlier than the effect of electric fields. 
This may seem surprising in view of the fact that magnetic forces arc 
r/c times smaller {v = electron velocity, c = liglit velocity) than elec¬ 
tric forces. But partly because of this same fact, production of strong 
magnetic fields is much easier than production of strong electric fields. 
In the latter fields, electrical breakdown is difficult to a\’oid while no 
phenomenon of magnetic breakdown i.s known. There is a further rea¬ 
son why the magnetic effect is more readily olxservable. The interaction 
of the atom with a homogeneous field is in fust aj^proximation oau.scd 
by the permanent electric or magnetic moment of the atom while in¬ 
duced moments cause onlv second-order effects. Xow we have scon in 
section 5.2 that atoms do not have permanent electric dipoles,t while 
as a rule they do have permanent magnetic dipoles whenc^•er J is dif¬ 
ferent from zero. Thus magnetic fields giv'e rise to fii’st-order effects, 
whereas the effect of electric fields appears only in second apj)roxiina- 
tion. We shall limit our present discu.ssion to the magnetic or Zeeman 
effect, and we shall not consider the electric or Stark effect. 

The splitting of degenerate levels in a magnetic field may produce 
rather complicated patterns in the spectra, particularly if a splitting has 
occurred in both the initial and final state. The number of resulting 
lines is, however, considerably reduced l)y selection rules Avhich this time 
regulate the changes in the component of angular momentum al>out the 
direction of the magnetic field rather than the changes in the total angu¬ 
lar momentum. A discussion of the selection rules will not be given 
here. 

The reason for the complicated appearance of Zeeman patterns is the 
different magnetic behavior of spin angular momentum and orbital 
angular momentum. Both angular momenta arc associated with mag¬ 
netic moments but the ratio of angular momentum and magnetic 
moment is twice as great for the orbital motion as for the spin. Thus 
the orienting forces have a different effect on orbit and spin which may 
manifest itself in various ways in the spectrum but leads most often to 
a rather complicated structure. These complicated Zeeman patterns 
are kno^vn under the name of anomalous Zeeman effect, whereas the 
simple patterns which result in some special cases are called normal 
Zeeman effects. In each case, however, the Zeeman effect permits us 

* In homogeneous electric fields not all the degeneracy is removed. 

t There is an exception to this rule; in excited states of hydrogen, degeneracy of 
the 8, p, and aometimes further states may give rise to an effective electric dipole. 
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to draw valuable conclusions about the angular momenta and also the 
multiplicities of the combining levels. In many cases the multiplicity 
i.s already known from the appearance of the fine structure of multiplets 
which in the absence of an external magnetic field are due primarily to 
the interaction of spin and orbital magnetic moments ^^ithin the atom. 
With the further help of models and selection rules of which the most 
important ones have been treated in the previous sections, a rather de¬ 
tailed interpretation of almost all atomic spectra has been achieved. 

11.7 ELECTRONIC STATES IN DIATOMIC MOLECULES It 

has been showm that the motion of particles within molecules can be 
described rather accurately by treating electronic and nuclear motions 
separately: (1) The electrons are considered as moving in the field of 
fixed nuclei; (2) the motion of the nuclei proceeds in the average field 
produced by electrons (see section 4.1). The electronic spectra of dia¬ 
tomic molecules may be obtained in the roughest approximation by 
considering the nuclear positions as fixed and allowing the electrons to 
move in their field. This problem is considered in the present section. 
We shall see later that on the electronic frequencies a vibrational and 
rotational stmeture is superimposed in a somewhat similar way as has 
been discussed in the infrared spectrum where rotational frequencies 
have modified the vibrational spectrum. 

The electronic states of diatomic molecules are classified, and selection 
rules are obtained according to principles similar to those used for ob¬ 
taining electronic states of the atoms. A part of this classification has 
already been described in connection with the electronic structure of 
ground states in diatomic molecules. 

First, it is necessary to study the behavior of the electronic wave 
functions under the influence of the molecular symmetry. Second, w’e 
may again separate orbital and spin motion and introduce a further 
classification based on the properties of the wave functions, depending 
on the position and on the spin of the electrons. We shall discuss, for 
molecules, only that case where separation of spin motion and orbital 
motion is permissible. This simplifies the description since it is then 
necessaiy to consider the effect of molecular symmetry on the orbital 
motion of the electrons alone, rather than on the complete wave func¬ 
tion depending on spins and position. In the following the electromc 
spins will be disregarded in discussing the effects of molecular symmetry. 
As in atomic spectra, this procedure is justified only as long as no heavy 
nuclei are present. 

When comparing atomic states with states of diatomic molecules, we 
find that the symmetry of the problem is much higher in the former case. 
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Diatomic molecules possess axial rather than splicrical symmetry. The 
lower symmetry of diatomic molecules means fewer symmetry opera¬ 
tions and simpler transformation properties of the wave function. 

The primary classification of tlie states is made aecordinR to behavior 
\rith respect to rotations around the molecular axis. If a rotation 
through the angle is performed around that axis, the wave function is 
multiplied in general by where A is an appropriate constant. This 
behavior is analogous to that of a wave function describing the state of 
a particle in the absence of forces. We have seen in that case that trans¬ 
lation through a distance x multiplies tlic wave function by c'^. Tlie 
quantity k is related to the morqentum of the particle by the equation, 

h 

P = f^— 11-7(1) 

Similarly, A is related to the component of the ang;ular momentum 
around the molecular axis M by the equation, 

h 

M ^ K~ 11.7(2) 

27r 

The simple transformation property expressed by the factor e'*' holds 
as long as no forces act on the particle in the x direction, and the mo¬ 
mentum of the particle in that direction is therefore conseiwed. Simi¬ 
larly, the transformation law holds as long as the potential is cylin¬ 
drical, so that no tangential forces act on an electron moving around the 
axis. In classical mechanics angular momentum around the axis is con¬ 
served under these conditions. The number A is actually the angular 
momentum measured in units of h/2ir and is called the quantum num¬ 
ber of that angular momentum. Because of the requirement that the 
wave function shall remain unchanged by a complete rotation, A must 
be a positive or negative integer or else zero. Wave functions belonging 
to A-values with opposite sign can be transformed into each other by a 
reflection in an appropriate plane containing the molecular axis; this is 
so because the plane can be chosen in such a way that the reflection 
turns ip, the angle of rotation around the axis, into the angle —tp. Since 
the two wave functions belonging to A and -A can be interchanged by 
reflection, they must correspond to the same energy; that is, we have a 
twofold necessary degeneracy. We can visualize the reason for this 
degeneracy by remembering that A and -A belong to opposite angular 
momenta and therefore to electronic rotations in the opposite sense 
Only if A = 0 is the electronic state nondegenerate. 
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The statements in the previous paragraph are quite analogous to 
statements made previously about single-electron wave functions. In 
th(^ case of single electrons one usually denotes the quantum number of 
the angular momentum around the axis by X. For the single electrons 
it is easy to use the number of nodes and their connection ^Wth the mo¬ 
mentum to visualize the connection between X and the angular momen¬ 
tum. 

The letters A and X are chosen to emphasize the parallelism with the 
angular-momentum quantum numbers, L and 1) these letters are used 
in spherical fields to denote the quantum number of the angular momen¬ 
tum of the whole system and the angular-momentum quantum number 
of a single electron. This analog}' is carried further by denoting molec¬ 
ular states having A values 0, ±1, ±2, ±3, • • • with the symbols 2, n, 
A, 4>, • • • For single electrons, the letters a, tt, 5, <p, • • • are used. The 
corresponding notations for angular momenta in spherical fields have 
been S, P, D, F, • • • and s, p, d, f, • • • . 

A further classification of the 2 states is required according to their 
behavior unth regard to reflections in planes containing the molecular 
axis. There are wave functions which remain unchanged under such an 
operation. These are called 2“^ states. Other wave functions change 
their sign and are called 2” states. If A 0, no such further classifica¬ 
tion exists since reflection in planes containing the molecular axis merely 
interchanges the wave functions corresponding to +A and —A. It is 
to be noted that single-electron <r functions always have symmetry 
(and for this reason, the plus sign is omitted as redundant). In fact c 
wave functions are independent of the angle <p and remain unchanged if 
<p is replaced by ~<p. The more complicated symmetry 2“ can occur 
only for a molecule containing at least two electrons. In this case the 
wave functions of the individual electrons maj' depend on ip, even if the 
total wave function remains unchanged under rotation. 

For homonuclear molecules a further classification must be intro¬ 
duced. These molecules have a center of symmetry and, in analogy to 
the case of atoms, the subscript ^ or m is used to show whether a wave 
function is even or odd, Arith respect to reflection in the center. 

For a more detailed characterization of molecular states we can agam 
use the Hartree model. Angular-momentum and symmetry s 5 TnboIs 
are then assigned to single electrons, and the total wave function is 
written as the product of the single-electron wave functions. To that 
product the symbol of the resulting term must be added, since a mere 
statement about the angular momenta of the individual electrons does 
not show whether these angular momenta must be added or subtracted. 
Thus we obtain complex symbols such as This symbol 
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means that the molecule contains two one (Tu, Jind two t„ electrons. 
The angular momenta of the last two add up to give a A state. It is to 
be noted that, since all angular momenta are now parallel to the axis, 
they must be added and subtracted like numbers (rather tlian like vec¬ 
tors as was the case in the atoms). The rule that the total state is even 
or odd according to whether an even or odd number of odd electrons 
are present is the same for homonuelear molecules and for atoms. Of 
course, the same restrictions must be made about the validity of the 
Hartrec model for molecules as was made for atoms. Thus, although 
the angular-momentum quantum number A of the whole system is a 
well-defined quantity, the same cannot be said in general about X. In 
reality, each electron moves in the field of the nuclei and the other elec¬ 
trons, and this instantaneous field does not pos.*<ess cylindneal sym¬ 
metry. In practice, the Hartree model for m()lcfules is even less valid 
than for atoms for which the great energy steps between closed shells 
was the chief reason for the success of the approximation. 

Finally one has to add to each symbol representing a molecular wave 
function the multiplicity which, as in atoms, corresponds to the value 
of the sum of the spin angular momenta of the electrons. We have singl¬ 
ets, doublets, triplets, and so on, denoted by the numbers 1, 2, 3, • • • in 
the upper left corner of the symbol of the wave function (for instance 
or ^A). Singlets, doublets, triplets, • • • correspond to total spin 
values of 0, ^k/2ir, /r/2jr, • • •. 

11.8 CO-ORDINATION SCHEMES The cla.ssirication of the states 
in diatomic molecules as given in the previous section is not so com¬ 
plete as the one we have described for atoms. In the latter each electron 
had in addition to its designation as s, p, d, • • • a principal quantum 
number designating the shell to which the electron belongs. A similar 
simple classification is not possible wth molecules. Instead we charac¬ 
terize molecular states by their relation to atomic states which are ob¬ 
tained if the molecule is dissociated and to the atomic states which 
would be produced if the two nuclei were pushed together to form a 
single nucleus of higher charge. Since in the two cases of distant and 
united nuclei the possible atomic states are kno^m, we can attempt to 
obtain the actual molecular states by interpolation.* We shall first 
consider electronic states as a whole, that is, without discussing in 
detail the transformations suffered by the individual electronic orbits. 

The co-ordination of molecular states to states of the separated and 
united nuclei is governed by two rules. The first is that when the atomic 
distance is changed, the symmetry properties of the molecular state 

• This procedure has been developed by Mullikcn and by Hund. 
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must remain unchanged. The second is that two molecular states of 
the same symmetry must not have the same energy for any intemuclear 
distance. The reason for the second rule is that the mathematical re- 
(luirements of degeneracy are too exacting to be satisfied merely by 
changing one parameter, namely, the intemuclear distance. Degea- 
eracy can, however, be established (at least in the absence of magnetic 
forces) by adjusting two parameters. This is of importance in discuss¬ 
ing the behavior of polyatomic molecules and collision complexes. 



He Ha K + H 

Fio. 11.8(1). Co-ordination scheme for the hydrogen molecule. 


In plotting the energy of a molecule for various intemuclear dis¬ 
tances, we always find, of course, that the energy goes to infinity when 
the nuclei approach each other. This is a consequence of the repulsion 
between the nuclei. In plotting co-ordination schemes we usually do 
not include the nuclear repulsion in order that this strong effect should 
not obscure the influence of the nuclear positions on the energy of the 
electrons. 

The simplest example of a co-ordination scheme is obtained by com¬ 
paring the energy levels of a hydrogen molecule with the energy levels 
of two separated hydrogen atoms and with that of a helium atom. A 
sketch of this co-ordination scheme is sho\vn in Figure 11.8(1). On the 
left-hand side of the figure the lowest energy levels of the helium atom 
are marked. The electronic configurations are included. It may be 
seen that only such excited levels have been drawn which may be ob¬ 
tained by lifting one electron from the K into the L shell. The enei®^ 
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differences of the levels are not drawn to scale; the energy dilTercnce 
between the lowest level and the group of four upper levels is relatively 
even greater than shown in the figure. On the right-hand side of the 
figure we find a similar representation of the levels of two separat(‘d 
hydrogen atoms. Here the atomic symbols aie replaced by syml)oIs of 
the single hydrogen electrons. The first c.xcited state is obtained b\' 
putting one of the hydrogen electrons in either a 2.s or a 2p state. 'J'he 
state corresponding to two une.xcited hydrogen atoms has been marked 
higher than the lowest state of llie helium atom in order to indicate that 
it takes more energy to remove two electrons from a helium atom than 
to remove them from two hydrogen atoms. But here again the drawing 
is not made to scale in that the right hand of the figure should be shifted 
to considerably higher energies than has been done. 

Ihe first step in constructing a co-ordination scheme is to iiu'cstigate 
what moiccular-symmetiy type.s may be obtained from the atomic- 
symmetry types corresponding to the two limiting cases. Tliese sym¬ 
metry types have been marked below the horizontal lines drawn next to 
the atomic symbols. It is simple to obtain the symmctiy types on the 
left-hand side of the diagram; singlets give singlets, triplets give trip¬ 
lets, g and u states give g and u states, respectively, and the angular 
momentum around the molecular axis can have all values smaller than 
or equal to the angular momentum in the atom (for example, S gives 2, 
P gives n and 2 • ■ ■). The rules to be followed on the right-hand side 
of the diagram are more involved. Here, in addition to simple rules 
regulating the angular momentum, we must deteimine the multiplicity 
and the symmetry properties with regard to a center of symmetry which 
lies midway between the two atoms. This is done by considering the 
changes in the wave function brought about by an exchange of the 
electrons on the two atoms. We have seen in section 7.4 that two hydro¬ 
gen atoms in the lowest state give a singlet and a triplet molecular state. 
One can show that the singlet is even and the triplet is odd. Both states 
are of course 2 states since the lowest hydrogen state has no angular 
momentum. The first excited state marked in Figure 11.8(1) gives rise 
to 12 different molecular states listed below the corresponding line. All 
the 2 levels indicated are 2''‘ levels, and so for simplicity the plus sign is 
omitted. 

The energy levels for the hydrogen molecule are shoum in the middle 
of the figure by the lines connecting the levels at the two ends. The 
abscissa corresponds to (but does not serve as a quantitative measure 
of) the intemuclear distance. The method of construction is that one 
connects the lowest *2, state on the left side with the lowest *2g state 
on the right side. Then one connects the next ^2^ state on both sides 
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and so on for the various symmetry types. By this method intersec¬ 
tions botwoon unlike symmetry’ types can often not be avoided, and, in 
fact, tiiore is no rule forbidding such intersections. One such intersec¬ 
tion is seen on the left-hand side of the diagram, where the and the 
‘-u levels cross. Of course, since the lines are obtained by simple in¬ 
terpolation, the results cannot be quantitatively correct. For instance 
the and the ‘flu lines at the top of the figiure have been drawn as 
coinciding simply because they are interpolated between the same levels. 
In reality these states will have different energies in H 2 . The figure 

indicates whj- the lowest level 
is attractive while the lowest 
is repulsive. The former leads to 
a much more firmly bound helium 
level than the latter. The follow¬ 
ing four levels shown in the figure 
seem to be attractive since they 
behave similarly to in connect¬ 
ing hydrogen and helium levels of 
like degree of excitation. Further 
levels indicated on the upper right 
side of the diagram but not con¬ 
tinued through to the helium side 
must lead to high helium states 
and are probably repulsive. 

We may attempt to obtain a more detailed description of the molec¬ 
ular states by applying to each electron separately the same reasoning 
which has just been carried out for the molecule as a whole. The same 
rules can be applied for setting up electronic orbits in the two limiting 
cases and for interpolating between them. Again states of like s>Tn- 
raetry must be connected, and again intersections of curves of like sym¬ 
metry must be avoided. But it must be noted that these rules hold for 
individual electrons only approximately, because, as has been stated in 
the previous section, the symmetry classification for individual electrons 
is not rigorous. It may happen that through consideration of electronic 
orbits we are led to conclude that two molecular states of the same sym¬ 
metry cross for a certain intemuclear distance. In such cases the two 
energy levels in question usually approach each other but the intersec¬ 
tion is avoided by a more or less sudden turn of the curves in which 
each curve approaches the continuation of the other one, Figure 11.8(2). 

In Figure 11.8(3) the states of an electron in the field of two protons 
are obtained by interpolation. On the left-hand side the states of the 
He"** ion are indicated, whereas on the right-hand side we have the 



Fio. 11.8(2). Avoidance of intersection 
of two potential curves. 
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states of the hydrogen atom which in this limiting case are uninfluenced 
by the distant H ion. Xear tliese extreme cases the s>Tnbols of the 
correyonding molecular sjTnmetrios appear. Near the limiting ca.se of 
united nuclei the electronic symbol for the united atom is put down in 
front of the molecular symbol (for example, IwJ. This symbol is often 
used for a more complete characterization of an electronic orbit in the 
molecule. Less frequently the electi-onic state i.s characterized by the 
molecular-symmetry symbol which is followed by the sjmibol of the 



Fia. 11.8(3). Co-ordination scheme for the electron in the H 2 + ion. 


atomic orbit obtained by dissociation. This notation is showm close to 
the right side of the diagram. 

We shall use the more common notation (including the electronic 
symbol for united nuclei) in discussing the energy levels of the hydrogen 
molecule in terms of the individual electronic levels shotvn in Fig¬ 
ure 11.8(3). For a low energy-level, one electron will be always in the 
Imvest, that is, Iscr state. For the lowest level of the molecule we find 
the configuration (ls<r)* The configuration gives the singlet state 
because of the Pauli principle. Next we may put one electron into the 
Isffg state and a second one into the 2p(r„ orbit. This configuration 
givy a (l.-ja,)(2p<r„)®2u and a (l.?(r,,)(2p<r„)‘2« state. The former is 
easuy identified with the ^2^ repulsive state of Figure 11.8(1). The 
Mcond must be the level appearing on the top of the same figure 
We see that the two methods of obtaining this level lead to rather 
different energy values for this level. Figure 11.8(1) shows conclusively 
that the state must dissociate into a hydrogen atom in the ground state 
and into one in the first excited state. Figure 11.8(3) cannot be used to 
obtam the dissociation products, because the method of independent elec¬ 
tron orbits does not take into account the fact that for great interatomic 
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distances the electrons tend to distribute themselves onto the two dis¬ 
sociation products in a definite manner—in the present case so as to 
give two neutral atoms rather than a positive and a negative ion. In 
fact, in the Hartree approximation which is the same as the molecular- 
orbital approximation of C'hapter 7, each electron moves independently 
of the instantaneous position of the other electron, and so it may be 
easily seen that this method must break do^\'n for great intemuclear 
distances. On the other hand, Figure 11.8(3) brings out the fact that 



Fio. 11.8(4). Potential energy curves for hydrogen. The repulsion between the 

protons is included. 

the curves of ^2^ and *2u are closely related to each other. This leads 
us to suspect that the *2u curve lies considerably lower than the 
curve with which it coincides in Figure 11.8(1). According to Fig¬ 
ure 11.8(3), the latter state may be obtained from the electron con¬ 
figuration (lso’g)(2p7r„) which contains the higher ttu electron. Experi¬ 
mentally both the ^2u and the curves are kno\\Ti. They are sho^n 
in Figure 11.8(4), together ^ith the curve of the ground state *2g and 
that of the repulsive state ®2«. Corresponding to our expectation, the 
state ^2u lies lower than ^IIu. At somewhat greater intemuclear separa¬ 
tions the ^2u curve starts to rise, indicating the point where the Hartree 
approximation breaks do^vn, and the energy level, instead of contmumg 
along the energy curve of in Figure 11.8(3), turns toward the higher 
dissociation products shown by the termination on the right-hand side 
of the ‘2u curve in Figure 11.8(1). This example shows that co-ordina- 
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tion schomes of clectrotis anil of inolecular statos arc botli 

needed if we wisli (o reprosent Ihc cxjJcrinH'ntal results in even a (piali- 
tatively satisfactory manner. 

The comple.xity of the inetlioils just outlined inoi'eases considerably 
when applied to heavier molecules. But a classi/ication of molecular 
levels seems hopeless without such a procedure. This classitication lias 
the same importance for an understanding of the chemical bond as the 
classification of atomic states has for an undei-standing of the peiiodic 
system. In the latter case information about excited atomic states 
leads to the prediction of the lowest states of the following atoms. For 
molecules, on the other hand, information about excited electronic 
states permits us to predict the appearance of bonding or antiboiiding 
electrons in the ground state of molecules carrying one or several addi¬ 
tional electrons. It can actually be showm that o-g, • • • electrons 

are bonding whereas au, ifg, Su, • • • electrons are antibonding. In tliis 
way, facts of spectroscopy and chemical binding are interrelated. 


11.9 SELECTION RULES IN DIATOMIC .MOLECULES As in 

the previous sections wc shall consider here only the rules valid for L~jS 
coupling. 

The same rule holds for the spin in molecules as in atoms. Transi¬ 
tions with strong intensity occur only between levels of the same spin 
value, that is, the same multiplicity. Transitions lietween levels of 
different multiplicity are weak—for the lighte.st molecules extremely 
weak. Such transitions are again called intercombinations. 

In the allowed bands, simple selection rules hold for the angular 
momentum A. For atomic spectra it has been stated that the angular 
momentum L may change in transitions by the amounts 0, ±1. The 
same rule holds for essentially the same reason for A. If the change in 
A is zero, then the initial and final wave functions have the same sym¬ 
metry with regard to rotations about the molecular axis. In this case 
transition can occur only if the vibrating electric dipole responsible for 
the transitions does not disturb the axial symmetry, that is, if the dipole 
IS parallel to the molecular axis. Such transitions are therefore called 
parallel transitions. On the other hand, transitions with A = ±1 
occur between levels which have different symmetry wth regard to 
rotations. To make such a transition possible, the radiating or absorb¬ 
ing dipole must disturb the axial symmetry, and one can show that it 
must be perpendicular to the axis. The corresponding bands are called 
perpendicular bands. We shall see later that parallel and perpendicular 
bands can be experimentally distinguished from each other because of 
the difference in their rotational structure. 
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For diatomic molecules consisting of two different kinds of atoms the 

onlv additional selection rule is that and levels do not combine. 

% 

For homonuclear molecules only transitions between g and u states are 
allowed, those between g and g states and u and u states are forbidden. 

Among the permitted transitions we can make a further selection of 
those combinations which are apt to occur Anth greatest intensity. As 
in atoms we will expect above all such transitions in which only one elec¬ 
tron changes its orbit and where the selection rules applied to the sym¬ 
metry character of this one electron are not violated. (For instance 
o'g ~ Tfu transitions are allowed but or Tg — irg transitions are 

forbidden.) One kind of transition which is apt to occur wth particu¬ 
larly great intensity is one in which the electronic configuration remains 
unchanged except that a bonding electron goes over into the correspond¬ 
ing antibonding state or vice versa. In such a transition the electronic 
wave functions in the initial and final states differ essentially in the 
same manner as the two lowest functions of a two-minimum problem 
(see section 7.9) differ from one another. Thus the electron transition 
corresponds to a vibration of the electron between the two minima or, 
specifically, between the two atoms. This \’ibration gives a large radiat¬ 
ing dipole and consequently a strong transition probability. 

11.10 VIBRATIONAL STRUCTURE OF ELECTRONIC TRAN¬ 
SITIONS Transition between two electronic states may be accom¬ 
panied by various changes of the vibrational quantum number. As is 
seen later, a definite electronic and vibrational transition further con¬ 
sists of a number of rotational lines which, except in the H 2 spectrum, 
are spaced closely enough so as to give at low resolutions the appear¬ 
ance of a band. (Hence the name of band spectra for molecular spec¬ 
tra. ) Bands belonging to the same electronic transition but to different 
vibrational transitions fonn a band system. The classification of the 
molecular spectral lines into bands and band systems is a natural one 
because electronic energies are great compared to vibrational energies, 
and these in turn are great compared to rotational energies. 

For vibrational transitions in electronic spectra no such simple and 
stringent rules hold as for pure vibrational transitions. In the latter 
only changes by one quantum number occur Arith great intensity. In 
an electronic spectrum, on the other hand, the most intensive vibra¬ 
tional transition may be one in which the vibrational quantum number 
has remained unchanged or one in which a change of many quanta has 
occurred. At the same time many vibrational transitions may occur 
for the same electronic transition; that is, a band system may contmn 
many bands. The reason for the difference between the electronic- 
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vibrational transitions and the pure vibrational transitions is that in 
the latter the nuclei move in the same potential in the initial and in the 
final states, whereas in the former the average potential due to the elec¬ 
tronic motion has changed duiing the transition so that the nuclei are 
subjected to different forces before and after the transition. 



The changes of vibrational energies occurring in electronic transitions 
can be systematized by the simple rule that during an electronic transi¬ 
tion neither the positions nor the momenta of the vibrating nuclei have 
time to undergo an appreciable change. This statement was first made 
by Franck on an intuitive basis and then proved by Condon on the basis 
of quantum mechanics (Franck-Condon principle). 

The curves in Figure 11.10(1) show the potential energy of the nuclei 
as a function of the intemuclear distance r. As has been stated before, 
this potential energy is due to the repulsion of the nuclei and to the 
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average action of the electrons in their orbits. The curves A, B, and C 
corre-spond to three electronic states, and the difference in potential 
energies is due to the different average action of the electrons. The vi¬ 
brational levels are indicated by horizontal lines in the potential curv’es. 

We shall consider a molecule in the third excited vibrational state of 
the lowest curve, indicated by a heavier line. According to the laws of 
classical mechanics the xibrating molecule will spend a relatively long 
time near the turning points of the vibration where the vibrational 
velocity becomes equal to zero, so that if the vibrating particles are 
observed at a given instant w'e are apt to find them close to the maximum 
or minimum r value. The same is tme in the quantum treatment of the 
vibration; except for the zero-point vibration the absolute maxima of 
the probability function | occur close to the turning points, in our 
.special case, the points a\ and 02 in Figure 11.10(1). In an electronic 
transition the nuclear position remains essentially unchanged. If by 
absorption of light the molecule is lifted from curve A to curve B, and 
if the nuclei are caught near the position ai, they ^\'ill land near the same 
position, that is, near 61 on curve B. Near ci the vibrational velocity 
was close to zero, and therefore the vibration near 61 ^vill start \vith the 
relative velocity of the two nuclei practically equal to zero. We con¬ 
clude that the molecule is lifted by the absorption into a vibrational 
state whose energy level crosses curve B near 61 . This state is indicated 
in the figure by a heavy line. It is the fourteenth excited level rather than 
the third, so that a considerable change in vibrational quantum number 
has occurred. The electronic transition can occur wth practically 
equal probability from the point 02 - Then the molecule arrives at the 
point 62 . The zero’th vibrational level which is reached in this way is 
again rejjresented by a heavier line. 

One often finds that transitions occur from a single initial vibrational 
state into a long sequence of final vibrational states. This is to be ex¬ 
pected if the potential curve in the final electronic state is steep near 
one of the turning points of the initial vibrational state. In this case 
the turning points of several final vibrational states ^vill lie close to the 
fu min g point of the initial vibrational state, and transitions to all the^ 
states may become strong. It is furthermore not certain that the transi¬ 
tion will start from a point near Oj or 02 . If the transition occurs near 
the minimum of curve A, the vibrational velocity in the initial state 
will be greater, and the nuclei will arrive in the curve B with a relatively 
high velocity. In this way additional transitions to levels of curve B 

can occur. ^ 

An actual calculation of the transition probabilities involves t e 
detailed vibrational wave functions. These more complicated calcula- 
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tions explain charactenstic nuctuations in the band intensities. Thus it 
maj'' happen that transition to u vii>rational level occuns with high in¬ 
tensity; the band carrying one more vibrational (luantum in the excited 
state may be quite weak, and the band carrying one additional quantum 
may be again strong. The simple con.sideration just given is a qualita¬ 
tive but nevertheless useful guide which allows us to find the approxi¬ 
mate changes in vibrational quantum number occurring with the highe.st 
intensity. 

In an electronic tran.sition from curve A to curve C the vibrations 
behave in an entirely different manner. The curves A and C difTcr from 
each other only by a constant shift in energy. Both the sha])es of the 
curves and the r values for which the minima occur are the same. The 
same simple construction being used as previously, transition from 
points oi and 02 lead to the points Cj and Cg which are the terminal points 
of the third excited vibrational level in the C curve. In fact, every 
detail of the vibration in the third level of the A curve is the same as in 
the third level of the C curve, and the vibrational wave functions are 
also the same. Under these specialized conditions only such transitions 
occur in which the vibrational quantum number remains unchanged 
during the transitions.* In the case just discussed no vibrational 
structure would appear at all since the vibrational energies in the initial 
and final state are the same, and therefore the transition between tfie 
two zero’th levels has the same frequency as the transition between the 
two first levels, betw'ccn the two second levels, and so on. Tliis is of 
course an idealized case in that the tw'o potential curves are assumed to 
be exactly equal. A ca.se frequently encountered in absorption or emis¬ 
sion spectra is one in which the two combining curves have minima at 
closely equal r values but have different shapes. In general, the vibra¬ 
tional frequencies will be different in the upper and low’er curves, and so 
the bands corresponding to the 0-0, 1-1, 2-2, ■ • ■ vibrational transi¬ 
tions do not coincide. But the band system will still preserve the simple 
appearance of a relatively closely spaced group of bands as long as the 
equilibrium positions in the initial and final states do not differ greatly. 

11.11 DISSOCIATION ENERGIES Although the facts mentioned 
in the previous section permit inferences about the shapes of the poten¬ 
tial curves and the positions of their minima, even more important re¬ 
sults may be obtained from the spectrum concerning the behavior of 
the potential energy curves at very great r values. As soon as r is suffi¬ 
ciently great, the molecule may be said to have separated into two 

• This rule is strictly valid except for the usually weak influence of the inter- 
nuclear distance on the electronic transition probability. 
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atoms. Thus at great distances the energy becomes equal to the sum 
of the energies of the two separate atoms. The difference between the 
asymptotic value which the energy approaches as r approaches infinity 
and the energy of the minimum of the potential curve is the dissociation 
energy. The most direct method of obtaining information about dis¬ 
sociation energies from molecular spectra is to study the appearance of 



Fio. 11.11(1). Molecular traDsitioos leading to a discrete state and to dissociation. 


continua in the spectra. In the potential curve C of Figure 11.11(1) a 
number of vibrational levels are showm, the highest one of which lies 
very close to the dissociation energy. Above the dissociation energy 
indicated by the letter d the nuclear motion may possess any amount of 
energy. Strong transitions from the third vibrational level of curve A 
(dra\vn as a heavy line) lead to the second vibrational level of curve C 
and also to a level within the continuum adjoining the vibrational levels 
of C. (This final energy state is also dra^m as a heavy line.) Of course, 
transitions are possible from the neighborhood of ai into the neighbor¬ 
hood of Cl, and so a finite portion of the continuum app>ears in the spec¬ 
trum. If the transition leads to a repulsive curve, the spectrum is 
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always continuous. Such would be llie case in a transition from cur\e 
A to curve B in Figui-e 11.11(1). 

From the presence of a continuum we can merely conclude that 
absorption of light led to dissociation. It is of further interest whether 
the atoms obtained in tliis process in tluar grourul states or in an 
excited state; we may ask furthermore, how much kinetic energy do 
the atoms carry as they fly apai't? The state of excitation of tin? tlls- 
sociating atoms must be decided by a moio extensive study of the 
spectrum and possibly by u.sing co-or<lination schemes. The question 
concerning the kinetic energy may be answcax'd by direct obsc'rvation if 
a transition in the spectrum leads to the region of rj in Figure 11.11(1) 


1 

6500 

Fig. 11.11(2). 

where the C curve and the dissociation energy d intersect. Then transi¬ 
tions will occur to discrete vibi*ational states below the level d and also 
into the continuum above d. 

From the on.sct of the continuum the ilissoeiation energy can be 
determined in a direct way. In Figure 11.11(2) a portion of the lo al)- 
sorption spectrum is shown where the onset of tlio continuum is visible 
at a wavelength of 4990 A. whiidi corresponds to 2.472 electron volts. 
The molecule dissociates at this point into an iodine atom in its ground 
state and another one with the known excitation energy of 0.937 elec¬ 
tron volt. WHiilc thc.se di.s.sociation products are obtained from the 
potential curve in the upper electronic state, the lower electronic state 
can be shown to dissociate into atom.s in the ground state. The disso¬ 
ciation energy in this state can be obtained as a difference of the energy 
corresponding to the frequency of the limit of continuous absorption 
and the excitation energy of the iodine atom obtained in the dissocia¬ 
tion. The former energy is 2.472 volts which gives with the excitation 
energy of 0.937 volt the dis.sociation energy of 1.535 volts. In Figure 
11.11(3) the magnitudes just mentioned are shown. The energy cor¬ 
responding to the continuous limit is F, the excitation energy is E, and 
their difference, the dissociation energy, is D. The dissociation energy 
is counted from the zero’th vibrational level; the corresponding dis-socia- 
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tion energy is Dq. This value differs somewhat from Dg which is counted 
from the bottom of the potential curve but the relevant quantity in 
spectra as well as in thermochemistry is Da. However, when molecules 
containing isotopes are compared, the vibrational frequency and with 
it Da ^ill be different while De remains unchanged. 

We can determine dissociation energies by a more indirect and a less 
accurate method (the Birge-Sponer method) which, however, has the 



Fio. 11.11(3). Energies occurring in the spectroscopic determination of a dissociation 

energy. 

advantage of much \vider applicability. This method is based on the 
change in spacing of the vibrational levels. In Figure 11.11(4) a poten¬ 
tial curve is sho\vn with its vibrational energy levels. For the sake of 
clarity the total number of vibrational levels has been kept small. It 
may be seen that the spacing of the vibrational levels becomes closer 
as the energy increases. This behavior is the rule for diatomic mol¬ 
ecules. It can be understood by remembering that the energy differ¬ 
ence of two consecutive levels corresponds to the vibrational frequency, 
and the frequencies of higher-amplitude vibrations are lower because 
they penetrate into the flat region of the potential curve. As the vibra- 
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tional energy approaches the dissociation level, tlie frequency and also 
the energy difference between two neigliboring levels approach zero. 
The dissociation energy can be obtained if a sufficiently great number 
of vibrational levels are fciiouii to i)ertnit extrapolation to the point 
where the energy ditfercnce of two consecutive lc\'el.s vanishes. Kcsults 
of this method are of course all the inoie reliable, the greater the num¬ 
ber of vibrational levels that arc known e.xpcrimentally and the greater 
the regularity sho^\'n by their spacing. The extrapolation is greatl^^ 



Fio. 11.11(4). Convergence of vibrational levels near dissociation. (Birge-Sponer 

method.) 

facilitated by the fact that the number of vibrational levels in most of 
the potential curves is finite. It can be shown that, if the potential 
curve behaved as 1/r at great distances, infinitely many vibrational 
levels would be obtained in analogy to the infinitely many electronic 
levels in the 1/r potential of the hydrogen atom. In thi.s case extrapola¬ 
tion to the dissociation energ>^ is more difficult. But this happen.s only 
if the dissociation products are ions.* If the molecule dissociates into 
neutral atoms, the potential curve approaches the dissociation energy 
more rapidly, and only a finite number of vibrational levels are found. 

• More accurately an infinite numIxT of vibrational levels is found if the curve 
approaches the dissociation energy less rapidly than h^/Z2w^^r^ (where m is the re¬ 
duced mass), and a finite number of levels is found if the dissociation enerev is 
approached more rapidly. ^ 
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Ill that case it is (lasior to obtain the dissociation energy by extrapola^ 
tion. 


11.12 TIIR ROTATIONAL STRUCTURE IN DIATOMIC MOL- 
i'X 'ULES The rotational structui*e superposed on the electronic and 
vibrational frociuencies differs from the rotational structure in infrared 
spectra in one important respect. In the latter spectrum the moment 
of inertia is closely similar in the initial and final states. In a spectral 
transition the angular momentum does not change greatly. Therefore 
the rotational velocity in infrared spectra is similar in the initial and 
final states. This rotational velocity can be pictured as a classical rota¬ 
tion, and the shape if not the fine structure of the infrared rotational and 
vibrational-rotational bands can be obtained from classical considera¬ 
tions. In the electronic spectra the equilibrium distances and therefore 
the average moments of inertia difTer often greatly in the initial and the 
final states. The angular momentum remains again almost the same, 
so that this time the angular velocities may be considerably different in 
the two combining states. Therefore we cannot select a single angular 
velocity which can be used to give a classical description of the influence 
of the rotation on the spectmm. The rotational stmeture must be dis¬ 
cussed in terms of energy levels, selection rules, and transition prob¬ 
abilities. 

The rotational energies of a diatomic molecule are * 


h~J{J +1)1 


11 . 12 ( 1 ) 


Here J, the rotational quantum number, can be any positive integer or 
zero, M is the reduced mass of the molecule, h is Planck’s constant, and 

\ is the inverse square of the interatomic distance averaged over the 

vibration. This average value is in general different for the initial and 
the final states. In the following discussion we shall write the rotational 
energj" as 

kBJ{J + 1) 11.12(2) 

where B stands for the factor —-4 in equation 11.12(1). The quan- 

titles B and J for the upper and lower electronic states in an electronic 
transition are distinguished by using a single and a double prime. 

The selection rules for J are essentially the same as the selection rules 
for the total angular-momentum quantum number of an atom. The 
• In this expression the influence of the electronic angular momentum is neglected. 
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pei-mitted changes in J are +1. 0. and - I. I„ addition, (he transition 
is forbidden if J' = J" = 0. While these selection rules are of general 
validity, further approximately valid rides aie useful in obtaining infor¬ 
mation about the symmetries of the electronic functions of the combin¬ 
ing states. It has been stated in section 11.9 that electronic tiansitions 
are pennitted only if A, the electronic orbital angular momentum about 
the molecular axis, changes by +1, 0. or -1. Now whenever A remains 
unchanged the transitions with J' - J" = 0 aie much less intense tlian 
the transitions with J' — J" = dzl. In the terminology introduced in 
section 10.9 the P and 7? branches are much more intense than the Q 
branch. If A is zero in both the combining states (2 -• transition) 
the Q branch is completely aksent. (./' - J" = 0 is forbidden.) Tl.is 
behavior is essentially the same as found in the infrared vibrations of 
diatomic molecules where the electronic dipole ^^brates in a direction 
parallel to the molecular axis. It was .stated in section 11.0 that in the 
2-2, n-n, A-A, ... transitions the vibiating electronicKlipoIe moment is 
parallel to the molecular axis (parallel bands). Thus a similaritv of 
rotational selection-reles is not surprising. In those transitions in 
which A changes by ±1 the vibrating electronic dipole is perpendicular 
to the molecular axis (perpendicular bands, see section 11.9). In this 
case P, Q, and R branches {J’ - = 0, ± 1 ) appear with comparable 

intensities in close analogy to the appearance of these branches in the 
vibration-rotation band.s of linear polyatomic molecules in which the 
vibrating dipole is perpendicular to the axis. 

In order to find the position of the rotational lines relative to the 

5 w electronic and vibrational motions, we subtract 

i- n rt + 1) and divide by h. For the P branch 

m which J = 7 + 1 \ve obtain for the rotational frequencies 

R'JV' + 1) - +i) = B'J'iJ' -hi) - B"iJ' -b ])(7' + 2) 

= (P' - — (ZB" — B')J‘ ~ 2B" 11.12(3) 

For the R branch where J” = J' ~ 1 , we have 

B'J’(J' + 1) - B"J"(J" + 1) = (B' - + (B' -f- B")J' 11.12(4) 

and the frequencies for the Q branch, where J" = J\ are 

B'J'(r +1) - B"J"(J" -f- 1 ) = (B' - B")r^ + (B'~ B")r 11.12(5) 

In ail three branches the frequencies for high J values increase (or de¬ 
crease) as 7 . If the equilibrium distance in the upper electronic state 

18 greater than in the lower electronic state, then^ in equation 11.12(1) 
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is likely to be smaller for the upper electronic state, and B' is smaller 
than B". In this case the rotation for hish J values gives a negative 
contribution to the frequency, and the corresponding rotational lines 
extend toward the red end of the spectrum. The bands are said to be 
shaded oft toward the red. If, on the other hand, the equilibrium dis¬ 
tance is smaller in the upper electronic state, then B' is greater than B", 
the rotational lines extend towards the short wavelengths, and the 
bands are said to be shaded off toward the violet. 

The ai)pearance of the bands actually sliows this fading out toward 
the red and toward the violet. But in the opposite frequency direction 
the bands terminate sharply; this end of the band is referred to as the 
head. The occurrence of a head can be understood from the foregoing 
equations. Let us suppose that B" is greater than B'. Then the rota¬ 
tional contributions in the R branch are positive for low J* values and 
become negative onl}' for high J' values. Thus the beginning of the R 
branch proceeds toward the violet. At the approximate value J' = 


B" -h B' 

2{B" — BO ^ toward the violet is reached. For higher 

J' values the lines proceed toward the red. Near the violet end, where 


the direction in which the lines proceed is reversed, there is an accumula¬ 
tion of lines which brings about the phenomenon of a sharp head. 

The band heads are striking and easily measurable, but investigation 
of other regions in the band jields more useful information about the 
molecule. Near the head the lines are most crowded and most difficult 
to resolve. But resolution of the lines is needed to calculate the moment 
of inertia and the average distance of nuclei in the two electronic states. 
These quantities not only are interesting in themselves but also help in 
recognizing a common electronic state occurring in two different band 
systems. 

In the analysis of the rotational structure one of the most important 
points is to locate the pure electronic vibrational frequency, the so-called 
zero line, and to investigate the rotational lines close to the zero line. 
It can be shown that, depending on the electronic angular-momentum 
quantum numbers of the combining states, a certain number of rota¬ 
tional lines are missing in the neighborhood of the zero line. In S-S 
transitions of the simplest type one line is missing (namely the zero line 
itself), in S-II two lines, in H-II transitions three lines, and so on. This 
peculiarity can be derived from the fact that the total angular-momen¬ 
tum quantum number J of the molecule can never be smaller than the 
electronic quantum number A. It may be seen that not only can per¬ 
pendicular and parallel bands be distinguished on the grounds of the 
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presence or absence of a stronp; Q branch, l)ut also the sj)ccinc kind of 
electronic transition may be determined by a close study of the neigh¬ 
borhood of the zero line. 

The rotational structure described in the foregoing is the one obtained 
for most molecules in the singlet state. We have omitted in the discus¬ 
sion the interaction energy between the rotation of the electrons around 
the molecular axis and the rotation of the molecule as a whole. If this 
interaction is taken into account and if the total electronic spin is dif¬ 
ferent from zero, that is, if we are dealing with a doul)let, triplet, etc,, 
state, further complication.s aiise in the rotational structure. Tlie spin 
may be coupled to the electronic orbital angular monuuitum A (IIuihI's 
case a), or through gyroscopic effects to the total angular momentum J 
(Hund’s case 6). If the spin is coupled to A, doublet, triplet - • • .sy.stems 
will have the appearance of 2, 3, • ■ • hands with 2. 3, • ■ ■ zero lines and 
2, 3, • • • heads. If, on the otlu-r Imnd, the spin is coupled to J, one band 
appeal's with double, triple, • • • brandies all originating closely from 
the same zero line. Further complications arise sometimes from the 
fact that for low / values the spin may be coupled to A, whereas, follow¬ 
ing a region of transition, for high J values tlie sjan is coupled to/. 

These coupling case.s ai-e but a few among several possibilities. How¬ 
ever, the theory appears to-be relatively simple when we consider the 
number and complexity of spectra explained. And the method is fully 
justified by the body of reliable data obtained about diatomic molecule.s 
including those stable in the ordinary chemical sense as well as tlio.se 
unobservable by other than spectro.scopic means. 

11.13 ELECTRONIC SPECTRA OF POLYATOMIC MOLECULES 
Though the same general rules apply to the spectra of polyatomic mol¬ 
ecules as to the spectra of diatomic molecules and atoms, 3 'ot for practical 
reasons these spectra must be treated in a rather different manner. One 
of the significant differences is that a polyatomic molecule can dissociate 
in several ways, and for this reason di.ssociation continua are much more 
frequent in the.se spectra. For the same reason emission .spectra cannot 
be produced so easily in an electric discharge since the conditions in the 
discharge are apt to destroy the molecule. Therefore mo.st available 
information concerns absorption and sometimes fluorescence spectra of 
chemically stable molecules. 

The possible symmetries of polyatomic molecules are very great in 
number. They range from the axial symmetry of linear molecules 
through molecules containing reflection planes and rotation axes in 
various arrangements to the highly symmetrical compounds of tetrahe¬ 
dral and octahedral symmctiy. It is possible to systematize these sym- 
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nu'tiio.s and dorivo electronic selection-rules for each sjTnmetry t}T)e, 
l)uf U'o shall limit ourselves here to a few general statements and to a 
f(“\\ examjjles. 1 he art)itranncs.s in selecting these examples is not verv 
great, because tliere are only a few pol.vatomic spectra where a fairly 


complete* analysis has been made. 

I he vibrations have a more thorough influence in polyatomic spectra 
than in diatomic spectra. The reason is that the vibration of a diatomic 
molecule lU'ver changes the symmetry of the molecule whereas in every 
j)oIyat(anie molecule there exist vibrations, the nontotally S 3 ’’mmetrical 
vibrations, which change tlic sjmimctrv. Such vibrations may cause a 
violation of selection rules for clectj-onic transitions which are based on 
the molecular sN’mmctiy or to be more exact on the sjmimetry of the 
equilibnum configuration. 


The rotations too liave a different influence on spectra in polyatomic 
molecules. The greater moments of inertia of these molecules have the 
conse([uence that the rotational frequencies are smaller and the rota¬ 
tional structures ai'e less extended and more difficult to resolve. The 


difficulties of resolution are increased by the great number of frequencies 
occurring in the complicated rotation of asjTometric top molecules. 
Nevertheless rotational structui-es of triatomic molecules have been 
anaij'zed sucrcessfully. 


11.14 SYMMETRY OF ELECTRONIC FUNCTIONS AND SE¬ 
LECTION RULES In this section we shall describe a few symme- 
try types of electronic wave functions, and we shall mention a few 
selection rules applicable to a relativcl}' great variety of molecular 
symmetries. 

In polyatomic molecules as in diatomic molecules and atoms, transi¬ 
tions between states of different multiplicity are forbidden. This rule is 
violated to an increasing extent if the electron or electrons involved in 
the transition get close to a nucleus of high charge. 

We call electronic proper functions totally symmetrical if the wave 
function remains unchanged in all possible sy^mmetry operations. One 
selection rule is that a transition from a totally symmetrical state into 
another totally symmetrical state is forbidden if the symmetry of the 
molecule is incompatible with a peimanent electric dipole. 

Electronic states in molecules having a center of symmetry are called 
even or odd according to whether they retain or change their sign on 
reflection in the center. A selection rule essentially similar to rules 
about even and odd functions given in previous sections forbids transi¬ 
tions between even and even states and also transitions between odd and 
odd states. 
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There are in polyatomic inoloculc?> dofionorale electronic states; that 
is, several wave functions may helong to the same energy, and symmetry 
operations change these wave functions into each other or irito linear 
combinations of each other. ]llectroni<! degeneracy occurs only if the 
molecule possesses at least one threefold- or iiighcr-symmetrv axis. If 
only one such symmetry axis exi.sts, no tlegeneracie.s liigher than twofold 
exist. In such molecules we call the axis of liigh .symmetiy tlie figure 
axis. Molecules of luglier symmetry .such as tc'trahedral or octahcdial 
symmetry pos.scss twofold and tlireefokl <lcgenerato states. We .shall 
mention as an example one selection rule for these Iiiglilv s-\'mmetncal 
moleculc.s which permits an electronic tiansition only if 'at least one of 
the two combining states is threefold degenerate. 

Electronic transitions in polyatomic molecules max' differ with regard 
to the orientation of the vibrating electronic; dipole relative to the mol¬ 
ecule. This is a phenomcnem analogous to flie parallel and perpendicu¬ 
lar transitions in diatomic molecules. As an example we may mention 

that m >C=0 the vibrating dipole may be parallel to tlic C-0 direc¬ 


tion, parallel to the H-Ii direction, or finally, perpendicular to both 
these directions. A molecule posses.sing a figure axis may have parallel 
bands, that is, bands with the vibrating dipole parallel to the figure axi.s, 
and perpendicular bands with the dipole perpendicular to tlie figuie axis! 
A selection rule states that in parallel band.s either both the combining 
states must be nondegencrate or botli must be degenerate; in perpendicu¬ 
lar bands at least one of the combining states must be degenerate. 

The previous classifications and rules may .serve as a sample of the 
theoretical results on polyatomic spectra. Those rules are derived and 
systematized by group theory which is the appropnatc method of dis¬ 
cussing the connection between different symmetric’S and the effect of 
the symmetiy operations on wave functions and dipole moments. 


11.15 STABILITY OF S'V’^IMETIUCAL POLYATOMIC MOL¬ 
ECULES A great number of molecules witli high sj-mmetry are known 
and we would almost bo led to the concIu.sion that, if the arrangement 
of atoms and valence bonds is compatible witli a symmetrical configura¬ 
tion in a polyatomic molecule, the symmetrical configuration corresponds 
to the equilibrium position of the nuclei. 

Now it can indeed be shown for nondegencrate electronic states of 
polyatomic molecules that the sjTnmetrical configurations correspond to 
equilibria though not necessarily to stable equilibria. More explicitly 
the symmetrical configuration corresponds to a minimum or a maximum 
of the potential. Actually it occurs frequently that the potential is a 
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niuxiinum, and tho most symmetrical configuration is not a stable one. 
'riiis is. for in.stanco, the case for the linear symmetrical arrangement in 
lIjO. lJut in a very large nuniher of examples the potential has a mini¬ 
mum in the symmetrical configuration, and that configuration is stable. 

For degenerate electronic states, on the other hand, it does not follow 
that the symmetrical configuration corresponds to an equilibrium. De¬ 
generacy of the orbital motion of the electrons is due to the symmetry of 
tho field in which the electrons move. Displacements which destroy the 
molecular symmetry split the orbital degeneracy. Thus near the sym¬ 
metrical configuration we shall find two or more potential surfaces rep¬ 
resenting the potential energy of the nuclei as a function of their con- 



r=0 r=0 
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Fio. 11.15(1). Behavior of potential curves near a .symmetrical configuration. 
.1. Case of a nondegcncratc wave function. B. Case of a degenerate wave function. 

figuration; these potential surfaces coincide in the symmetrical configur¬ 
ation but get separated in the regions near the s>TnmetricaI configura¬ 
tions. This picture of potential surfaces must remain unchanged under 
all symmetry operations. For nondegenerate orbits it follows that the 
derivative of the potential surface vanishes in the symmetrical configura¬ 
tion and a maximum or minimum results. But for degenerate electronic 
functions we can only conclude that the picture of interpenetrating 
surfaces shall be symmetrically arranged. As a qualitative example wc 
may consider Figure 11.15(1). In A a potential curve is given as func¬ 
tion of tlic displacement r. Sjunmetry around a point r = 0 requires 
that at r = 0 the derivative should vanish. On the other hand B shows 
two potential cuiwes which intereect at r = 0 so that at this point de¬ 
generacy is established. Sj-mmetry around r = 0 may be satisfied 
without a minimum occurring at that point simply by the assumption 
that interchanging positive and negative values of r interchanges the 
two potential curves. 

It may happen even for degenerate electronic states that sjonmetric^ 
nuclear configurations correspond to stable equilibria. In particular, it 
can be shoivn that for a configuration where all atoms lie on a straight 
line all potential-energy curves have zero derivatives with regard to all 
nontotally sj’Tnmetrical displacements. Thus linear molecules may be 
stable even though the electronic state is degenerate. But in all other 
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types of molecules it can ho shown that in tlie syimnetrical configura¬ 
tion potential surfaces will intei-.sect each other at finite angles so that 
the nuclei are not at equilibrium in the symmetrical configuration. It 
is of course possible that the angle at which the surfaces intersect is 
small, and the actual c(iuilil>iium might occur in special case.s close to 
the symmetrical configuration. But we cannot exi)ect that the equi¬ 
librium configuration .should coincide c.xactly with the symmetrical one. 

A consequence of this theorem is that orbital-tslectronic degeneracy 
cannot persist in the eciuilibrium position of the molecule excej^t if all 
atoms lie on a straight line. Indeed, degeneracy is to be expected only 
for symmetrical configuraticms, and it has been stated that for degen¬ 
erate states symmetrical configurations are unstable. 

Symmetrical configurations seem fretjuently to be stable even thougli 
the electronic orbits are degenerate. This is the ease in niany rare-earth 
salts where a rare-earth ion is found in a symmetrical surrounding in a 
crystal in spite of the fact that electronic degeneracy is pre.sent in the 
incomplete / shell. S>Tnmctrical efiuilibrium configurations are found 
also for degenerate electronic states in excited mol(;culos in whicli the 
degenerate electronic orbit is at a rather great distance from those 
nuclei whose asymmetrical displacements may cause a splitting of the 
degeneracy. In all the.se cases it is rca.sonable to as.sume that the cou¬ 
pling between the degenerate electrons and the nontotally .symmetrical 
vibrations is small. Thus the e<iuilibnum configuration may bo sep¬ 
arated from the symmetrial configuration by a very small displacement. 
If this displacement is .smaller than the amplitude of the zero-point 
vibration, then the molecule will be symmeti ical for all practical purposes. 

Degeneracy due to electronic spin affects the equililinum configura¬ 
tion to a varying extent according to the strength of the spin-orbit 
coupling. For weak coupling, that is, in the absence of heavy nuclei, 
the influence of the spin will be unimportant. But in the presence of 
heavy nuclei the coupling may become .strong, and in this case spin 
degeneracy has a similar cfTect on the equilibrium positions as orbital 
degeneracy. There i.s one exception to this rule. If the number of elec¬ 
trons is odd, then twofold degeneracies arc not split by any electric 
fields or by any displacements of nuclei. Such twofold degeneracies, 
therefore, do not make the symmetrical configuration unstable. Actu¬ 
ally such twofold degeneracies may be removed only by magnetic inter¬ 
actions. This peculiar behavior is due to the symmetry with regard to 
reversal of time direction (that is, the differential equations describing 
the motion of particles remains unchanged if t is replaced by —t). The 
twofold spin degeneracy is independent of the spacial symmetry of the 
molecule and persists if the molecule is distorted. 
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In linear molecules eleelronic degeneracy does not make the sjnn- 
nietrical configuration unstable. But the splitting of energy levels by 
asymmetric displacements makes the molecular vibrations and the vibra¬ 
tional structure of the electronic bands very complicated. The elec¬ 
tronic state.s into which a degenerate state is split by the displacement 
of the nuclei have small energy dilTerences. The usual simple scheme of 
separating the molecular energy into electronic, vibrational, and rota¬ 
tional energies is based on the different orders of magnitude of these 
energie.s. In the ])resent case electronic- and vibrational-energy dif¬ 
ferences are similar and can no longer be separated. Thus a rather 
complicated scheme of clcctronic-vibrational levels results. 

II.IG VIBHATIOXAL SELECTION RULES The vibrational 
structure of electronic bands in polyatomic spectra can be obtained 
from the same Franck-Condon piinciple which governs the vibrational 
structure of diatomic molecules. During the electronic transition no 
great change of the positions or velocities of the nuclei can take place. 
The consequences of this nile are simplest for allowed electronic absorp¬ 
tion bands. For sufficiently low temperatures we may assume that 
the molecule in the lower electronic state does not possess any \dbra- 
tions. Absorption of light wiW throw the molecule into the higher 
electronic state with the nuclei still possessing the equilibrium configura¬ 
tion of the original electronic state. A vibrational motion %\'ill result, 
carrying the nuclei from the old equilibrium configuration toward the 
new one. This motion will have to be resolved into a number of normal 
vibrations. The excitation of each normal vibration depends on the 
question of how greatly the two equilibrium configurations differ with 
respect to the displacement of the normal vibration in question. If, in 
particular, the equilibrium configurations in the two combining states 
possess the same symmetry, then the vibration carrying the molecule 
from the old toward the new equilibrium configuration may be decom¬ 
posed into totally symmetrical normal vibrations. In fact, there is no 
reason for the molecule to deviate from its original sjTnmetry at any 
time during the vibration. The initial and final states do not differ in 
any nontotally symmetrical displacement, and such vibrations are 
therefore not excited. 

From a single initial state transitions may occur—in polyatomic mol¬ 
ecules as in diatomic ones—to a whole sequence of vibrational states. 
In fact, the vibrational structure may be analyzed in general into as 
many sequences as there are normal vibrations affected by the elec¬ 
tronic transition. If the symmetry of the equilibrium configura¬ 
tions are the same in the two combining states, then the number 
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of sequences cannot exceed tlie number of totally symmetrical normal 
vibrations. 

The sequences just described include only the stronge.-^t viluational 
transitions. Considerably weaker vibrational baiuls may be attributed 
to changes in quantum numbers in nontolally .symmetrical vil)rations. 
They occur if the form or frcciuency of these latter \ ibrations diJTer in 
the initial and final states. A more detailed consideration of the vibra¬ 
tional wave functions leads to the conclusion that in the simplest cases 
transitions in which only one nontotally sjunmetrical vibration is 
changed by one quantum number are forbidden. 

The effect of vibrations on the electronic transitions is important, 
because nontotally snnmetiical deformations may remove electronic 
selection rules based upon molecular symmetry. We might suspect 
that if the molecule has an a.symmctric equilibi-ium configuration in the 
final state the selection rules based on the symmetry of the initial state 
may cease to operate. This is, however, not so. According to the Franck- 
Condon principle, we can tliink of tlie electronic transition as occurring 
in the initial configuration of the nuclei, and therefore the initial con¬ 
figuration is the relevant one for the selection rules. Actual violation of 
selection rules may occur weakly owing to thermal excitation of an 
appropriate nontotally symmetrical vibration. Even the zero-point 
amplitude of such a vibration causes forbidden electronic transitions to 
appear with very small intensity. 

Forbidden transitions brought out weakly by a nontotally symmetri¬ 
cal vibration differ in their \abrational structure from allowed transi¬ 
tions. In the latter changes of nontotally symmetrical vibrations by 
one quantum number are forbidden, whereas in forbidden electronic 
transitions the specific nontotally symmetrical vibration which causes 
the breakdown of the selection rule must change by one quantum num¬ 
ber. As an example we may consider the weak electronic-band system 
in benzene having a frequency of approximately 40,000 cm.“^ This 
transition might bo interpreted as a vibration of the electrons between 
the two Kekui4 structures. In quantum language the transition occurs 
between the ground state, the wave function of which can be symbol¬ 
ically written 



and an excited state with the wave function, 


11.16(1) 
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Just as in the case of the two-minimum problem discussed in Chapter 7, 
the transititin between the sum and difference function corresponds to 
the oscillation of the electrons between the two configurations Avhose 
sum and difference enter in the wave functions. It may easily be seen 
that owing to the high .symmetry of benzene this electronic vibration 
does not produce any dipole. But, if by a nuclear vibration the regular 
hexagon of i)enzenG is deformed into an elongated hexagon, then the 
electronic oscillation docs produce a small dipole. An analysis of the 
vibrational structure of the -10,000-cm.“* benzene band shows that in all 
.strong vibrational bands the nontotally symmetrical vibration of ap- 
I)roximately GOO cm.“^ which causes an elongation of the hexagon 
changes its quantum number by ±1. This fact is in agreement vith 
our conclu.sions, and it can be used as supporting evidence that the 
upper electronic state of the 40,000-cm.~^ band system actually has the 
electronic symmetry to be expected for the wave function 11.16(2). 
It may be seen that a vibrational analysis leads to conclusions about 
symmetries of electronic functions. The same purpose was achieved 
for diatomic molecules by an analysis of the rotational structure. 


11.17 COLOR AND RESONANCE The absorption spectra of 
most stable compounds lie in the ultraviolet. In fact, stability implies 
that no electron is easily removable and also that the molecule has no 
empty electron orbits of low energy which would cause the compound 
to have a high electron affinity. Thus much energy is needed to lift one 
of the firmly bound electrons into one of the loosely bound excited 
states. 

Most of the substances that absorb in the visible either are to some 


extent unsaturated or contain an atom vdth an incomplete inner shell. 
The latter is the case for inorganic salts containing colored ions like 
chromium. In this case the relatively small energy differences giving 
rise to the color are due to a regrouping of the electrons in the inner 
incomplete shell. Because of their shielded positions these electrons do 
not participate strongly in the chemical binding, and so a high degree 
of chemical stability is compatible uith the presence of low excitation 
levels. In these transitions the excited level belongs to the same elec¬ 
tron configuration as the ground state. The difference lies only in the 
coupling between the electrons, most frequently in the resultant angular 
momentum of the ion. In such a case it is easy to show that the two 
states in question have the same parity (they are both even or both 
odd). Therefore transitions between these states are forbidden. Never¬ 
theless, the transitions occur though they have a small intensity. This 
may be due to the asymmetric surroundings of the ion which removes 



COLOR AND R1-:S0NANCE 


273 


the sjTiiinetry center. However, tlie ('fTcet <jf such extei'iial fields on the 
electrons of internal shells is not stionj;. I’he transition may also he a 

QUadiupoIe transition for wliich even—<.*\'en and odd—odd transitions ai‘o 
allowed. 

An absolute measure of the intensity is providi'd by tlio .so-called 
/value of the transition. The (juantity/gives the ratio of the intensity 
of the transition to the int(*n.sity wliicli would he olx-^ervcd if the transi¬ 
tion were due to a harmonically vibrating elccti-on. The / values for 
colored metal ions are often about 10“/ But e^•en such weak absorp¬ 
tions are capable of giving rise to very stjong colors in the condensed 
state. 

Another extensive class of colored substance.s is that of the organic 
dyes. Here as in the case of benzene llie color is often due to a transi¬ 
tion between two states resulting from the resonance of tw(j or more 
electronic configurations. As in benzene a classical picture of the light- 
absorption process can be obtained by considering the electron distribu¬ 
tion as fluctuating between the rc.sonating .states. In benzene the 
transition lies in the ultraviolet and is furthermore forbidden. There 
are, however, many cases where a tran.sition lies in the vi.silde region 
and is allowed. This explains the extremely intense coloring of some 
organic dyes. 

As an example we shall consider the organic cyanine ion. The lowe.st 
electronic state can be written as a superposition of two electronic 

configurations: 




11.17(1) 

The + sign between the two formulae means as usual that tlie wave 
unction is a sum of the two wave functions crudely represented by the 
two valence pictures. An excited electronic state may be obtained bj’ 
superposing the two wave functions with the — .sign. A transition 
etween the lower and higher electronic states draws its intensity from 
a dipole that can be pictured as a fluctuation of charge from one of the 
wo chemical formulae to the other. Actually the empirical fact that 
organic dyes frequently can be equally or almost equally represented 
y two structural formulae has been known for a long time. Quantum 
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uu’cliatiics lias shown that in such cases it is best to symbolize the 
ffiound stat(i of tlio molecule as well as the upper state in the absorption 
pro(;ess by a superposition of at least two structural formulae. As has 
been stated in Chapter 7, the energy of the lowest state is lowered by 
this resonance between two configurations of equal or not too widely 
different energies. This is due to the uncertainty principle according to 
which the average momentum and kinetic energy of the electrons may 
be lowered if their spacial distribution becomes less sharply defined. 
This lowering takes place, however, only if the electronic wave functions 
corresponding to the difTcrent structural formulae are superposed with 
appropriate phases. Actually the energy of the upper state in the char¬ 
acteristic absorption of dyes is increased rather than lowered by res¬ 
onance. 

According to the correspondence principle, the strong absorption of 
light in case of resonance i.s due to the oscillation of the charge between 
the tw’o resonating configurations. The frequency of this oscillation is 
as a rule lower if the two electron configurations between which the 
oscillation takes place differ strongly from each other. In this case a 
longer time is needed for the more thorough regrouping of the electrons. 
As an example \vq may mention the next member in the homologous 
series of cyanine ions, the formula of which, in the ground state, may 
bo written as 
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11.17(2) 




C 2 H 5 


C 2 H 5 


Comparing this molecule wdth the one showTi in equation 11.17(1), 've 
see that with the lengthening of the carbon chain the charge is shifty 
during the resonance over a greater distance and that within the chain 
additional rearrangements are necessaiy as new carbon atoms are 
added. Actually the absorption of the bigger molecule lies farther 
towards the red, the center of absorption of the larger and smaller mol¬ 
ecules being, respectively, 18,000 cm.“* and 24,000 cm. ^ 



COLOR AND RESONANCE 


276 


There is a second difference between the ions of the dye molecules 
shown in equations 11.17(1) and 11.17(2). The second molecule which 
contains the longer chain has an appreciably stronger absorption spec¬ 
trum than the smaller molecule. The reason is that a bigger oscillating 
dipole is associated with the longer chain. 

The chain in the cyanine dyes may be lengthened by the insertion of 
H H 

additional | | groups. Each added group causes a decrease in 

_C=C— 

absorption frequency. Actually the frequency is inversely proportional 
to the length of the chain and seems to decrease toward zero with in¬ 
creasing chain length. At the same time an increase in absorjition 
strength is observed. All this is in good agreement with our qualitative 
expectations. The time needed for the exchange of charges between 
the terminal groups should increase in proportion to the intervening 
substituents, and the frequenej' should decrease in inverse proportion, 
The length of the vibrating dipole and the strength of the absorption 
increase with the separation of the end group.s between which the charge 
oscillates. 

Further support for the resonance picture is obtained if one considers 
ions in which the terminal groups arc different. ^Ve consider the ion, 



H II + . 

=C—C=N-< 

1 

c=o 
I 

CII 3 

Here a and /3 are two numbers which multiply the wave functions indi¬ 
cated by the chemical symbols. Because of the lack of symmetry, it is 
no longer true that the two configurations occur with equal probability, 
and therefore a and ^ are different. The excited state will be obtained 
by replacing, in equation 11.17(3), a by /3 and 0 by —a. 




H H 

Insertion of further I 



groups causes 


a decrease in frequency, 
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hut, as the clmin becomes longer, the frequency seems to approach 
20.000 cm.“^ rather than z('ro. This is easy to understand. For long 
<*hains resonance causes a small energy difference, but in case of dif- 
foront terminal groups, as shown in equation 11.17(3), there remains an 
energy difference between the ground state and the first excited state 
which is due to tlie fact that a different energy is obtained if the charge 
of the ion attaches itself to one or the other of the end groups. Math¬ 
ematically the decreasing importance of the resonance is expressed by 
stating that, of tlie two quantities a and /S, one will vanish as the length 
of the molecule increases. Thus in the limiting case, the absorption 
corresponds to a transition from a state described by one of the chemical 
formulae given in equation 11.17(3) to a state characterized by the 
other formula. 

It is, of course, possible that two different tenninal groups may attract 
the charge of the ion with approximately equal strength. Then the ion 
behaves as though the end groups were equal. The frequency approaches 
zero as the chain is lengthened, and in the wave function describing the 
lowest state of the ion we have a = 0. This seems actually to happen 
when, in the ion shown in equation 11.17(3), the N-CO-CH 3 group is 
replaced by Nil. 

Any attempt to work out the quantitative theory of these resonating 
ions results in finding that the explanation of light absorption by dyes 
as previously given is oversimplified. It is not sufficient to consider just 
two valence fonnulac in describing the electronic states of the molecule. 
According to the previous simple representation it would be, for instance, 
impossible to understand why a charge resonating between two very dis¬ 
tant points still gives rise to a fairly liigh visible frequency. If, as im¬ 
plied by the simple picture used here, the energy would be considerably 
liigher whenever the charge is in between the two positions indicated by 
the two valence pictures, then the resonance would require the tunnel¬ 
ing of the charge through a broad potential barrier. With the broaden¬ 
ing of the barrier, the frequency of the transition should soon shift into 
the infrared and should approach zero much more rapidly than is actu¬ 
ally the case. The tendency of organic dyes to give rise to fairly high 
frequencies requires that intermediate positions of the charge and m 
general partial regroupings of the electrons leading from one of the 
resonating states to the other shall not have much higher energies than 
tlie two resonating states considered in the beginning. Rather than 
being forced to consider a whole series of resonating states, it is often 
better to represent such molecules by the molecular-orbital picture. 
According to the latter description, electrons can move more or less un- 
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hindered through the \v!iole nioloculo. It is iiitorostiiig to point out in 
this connection that resonance between two regions of a bigg(‘r moh'cule 
requires as a rule that these two regions shall be connected through 
an uninterrupted chain of conjugated double l.)onds. An inter¬ 
ruption in such a chain wouhl mean from the point of \iow of 
resonance that in regrouping the electrons an inteimediate state 
of considerably higher energy will occur or else that wo have to 
consider a direct interaction between states of strongly lUn’ering elec¬ 
tron configurations. 

We arrive at the same conclusion if we consider the problem from the 
point of view of the molecular-orbital ai)[)roximation. It must lie 
remembered that this approximation is best a<lapted to the more loosel\’ 
bound double-bond electrons. A saturated carlmn atom vliich inter¬ 
rupts a chain of conjugated double bonds acts as a potential bari'icr on 
the molecular orbits of the double-bond eU'ctrons. 'J'his is so because 
near a saturated atom all the low-lying orbits are already occupied by 
single-bond orbital functions which are best considei'cd as localized. 
Thus an intermediate saturated link iu an unsuturati'd chain migiit 
greatly reduce the effects of re.sonunco so that only small energy dif¬ 
ferences and small absoi-ption frctiuencics arc obtained. 

The properties and the absorption of resonating organic ions can be 
considerably influenced by solvation effects. Solvation eneigies are in 
general not simply proportional to the average charge on the solvated 
ion. In fact, solvation energies for positive and negative ions have the 
same sign, and one should, therefore, expect that solvation energies are 
proportional to the square of the charge [compare equation 6.8(1)]. In 
the molecule represented by equation 11.17(1) the average charge on 
each of the two N atoms is one half of the elomentarj'^ charge. In the 
absence of resonance one of the N atoms would have one charge, and 
the other would be neutral. The hydration energy in this latter case is 
different, most probably higher than the hydration energy in the res¬ 
onating state. Thus solvation may stabilize one of the two resonating 

structures. 

The theory of acid-ba.se indicators is closely related to the effects of 
solvation on resonance. But in the case of indicators the resonating ion 
interacts with another ion in the solution and this ionic interaction is as 
a rule considerably stronger than the effects of solvation. Let us con¬ 
sider the two positions in the resonating ion which compete for the 
charge of the ion. If an ion of the opposite charge approaches one of 
these positions, the charge of the dye ion gets localized near the charge 
of the approaching ion, resonance is removed, and the color of the com- 
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pound is changed. As an example we consider the phenolphthalein ion 
in alkaline solution. 



Presence of ions may destroy the resonance between the two struc¬ 
tures shown in equati on 1M 7(4). Indeed, as an H'*' io n attaches itself 

to the organic ion, a —OH group and a ^ group are 

obtained which no longer resonate. 


11.18 PREDISSOCIATION, RADIATIONLESS TRANSITIONS 
It has been observed in spectra of diatomic molecules that in certain 
regions the rotational lines become diffuse rather suddenly. The broad¬ 
ening of the lines very often obliterates the rotational structure. Even 
the band as a whole often broadens until the vibrational structure is 
also submerged, and a continuous absorption is obtained. Verj"^ fre¬ 
quently broadening appears as the energy of the final electronic state 
in the transition increases toward a certain value. At energies higher 
than the critical energy a continuum due to dissociation of the molecule 
may exist. The broadening which precedes the true dissociation con¬ 
tinuum is called predissociation.* In some cases it is observed that, 
when the energy in the final state increases beyond the critical state, 
the lines become again sharper, and the diffuseness of the spectrum may 
thus be restricted to a more or less narrow spectral region. 

The phenomenon of predissociation is explained by actual dissociation 
of the molecule. But, whereas in a dissociation producing a structure¬ 
less continuum the time required for the dissociation is just the time 
needed for the atoms to move apart, in predissociation the molecule 
stays together for several periods of vibration and sometimes even for 
several of the much longer periods of rotation. The breadth of the lines 
is due to a “breadth” of the dissociating levels. The latter is equal 
according to the uncertainty principle to A/27rr where r is the average 
time needed for dissociation. If r becomes short compared wth the 
period of a rotation, then the breadth of the lines becomes great com¬ 
pared to the distance between rotational lines, and the rotational struc- 

• The expression predissociatioa was introduced by Victor Henri who discove^ 
the phenomenon and investigatod it. Originally the name predissociation earned wit 
it the suggestion of a process different from simple dissociation. As we shall sub¬ 
sequently, no essentially new process need be introduced to explain predissociation. 
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turc vanishes. If r becomes shorter even than tlic period of a vibration, 
then the breadth exceeds even the distance between vibrational bands, 
and a structureless continuum is obtained. Actually the minimum time 
needed for the atoms to get apart cannot be expected to be much shorter 
than the vibrational period. 

One necessary condition for predissociation to occur is for the molecule 
to have sufficient energy to dissociate, For this reason upper limits for 
dissociation energies may be obtained from observation on ])redis.socia- 
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Stable molecular 


energy levels possessing energy in excess of the dis¬ 
sociation ciicrgj'. 


tion. But the energy of a state may be above the dissociation limit, 
and yet prcdis.sociation may fail to occur. In Figure 11.18(1) the vibra¬ 
tional level Ia on the potential curve A has a considerably higher energy 
than two separate atoms in the ground state whose energy has been 
chosen as the zero of the ordinate. But the level Ia lies on a potential 
curve which does not dissociate into two atoms in the ground state. As 
long as the electronic motion proceeds in the instantaneous field of the 
nuclei and the nuclear motion in the average field of the electrons, an 
unperturbed molceule behaves as though no other potential curve 
existed except the one in which the molecule happens to be found. Thus 
no dissociation or predissociation is to be expected from the vibrational 
level Ia. If the molecule is found on the potential curve B, it may dis¬ 
sociate into atoms in the ground state. From the vibrational level In 
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prodissociation might occur, because this level lies higher than the dis- 
sociali{)ii energy belonging to the curve B. Cim^e B has been assumed 
to have a somewhat unusual shape in that the potential goes through a 
maximum. If, as has been shown in the figure, Ib lies far below the 
maximum of the cun'e, the nuclei must pass-through a considerable 
barrier before dissociation can occur. This requires a tunnel effect 
which takes a long time and leads to an unobservably small broadening. 



Fia. 11.18(2). Intersection of potential curves illustrating a possible reason for pre- 

dissociation. 

Only if the vibrational level lies immediately below the maximum, can 
we expect that the tunneling has a sufficiently high probability to cause 
a perceptible broadening. If then the energy is increased by a further 
small amount, the dissociation may occur over the top of the barrier 
rather than through the barrier. Then dissociation occurs within one 
vibrational period, and a true structureless continuum arises. In the 
case just discussed, the continuum will persist in the curve B for all 
vibrational energies high enough to carry the molecule over the max¬ 
imum. 

A different behavior of the potential curves must be assumed in order 
to explain predissociation restricted to a certain spectral region with 
sharp lines of the same band system occurring at both lower and higher 
frequencies. In Figure 11.18(2) are showm twm potential curves A and 
B which cross at point P. An electronic transition leading into curve A 
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gives rise to a continuum. A transilion leading to curve B gives rise to 
a discrete spectrum in whicli, however, some lines may be broadened, 
owing to the fact that at point 7' llie molecule may go ovev from curve 
B to curve A. Then dissociation will take i)lace. Tlie lule that a mol¬ 
ecule must not change from one potential curve to another is actually 
derived from the separation of the molecular motion into an ehatronic 
and a nuclear part (compare t'hapter -I), and this is justified only as 
long as the frequency of the nuclear motion remains smalt compaic'd to 
the frequency of the electrons. If two potential curves intersect, an 
electronic energ)' difference, and with it an electronic frequency, be¬ 
comes equal to zero. Therefore in the region of the intersection, nuclear 
and electronic motions can no longer be separated, and a transition from 
one potential curve to the other becomes possibhv 

In di.scussing co-ordination schemes we have seen that as a rule two 
potential curves in whicli the electronic wave functions liave the same 
symmetry and in wdiich the total electron spin (multiplicity^ is the same 
do not intersect. On the other hand, the interaction between two elec¬ 
tronic states of dilferent symmetry or of different si)in is in first ai)pi'oxi- 


mation zero. An interaction has to be estaldishcd in order that a tian- 
sition from the potential curve B to the potential curve A inaj* occui'. 
Such an interaction may be caused for curves belonging to different 
multiplicities by the spin-orbit coupling, and for some states differing 
in symmetry properties bj' the interaction of molecular rotation and 
electronic motion. The interaction (ran be rcprescntcHl by changing the 
potential curves in such a way as to avoid an actual intersection. In 
Figure 11.18(3) the behavior of the potential curves near tlu; ix)int of 
intersection P is showm in detail. The original curves A and B arc 
showm by the broken lines together with the adjoining jmrts of the solid 
lines. The sharply bent parts of the solid lines near P represent parts 
of the potential curve w'hich are strongly affected by the interaction 
between'the original unpcrturb<Kl curves A and B. On the left-hand 
side of the upper curve, the electronic-wave function is the one char¬ 
acteristic of curve A. On the right-hand .side of the upper curve, the 
electronic-wave function is the one belonging to B. The reverse state¬ 
ments can be made about the left and right sides of the lower curve. 
When the solid upper curve approaches P, its electronic wave function 
changes to a superposition of the wave functions characteristic of A and 
characteristic of B, and the wave function for the lower solid curve in 
this region is a different superposition of the same original functions. 

If during the molecular oscillation the molecule passes through the 
neighborhood of point P very slowly, then the molecules follow the solid 
potential curves. In this case transition from an A-like portion to a 
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/?-!ike portion is a certainty. If on the other hand the internuclear dis¬ 
tance clianges rapidly, the electronic wave function cannot change over 
from the B state to the A state sufficiently rapidly, and the molecule 
will follow the broken curve. Wliich of the two paths will be taken vith 
greater probability depends on the ratio of two time intervals: the time 
spent by the molecule in one transition near P and the period of the 
electronic vibration at P. The foi-mer time is d/v where d, as shorni in 
Figure 11.18(3), is the distance throughout which the two curves are 



Fie. 11.18(3). Behavior of potential curves near an intersection. 

close to each other, and v is the relative velocity of the two nuclei. The 
period of electronic vibration at P is/i/(27r AE) where AE is the minimum 
energy difference between the two curv’es. If the time of transition is 
the longer one, the molecules remain on the potential curves indicated 
by the full lines, and the situation is the same as though the potential 
curves were far apart. If the period of the electronic vibration is 
greater, the molecule behaves as though AE were zero and as though 
the curves actually crossed. If the two times are comparable, either 
path can occur with the probabilities depending on the actual ratio of 
the two times. 

The foregoing discussion explains the peculiar fact of predissociation 
restricted to a certain special region. If in Figure 11.18(2) the \ibration 
in curve B has just enough energy to reach point P, then the interatomic 
distance \vill change slowly near that point, and a transition to the re¬ 
pulsive curve can occur uith great ease. Thus predissociation is to be 
expected. For lower energies P is not reached, and no predissociation 
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occurs. For Iiigher encigics the atoms move fast through P, and a 
transition into curve A is improljable. Thus sharper band.s are obtained 
for increasing vibrational energies. 

An example of one type of reaction of two atoms in which transitions 
between two curves should be consideretl is the reaction between an 
alkali atom and a halogen atom. Tlie potential <-urv{>s for this reaction 
arc shown in Figure 11.18(4). The curves in the figure ap[)ioacii, on 



Fio. 11.18(4). IwOWest potential cur\’es for an ulkali-halidc molecule." 

the right side, the energy of the dissociation products. The lower level 
corresponds to two neutral atoms wliile the upper lever represents the 
energy of a positively charged alkali and a negatively charged halogen 
ion. The order of the two curves at great distances corresponds to the 
actual situation for all alkali halides excepting caesium fluoride for 
which case a separated Cs"^ and F~ ion have a lower potential energy 
than the two separated neutral atoms. As the interatomic distance 
decreases, we proceed from the extreme right of the figure toward the 
left. In the ionic state the long-range attraction between the ions 
causes a lowering of the upper curve while the lower curve still runs 
practically horizontally. At the point P the curves cross. The ionic 
curve continues to fall as a result of the coulomb interaction until finally 
at small distances repulsion sets in so that a stable minimum is formed. 
The atomic curve continues to be almost horizontal until the two atoms 
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touch and commence to repel each other. The main features here 
dc.sci ibed aio supported by spectroscopic e\'idence. 

Both curve.s in Figure 11.18(4) can be shown to correspond to 
states. According to the general statements made previously, the two 
curves should not cross. However, two curves will come veiy close to 
crossing each other, not only if the two electronic states differ in their 
symmetiy properties or in their spin, but also if the two electronic 
states differ sufficiently strongly in another characteristic such as the 
position of an electron. In the present instance the ionic and atomic 
states differ from each other mainly in the position of one electron, and, 
as long as the two atoms are far apart, the difference in the electronic 
position is great. Thus we cannot expect that a crossing of the two 
curves is avoided to an appreciable extent if the crossing point lies at 
a great value of the abscissa. In fact, it is plausible to assume that the 
ionic curve is not greatly affected at the point P by the circumstance 
that a state of the same energy can be formed by detaching an electron 
from the negative ion and transferring this electron to the distant posi¬ 
tive ion. Actually at point P a resonance exists between the ionic and 
atomic states, but the influence of this resonance is small since it can be 
established only by a tunneling of the electron between two distant 
positions. Thus the two curves v,i\\ actually avoid each other at P, but 
their closest approach AE is equal to h/2irt where t is the long time re¬ 
quired for the tunneling of the electron from the one atom to the other. 

It will be interesting to reconsider from our present point of view the 
concept of an ionic molecule. If we start from the equilibrium con¬ 
figuration of an alkali halide and separate the two atoms very slowly, 
we shall obtain not two ions but two neutral atoms as dissociation 
products. This is so because at P the two curves avoid each other just 
as has been sho\vn in Figure 11.18(3), and, approaching on the lower 
curve, we always will leave the region of P on the lower curve. We 
might argue therefore that the alkali halides are atomic molecules be¬ 
cause wth the exception of caesium fluoride they dissociate into atoms. 
But in order to obtain atoms as dissociation products, we must pass 
the point P at a sufficiently low speed to allow sufficient time for the 
tunneling of an electron from one atom to another. In most actual ex¬ 
periments the speed of the atoms will not be slow enough to allow the 
tunnel effect to take place, and in this case the dissociation will proceed 
further along the ionic curve. It seems therefore more reasonable to 
talk about ionic molecules whenever the lower state remains an iomc 
state for intemuclear distances greater than the sum of the ionic radii 
and if a possible radiationless transition to an atomic curve can only 
occur at a great interatomic distance. But this defimtion, though more 
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reasonable, is less clear-cut since the (luestion I’eniains ojX'n what inter- 
nuclear distance shall be considered as jireat. 

In the spectra of polyatomic molecules j)rpdissociaf ion is oven more 
frequent than in diatomic molecules. Some of the reas<jns are: d'he 
great number of potential sui-faces which may inteisecl each other in a 
variety of ways, tlie operation of selection luh's for symmetrical config¬ 
urations and their modification for asymmetiic positions, and finally' 
the fact that a polyatomic molecule has often several possible ways of 
dissociating. It is possible that two electronic states of a jxjh’atomic 
molecule have different symmetry properties and ma>- Ihei'cfoie inter¬ 
sect each other as long as the molecule is symiiH'trical. For a s^•mnK‘tI■i- 
cal configuration the two potential surfaces would cross without inter¬ 


acting. On the other hand, an asymmetric displacement of the nuclei 
causes interaction between the potential surfaces hut at the same time 
tends to prevent an interpenetration of the surfaces. For a slight 
asymmetiic di.splacemcnt all conditions for predissociation may oa.sily 
be fulfilled. For the neighboring symmetrical configuration actual 
crossing of the surfaces may occur while the small asymmetric dis¬ 
placement provides an interaction between the surfaces. 


There is an additional reason why interpenetration of potential 
surfaces and radiationless transitions arc more likely for polyatomic 
molecules than intersection of potential curves in diatomic molecules. 
Diatomic potential curves belonging to states of the same kind do not 
intersect because variation of just one parameter, namely tlie internu- 
clcar distance, i.s as a rule insufficient to establish dogoncracj' at the 
point of intersection. In polyatomic molecules the nuclear cijnfigura- 
tion is described by several parameters, and variation of two parameters 
is sufficient to establi.sh degeneracy.* Potential surfaces depending on 
two parameters can be represented as ordinary two-dimensional sur¬ 
faces in three-dimensional space. Since variation of one parameter is 
insufficient to cause degeneracy, the two surfaces \rill not intersect along 
a curve, but they may interpenetrate at a point in the same way as the 
two halves of a double cone do. Such an interpenetration if occurring at 
an appropriate point may enable the molecule to get from one potential 
surface to another, transforming in the process the original potential 
energy into kinetic energy of the nuclei. As an example of this process 
we may mention the chlorophyll molecule. This molecule absorb.? red 
and blue light, the two absorptions apparently leading to two different 
excited electronic state.s. But the light re-emitted by chlorophyll, that 
is, the fluorescence of the molecule, lies in the red region of the spectmm 
and corresponds to the lower of the two excited states. This is true 

• In the presence of mugnetic forces variation of three parameters i.s needed. 
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])oth if the irradiatcfl lisht was in the red or the blue region. Apparently 
excitation of the higher excited state by light is followed by a radiation¬ 
less transition to the lower one of the two excited states, and this state 
is the initial state in the fluorescence. Similar radiationless transitions 
may be responsible for quenching of fluorescence by collisions in which 
at least three atoms take part. In photochemical processes the same 
rearrangement of atoms within a polyatomic molecule may be due 
to excitation of different electronic states; it is plausible to assume 
that any excess excitation energy is dissipated by a radiationless 
transition. 

In one important respect the appearance of predissociation in poly¬ 
atomic molecules diffci’s from predissociation in diatomic molecules. In 
the latter molecules predissociation sets in fairly suddenly. In poly¬ 
atomic molecules predissociation maj'^ start with an almost impercepti¬ 
ble diffuseness of the lines; this diffuseness then slowly increases over a 
spectral region often extending over several hundred angstroms until 
the bands merge into a continuum. The reason for this phenomenon is 
that dissociation in a polyatomic molecule may often occur only from 
certain regions of the potential surface, and the molecule may have to 
pei-form many oscillations before it finds the region in question. With 
increasing oscillation energy a wder region becomes accessible from 
which dissociation can take place, and thus for high oscillation energy 

dissociation occurs in a shorter time. 

In the discussion of photochemical processes it is often of importance 
to know whether or not predissociation has occurred. Actually when¬ 
ever predissociation is observed, we can conclude that the time needed 
for atomic rearrangement is quite shox’t, and this process has become 
much more likely than the loss of energy by radiation. It is, however, 
difficult to say whether we are dealing xvith an internal rearrangement 
or whether actual predissociation is taking place. Radiationless transi¬ 
tion leading to an internal rearrangement of a polyatomic molecule 
might cause an apparent broadening which w'e cannot readily distin¬ 
guish from the broadening due to radiationless transition into a dis¬ 
sociated state. _ ^ 

If predissociation is indicated by no broadening, it is nevertheless no 

permissible to conclude that no dissociation has taken place. The time 
needed for reradiation of an absorbed quantum is equal to or greater 
than about 10“® sec. If the time needed for dissociation is 10 sec., 
the broadening caused by this w'eak predissociation is only ^ of a wave 
number and is therefore practically imperceptible. K no collisions wi 
other molecules interfere, dissociation wall occur wdth a quantum e 
ciency close to one, a fact which cannot be deduced from the appearance 
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of the bands. Such cases of weak predissociation may be indicated by 
the absence of fluorescence, though tlie absence might be due to other 
causes such as quenching of the fluorescence by collisions. 

11.19 ELECTRONIC EXCITATION OF A CRYSTAL LATTICE 
A crystal lattice differs from a large molecule in that it possesses an 
additional type of symmetry—the symmetry of translation. In an ideal 
lattice, each cell is identical with each other cell. The simplest way to 
visualize a higher electronic state of a crystal would be to localize excita¬ 
tion in one of the lattice cells. This picture leads us to expect highly 
degenerate excited states. In fact, different excited states could be 
obtained by exciting different cells, and on account of the translational 
symmetry all of these states would have the same energy. 

Actually it may be preferable to consider excited state.s of the crystal 
in which excitation is not localized to the neighborhood of a definite 
lattice point. Even if at a given time the excitation were localized, 
there is no reason why it should stay linked to that point; at a later time 
we might find the originally excited lattice cell back in its lowc.st state 
while another one of the cells is excited instead. Tliis wandering of the 
excitation is caused by the coupling of neighboring lattice cells, and the 
time required for interchange of excitation between two neighboring 
points may be as short as the time of the revolution of an electron in its 
orbit. We might expect that the excitation moves along in the lattice 
according to the rules of diffusion. This would indeed be the ca.so if 
transfer of the excitation from a lattice cell to a neighboring cell were 
independent of the previous “path” of the excitation. But it can be 
shown that, whenever the transfer of the excitation occurs rapidly, the 
excitation has a tendency to be propagated in a straight line. This 
behavior is analogous to that of the motion of electrons in conductors. 
There too a diffusion of the electrons was expected, and a rectilinear 
motion was found. 

Mathematically, the propagation of excitation in a crystal can be 
described by an expression analogous to the wave function of an electron 
in a metal. Let yf/j be the wave function describing the lattice in which 
the jth cell is excited. Then the function, 

i' = 11.19(1) 

corresponds to a wave of excitation passing through the lattice. The 
summation in equation 11.19(1) is to be taken over all lattice cells j. 
The co-ordinates xy, yj, and zj in the exponent specify the position of the 
jth lattice cell. The wave numbers k^, ky, and describe the wave 
process; the wavelengths and the direction of propagation of the wave 
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can be obtained from these quantities. We can associate momenta 
with the wave numbers: 

Vx = 

Vv = hk,j 11.19(2) 


pz = hkz 

Tliese momenta have a similar significance and are subject to restric¬ 
tions like those affecting the analogous quantities for an electron which 
moves in a strong periodic field. The energy of excitation depends on 
these momenta. If the time required for the exchange of excitation 
between two neighboring lattice points is short, the energy of excitation 
can be shown to depend sensitively on the k values. If, on the other 
hand, a long time is required for the transfer of the excitation between 
neighboring cells, then all excitation waves will have nearly the same 
energy. The plane waves given by equation 11.19(1) describe excita¬ 
tions which arc not localized at all. By superposing such plane waves 
we may obtain wave packets corresponding to excitations localized to a 
varying extent. The resulting wave packet travels in a straight line. 
Its velocity is connected with the momentum vector, hkx, hky, hkx, by 
a law w'hich depends on the relation between the momentum of the 
w'ave process and the energy of the excitation. 

Statements of the previous paragraph can be summarized in a simpler 
way by associating with the excitation an imaginary particle which has 
been called by Frenkel, the exciton. The momentum vector described 
previously is the momentum of the exciton. The difference between the 
excitation energy for a given momentum and the excitation energy for 
a zero momentum can be called the kinetic energy of the exciton. The 
velocity of the exciton can be obtained from its momentum and from 
the mass of the exciton, the mass being determined by the connection 
betw^een momentum and kinetic energy. In particular, if the kinetic 
energy depends sensitively on the momentum, the mass is small,^ and 
excitons will have high velocities. If the energy is practically inde¬ 
pendent of the momentum, the exciton velocities will be small, corre¬ 
sponding to a sluggish exchange of excitation between neighbors. 

This simple description of the exciton becomes more complicated on 
detailed consideration. To describe the dependence of energy on 
momentum, it is necessary to assume that the mass depends both on 
the magnitude and direction of the momentum. It may happen tha 
the state with = ky = k, = 0 has the highest energy, in which case 
the kinetic energy of the exciton is always negative, and we must there¬ 
fore endow this particle with a negative mass. But other simple state- 
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ments about particles would continue to remain true. Tims a pai ticle 
with momentum zero always has zero velocity. 

If light is absorbed by an itleal cr\stal and if crystal vibrations ma\’ 
be disregarded, then the exciton which is created must liav(> the same 
wavelength as the light whicli was abst)rbcd. As a rule tliis waxx'Iongth 
is very long compared to the lattice peiiod so that the wave numbea- 
and the momentum of the cxciton are negligibly small. Wo find tiiat 
light absorption creates cxcitons which lui\ e a velocity zei'o and ai e not 
localized.* One practical con.sequcnce is that in absorption proce.sses 
cxcitons are created with no kinetic energy. Thus, even if the possible 
excitation energies cover a consid<Mal)le energy region, the absorption 
of a crystal should still nunain a sluirp line. Of couise, diffei-cnt kinds 
of c.xcitation should give rise to different kinds of cxcitons with a cor¬ 
responding number of rcgloas of excitation. But in tiie spectrum 
merely a number of sharp lines should appear. 

Such .sharp lines are, expenmentally, tlic oxcoiition rathci- than the 
rule. Usually, more or less broad bands of absor{)tion appear. Broad 
bands are actually to be expected when absorption leads to ionization 
(internal photoctTect) rather than to excitation. Bioadcning may also 
be due to interaction with er 3 'stal vibrations. The vibrations frotiuently 
continue to influence the spectrum even at very low temperatures. But 
it is to be expected that more sharp absorption linos in solids will appear 
at low temperatures. 


11.20 INTERACTION OF LATTICE EXCITATION AND VI¬ 
BRATION Excitation waves are not the only processes in a lattice 
which may be usefully described by a particle picture. The same 
description may be applied to lattice vibrations. A quantum of such 
a vibration is often called a sound quantum or phonon. The energy of 
a i)honon is h times the vibrational frequency, and its momentum is h 
times the wave number. A complex lattice has sevei-al kinds of phonons 
corresponding to the several normal vibrations in a lattice cell. They 
can be studied with the lielp of infrared and Raman spectra just as the 
normal vibrations of a molecule. With regard to the behavior of wave 
packets and peculiarities of the dependence of mass on energy, similar 
statements can be made about the phonons to those which have been 
made in the previous section about the excitons. In simple lattices 
only such phonons are present which correspond to compression and 
shear waves in the lattice. They differ from other phonons in that their 
velocity approaches the velocity of sound rather than the velocity zero, 

• A certain amount of localization near the surface of the crystal is to be expected 
since the intensity of light decreases as it penetrates into the crystal. 
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il’ the wave number becomes very small. This special class of phonons 
often called acoustic vibrations is responsible for the specific heat of 
solids at low temperatures. Phonons may be pictured as particles 
which are independent of each other as long as normal vibrations are 
intlepcndent of each other, namely, as long as the restoring forces are 
strictly harmonic. As soon as anliarmonic terms are taken into con¬ 
sideration, it is found that phonons interact and collide with each other. 
Heat conductivity in an insulator is best described by the diifusion of 
the phonons which are scattered by each other and by lattice irregu¬ 
larities. 

Phonons may also interact with excitons. This is the case if the 
excitation energy de|)ends on the position of the nuclei. Such an intei- 
action may have two conscfiuences. One is that absorption of light 
instead of producing a simple excitation will simultaneously give rise to 
an exciton an<l a phonon. If the coupling between the exciton and the 
crystal vibrations is particulaily strong, it may even happen that sev¬ 
eral phonons are created together with the exciton. The second conse¬ 
quence of the coupling is that an exciton after having been created may 
collide witli phonons. Such collisons may involve a change in the num¬ 
ber of particles participating; that is, it may happen that phonons or 
excitons may appear or disappear in collisions, passing on their energj 
and momentum to each otlicr. 

The simultaneous creation of an exciton and one or more phonons m 
a light-absorption process is analogous to those absorption processes in 
a molecule in which vibrational quanta are excited by an electronic 
transition. But in solids a continuous distribution of normal \nbrations 
is available, or in other words a phonon of any momentum might be 
created along mth the exciton. Thus a continuous absorption band is 
to be expected. There is a further difference between absorption spectra 
of molecules and of solids. In the foimer the energj^ differences between 
vibrational bands may be interpreted in tei-ms of the ^^brational fre¬ 
quencies of the initial and final electronic states. In solids a new quan¬ 
tity enters into the energj' balance; the kinetic energy of the exciton. 
We have seen in the previous section that, if light absorption results in 
the creation of just an exciton, the momentum of this exciton is zero. 
If, on the other hand, an exciton and a phonon appear together, all e 
can say is that the sum of the momenta of these two particles is zero. 
Therefore, excitons ^\^th varying kinetic energies may be obtained y 
the absorption process, and the breadth of the absorption band may be 
more strongly influenced by the kinetic energy of the exciton th^ by 
the vibrational energy, that is, the kinetic energy of the phonon, bro 
the preceding argument it may be seen that the actual absorption spec- 
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trum might reduce to a sharp line with no phonons created; or, if pho¬ 
nons appear with a small probability, we may still obtain a sharp line 
with a weaker continuum accompan>ing it; or, finally, if the coupling 
with vibrations is strong, the sharp line may have disappeared com¬ 
pletely. Which of these cases occurs depends on the strength of the 
coupling betw'een the vibrations and the electronic excitation and also 
on the vibrational amplitudes found in the lattice previous to the ab¬ 
sorption of light. 

Collisions between excitons and phonons change the rectilinear motion 
of the excitons into diffusion. Collision processes in which excitons dis¬ 
appear can be classified under radiationless transitions discussed in 
section 11.18. 

Strong interaction between an cxciton and phonons may have a 
peculiar consequence: the trapping of the exciton. As a result of this 
process, the lattice is distorted within and around a certain cell, and this 
same cell carries the excitation energy. The distortion is such as to 
low’er the energy of the particular state in wliich that lattice cell is 
excited. For instance, an electronic orbit may have obtained a greater 
radius owing to the excitation; then in the trapped state the lattice is 
distorted in such a way as to give a greater volume to the excited cell. 
In the trapping process, phonons carry away the energy that is liberated 
by the lattice distortion. A trapped exciton corresponds to a degenerate 
state of the crystal since the trapping can occur at any cell with equal 
energy. But in order to transfer excitation eneig>' from one trapped 
position to another, it is not sufficient to change the electron configura¬ 
tion, but nuclei must be moved as well. The nuclei have a minimum 
energy for the trapped configuration, and in order to get into another 
trapped state they must pass a potential barrier. Thus propagation of 
the excitation is now linked with a tunnel effect which, as a rule, takes 
a very long time. Therefore in such crystal excitations in w-hich trap¬ 
ping occurs as a rule, the possibility of exchange of excitation between 
cells is of no practical importance. The absorption process itself leads 
in such cases to trapped states. Such crystal spectra can be treated 
more nearly as molecular spectra. The distorted crystal cell can be 
considered as the molecule. The remainder of the crystal serves merely 
as a medium carrying away phonons emitted during the process of light 
absorption. The emission of these phonons broadens the absorption 
lines. 

11.21 PHOTOCONDUCTIVITY, PHOSPHORESCENCE Not all 
electronic absorption processes in a crystal can be described with the 
help of excitons and phonons. Absorption of light in certain frequency 
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regions makes a crystal conducting for the period of the illumination 
and for a small fraction of a second following the illumination. This 
(■onducti\nty is due to the internal photoeffect which consists in tearing 
an electron loose so that this electron can now move in an empty 
Brillouin zone as a conduction electron. At the same time a hole 
appears in a filled Brillouin zone. This hole behaves like an electron of 
positive charge and contributes to the conductivity. Other absorption 
processes are not connected with an internal photoeffect. In such 
processes, the excited electron remains linked to the region of its 
original position in the lattice. The excitation may still travel in 
the lattice, but positive and negative charges travel together so that 
no current results. This case is analogous to the excitation of atoms 
or molecules while the internal photoeffect corresponds to a photo¬ 
ionization. 

The fact that photoconductivity persists only for a very short time 
after illumination has ceased, calls for an explanation. The easiest 
interpretation would be that the freely movdng electrons have found 
the holes from which they have been lifted by the original radiation and 
that the crystal has reverted to its original state. But this explanation 
though perhaps partly true in some cases often fails to explain the brief 
persistence of photoconductivity and is completely inadequate in those 
cases where a field applied during illumination has separated geometri¬ 
cally the mobile electrons and holes from each other. In addition, there 
is direct experimental evidence in a number of cases that, though con¬ 
ductivity has disappeared, the crystal has not returned to its original 
state. After the decay of conductivity, new absorption bands may 
appear in the visible or in the infrared, and irradiation by some of these 
bands may restore the conductivity. The same effect may be produced 
by merely heating the crystal. It seems that the electrons w’hich have 
been made mobile by the original absorption have been trapped in the 
lattice sufficiently firmly to prevent their following an electrostatic 
field. But a light quantum of smaller energy or even elevated tempera¬ 
ture may suffice to set them free again. 

The nature of these trapped states might be explained in different 
ways. One explanation is tliat the lattice gets distorted around an 
electron. This lowers the energy so that the electron cannot move away 
without a readjustment of the lattice. This readjustment requires a 
tunnel effect of the nuclei and is therefore slow. The similarity between 
this process and the trapping of an exciton is evident. Details of the 
extensive experimental evidence on alkali halide crystals seem to require 
a different explanation. The photoelectrons are trapped at lattice 
irregularities which are present in every crystal however carefully pre- 
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pared. It is assumed in particular that some lattice points on which an 
ion should be present are vacant. Electrons will then be trappt'd j)rcf- 
erably at points where a negative ion is missing and which region there¬ 
fore is deficient in negative charge. The presence of such vacancies in 
crystals formed at high temperatures can be undei-stood readily. The 
vacancies correspond to the statistical equilibrium state at elevated 
temperatures at which the crystal has fonned, whereas at lower tem¬ 
peratures the mobility of ions becomes so small that the vacancie.s can¬ 
not be eliminated. 

The striking fact of very long-lived metastable electronic states in 
crystals brought out by the experiments on photoconductivity is also of 
importance in connection Arith the phenomenon of phosphorescence. It 
is common knoAvledge that crystals can absorb light energy and re-emit 
the light after a considerable time interval. This reradiation can be 
stimulated by various methods, for instance, by heating. Phospho¬ 
rescent substances arc usually crystals containing slight amounts of 
impurities. One explanation of phosphorescence is that the original 
irradiation ionizes the impurity atom. The photoelectrons get trapped 
by some mechanism, and reradiation occurs when the electrons find 
their way back to the ionized impurity atoms. It is not astonishing 
that the properties of phosphorescent crystals depend greatly on the 
Avay in which they have been prepared. The evenness of the distribu¬ 
tion of the impurities, the sizes and imperfections of the crystals are all 
factors Avhich can influence the process. By changing these conditions 
we may influence the length of time during Avhich a phosphorescent 
substance retains its excitation energy, and Ave may obtain crystals 
Avhich will reradiate this energy under various conditions. We may even 
produce crystals in which the electrons return to their original state by 
a radiationless process. 

11.22 SPECTRA OF CONDUCTORS Insulators are the only solids 
the spectra of which shoAv, or can be expected to shoAv, any details. 
Conductors and even semiconductors have continuous spectra. The 
absorption coefficient may become smaller in certain spectral regions 
and may, in principle, even vanish. But as a rule materials Avhich shoAv 
any electronic conductivity are opaque. 

The general reason for this fact is easily found. A necessary condition 
for conductiAuty is that a Brillouin zone should not be completely closed 
and that therefore electrons should be present which are capable of 
taking up arbitrarily small amounts of energy. These electrons which 
can be accelerated freely under the influence of an electric field and 
which can lose their energy by collision Avith lattice vibrations account 
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for absorption in the infrared, and in fact absorption extends as a rule 
into the visible. 

Tliere is i>ne conspicuous difference between the appearance of metals 
and seiniccmductors. The former are shiny; the latter are black. This 
can be (‘xplained by considering the conductivities. The high conduc- 
ti\ ity of metals has tlie consequence that in their interior the electro¬ 
magnetic fields must satisfy equations which are quite different from 
those that hold outside the metal. As a result the electromagnetic 
e<iuations can be satisfied only if but a small fraction of the electromag¬ 
netic radiation enters the metal; the rest is reflected. In semiconduc¬ 
tors, on the other hand, a considerable fraction of the light penetrates 
since for these substances the conductivity is small and does not cause 
so sudden a change of the optical properties on the surface. But the 
conductivity is still great enough to absorb the light that does enter. 

In general, extended absorption in the visible shows that a consider¬ 
able number of low energy levels are present. Apart from conductors 
and semiconductors, extended absorption is also sho\Mi by insulatoi-s in 
which resonance occurs. Thus crj^stals, in which ions of the same 
atom but of different valency occupy equivalent lattice points, are as a 
rule opaque. As an example FC 3 O 4 may be mentioned. 

Sufficiently thin sheets of metals transmit a certain amount of light, 
and moreover the transmitted light is colored, showing a variation of 
the absorption coefficient with frequency. In fact, the absorption co¬ 
efficients of some metals show marked dips usually at rather short wave¬ 
lengths. For higher frequencies it is in fact not justified to consider 
the electrons as free, and it is clear that, if the frequency of light becomes 
comparable to the frequency of electronic motion about a lattice point, 
resonances are bound to occur even in metals. The behavior of elec¬ 
trons in metals under the influence of ultraviolet light can be under¬ 
stood in greater detail if the Brillouin zones are considered. An absorp¬ 
tion process can lift an electron from one Brillouin zone to another. 
Because electrons of varjdng energies are present in the filled and partly 
filled Brillouin zones and broad bands of unfilled states are available as 
final states of the electrons, we might expect continuous absorption and 
little variation in the absorption coefficient. But the same reason which 
gave rise to the concept of zero-momentum excitons in a simple absorp¬ 
tion process imposes limitations on electronic transitions between Bril¬ 
louin zones. In particular, an electron must not change its momentum 
when an absorption process transfers it from one Brillouin zone to 
another, or, if the notation of section 8.14 is employed, the quantity A* 
must change in such a transition by a multiple of 27r/a. Thus each 
electron can go into but one state of a given Brillouin zone. Because of 
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the continuous distribution of electrons in the filled and partly filled 
zones and because each electron will absorb a different frequency, we 
still must expect continuous regions of absorption. But it is no longer 
surprising to find frequencies which happen not to be absorbed by 
any electron of the metal and for which the metal is practically 
transparent. 
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12.1 SIZE OF ATOMIC NUCLEI The great; similarity of the 
chemical and physical properties of isotopes gives a strong indication 
that the atomic nucleus is much smaller than the atom. Since two iso¬ 
topes tliffer only in their nuclei, we would expect that any appreciable 
size of the nucleus or any long-range force that is not the same for the 
nuclei of the v’arious isotopes would cause a difference in their chemical 
behavior, whereas actually such a difference is absent to a very high 
degree of approximation. 

As it is, the only long-range force emanating from the nucleus is the 
coulomb force due to its positive charge Ze, where Z is the atomic num¬ 
ber and e is the absolute value of the charge on the electron; Z being the 
same for isotopes, the long-range forces are the same. Chemical experi¬ 
ments on isotopes, even if carried out \rith very great accuracy, do not 
reveal any difference in properties that could not be explained merely 
by the difference of the mass of the nuclei. More detailed information 
about the forces acting between nuclei can be obtained by observing 
the deflections that a nucleus of high speed suffers when passing through 
various kinds of materials. The first experiments of this kind w'ere 
carried out by Rutherford who observed the scattering of alpha parti¬ 
cles by thin foils. The alpha particles are helium nuclei of high speed 
(about ^ of the velocity of light) wliich have been emitted from some 
radioactive source. It was found that most alpha particles pass through 
a sufficiently thin foil \vithout any noticeable change of direction, but a 
few suffer deflections through various angles. Very few are deflected 
through great angles. The law according to which these angles are dis¬ 
tributed is in most cases in quantitative agreement with the idea that 
the deflections are due to the electrostatic field of the nuclei which are 
subjected to the alpha-particle bombardment. The resulting law of the 
distribution of deflections is called the Rutherford law. 

The greatest possible deflection, that is 180®, will be obtained in a 
straight head-on collision. At the moment of closest approach in a 
head-on collision all the available kinetic energy is converted into poten¬ 
tial energy. Thus the two nuclei get closer to each other in a head-on 
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collision than in any other kind of collision. The minimum distance of 
approach is obtained by setting the potential and kinetic energies 
equal to each other. This gives 


^min “ 





12 . 1 ( 1 ) 


where Zi is the charge of the bombarded nucleus and Z 2 — 2 is the 
charge of the alpha particle. Using high-energy alpha particles and not 
too heavily charged scattering centers we can obtain values more 
than 10,000 times smaller tlian atomic dimensions. In this way it has 
been verified that the coulomb law holds, down to a distance of 10~^^ cm. 

By using light nuclei and fast alpha particles, deviations from the 
Rutherford law have been found. These deviations can be described 
by stating that more particles are scattered at great angles than are 
predicted by Rutherford’s formula. This "anomalous” scattering in¬ 
dicates a deviation from the coulomb law for close distances of approach, 
and this kind of scattering can be roughly explained by assuming that 
at small distances a repulsion sets in that is much stronger than the 
coulomb repulsion. Actually the assumption of elastic spheres would 
give rise to an isotropic scattering and therefore to more scattering at 
great angles than is found in the normal Rutherford scattering. The 
distance at which the deviations from the coulomb law set in can be 
assumed to be approximately equal to the sum of the radii of the t^A o 
colliding nuclei. From this assumption and also from other sources, 
the size of the nuclei may be estimated; our present knowledge may be 
summarized by stating that the nuclear radii are approximately propor¬ 
tional to the cube root of the nuclear mass. Or, numerically, 


^nuclear “ 1-5 X 10 
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where M is the mass of the nucleus and Mp is the mass of the proton. 
Actually the nuclear radii range from 2 X 10“^® to 10 X 10“^® cm. It 
may be noted that the preceding law for rnudei implies that in the dif¬ 
ferent nuclei the density of matter p is the same, namely, 


p z= 10^^ grams per cubic centimeter 12.1(3) 

This high density is descriptive of the great concentration of mass within 
the small radius of the nucleus. 

The repulsive forces which we have assumed when two nuclei touch, 
can be considered as the analogue of the van der Waals repulsion for 
atoms, of course, mth the significant differences that the forces are 
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niiich Rroater and extend over a much smaller region. The reason for 
such i (‘j)ulsive forces might be, however, essentially the same as for atoms. 
'Phe Pauli prinoijdc does not permit increase in density over that ob¬ 
tained for the lowest quantum state of the particles vathout a rather 
big increase in onerg>^ 

12.2 THE XEPJTROX One characteristic of the atomic nuclei is 
their relatively great mass. There is only one known particle of a com¬ 
parable mass which is not an atomic nucleus, namely, the neutron. Its 
mass is closely equal to the mass of the proton. (Actually the neutron 
is about 0.1 per cent heavier than the proton.) The property that sets 
the neutron apart from the atomic nuclei is that it does not carry any 
charge and therefore docs not attract electrons and does not surround 
itself with an electronic shell. Neutrons are produced in some close 
nuclear collisions, that is, in collisions in which nuclei get into contact 
with each other. 

The only interaction of neutrons with atomic nuclei is one of short 
range which is of the same type as the forces giving rise to anomalous 
alpha-particle scattering. Thus a neutron must as a general rule get to 
the surface of a nucleus in order that it should be deflected. The only 
established interaction of neutrons with electrons is a weak force of the 
magnetic type. Further short-range interactions do not exist or are 
extremely small. It can be sho^^^l that owing to the small mass of the 
electrons these weak forces are particular!}' ineffective in the interaction 
of free electrons \\ith neutrons. The probability of electronic excitation 
by neutron impact is very small. But electrons in atomic orbits can 
influence the path of a neutron with higher probability if during a colli¬ 
sion the electrons do not become excited. In this case the electrons act 
as parts of the atom and can be said to possess effectively the mass of 
the whole atom. In such collisions the weak magnetic interaction was 
detected. All interactions of neutrons wdth electrons seem, however, to 
be of small importance in our discussion. 

The most important interaction of neutrons ^vith matter remains the 
collisions with atomic nuclei. According to a geometrical picture these 
collisions ought to have a cross section of the order of 10 cm. (or 
one barn *). This would lead to a mean free path of a neutron in a solid 
which may be longer than a centimeter. As a general rule neutrons do 
penetrate solids as easily as is suggested by this long free path. This 
fact is a very direct illustration of the small extension of nuclear par¬ 
ticles. 

• The unit bam = 10“^^ cm.^ was introduced into nuclear physics because in some 
types of nuclear reactions the cross section 10"“ cm.^ may be considered "as big 
as a barn.” 
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12.3 CONSTITUENTS OF ATOMIC NUC’LEI It has been men¬ 
tioned already that in nuclear collisions neutrons may be emitted. In 
other collisions fast protons are obtained. We sliall call such trans¬ 
formations of nuclei nuclear reactions. Nuclei are usually considered 
as consisting of neutrons and protons. This view is supported not only 
by the fact that neutrons and protons are knocked out of the nuclei in 
many reactions but also by the mass of the nuclei. All nuclear masses 
are close to simple multiples of tlie protonic mass which is to be expected 
if they are built from the almost equally heavy protons and neutrons. 
Actually the nuclear masses are about 1 per cent smaller than would l)e 
expected by adding the masses of an appropiiate number of protons 
and neutrons. This is explained by the binding energy of nuclei. 

As may be seen by the great energies sometimes consumed and some¬ 
times liberated in endothermic; and exothermic nuclear reactions, the 
energies holding the nuclear constituents together are approximately a 
million times greater than chemical binding energies. Thus in building 
up a nucleus from free neutrons and protons a great amount of energy is 
emitted. Emission of energy causes, according to the theory of rela¬ 
tivity, a decrease in mass Avhich is calculated by dividing the energy by 
the square of the velocity of light. On the average, the binding energy 
per proton has turned out to be about 8 X 10® volts which corresponds 
to 0.008 part of the protonic mass. This explains why the isotopic 
masses are close to integer numbers if the units are so chosen that the 
mass * of the hydrogen atom is approximately 1.008. Nuclear reactions 
can be investigated more .simply than chemical reactions in one respect; 
by measuring the mass of the nucleus (with the help of a mass spectro¬ 
graph) the total binding energy of that nucleus can be obtained. Dif¬ 
ferences of these energy contents show up a.s kinetic energy liberated or 
absorbed in nuclear reactions. The relations so obtained always check, 
except when some of the nuclei arc produced in an excited state. In 
principle, it would be possible to obtain energy contents of molecules by 
simple measurement of their masses and from thc.se to calculate energies 
of reactions. Unfortunately, the energy changes in chemical reactions 
give rise to changes in mass which are too small to be observed. Thus, 
if water is formed from hydrogen and oxygen and the energy of reaction 
is radiated or conducted away, there will be a decrease in mass of one 
part in 6 X 10®. 

A nucleus is characterized by two integers, its charge number Z and 
its mass number M. The first number is equal to the number of protons 
in the nucleus; the second is equal to the sum of the number of protons 
and neutrons. To characterize a nuclear species we add the mass num- 

• More exactly, the mass of the hydrogen atom in conventional units Is 1.00812. 
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i)(‘r as an indfx in the upper right-hand corner of the atomic symbol and 
llu‘ cluirgo niimljcr in the lower left-hand corner. Thus the abundant 
isotope of neon is written loNe^®. The charge number is often omitted. 
'I'lu? atomic symbol actually makes it redundant. 

Xuclei of the same charge number arc called isotopes. Nuclei of the 
same mass number are referred to as isobars. 

12.4 SPIN AND STATISTICS, PARA- AND ORTHO-HYDRO- 
(iKN Protons and neutrons are similar to electrons in two respects. 
They have a spin of that is, there is attached to both of them an 
angular momentum of the magnitude ^/47r wliich can orient itself only 
in two ways, namely, cither parallel or opposite to any given field. The 
other similarity between protons and neutrons on the one hand and 
electrons on the other hand is that all these particles obey the Pauli 
exclusion principle. This means that two particles of the same kind 
never can occupy exactly the same quantum state, or, speaking in the 
more general terms of wave mechanics, the wave function must be anti- 
symmetrical with regard to an interchange of two particles of the same 

kind. 

The spins of both proton and neutron give rise to magnetic moments 
attached to these particles. In the case of the neutron this seems some¬ 
what surprising since the particle itself does not carry a total charge. 
A direct demonstration of the spins of the neutron and proton is made 
possible by the associated magnetic moments. Studies of the deflection 
of atomic amd molecular hydrogen have given precise information 
about the magnetic moment of the proton. The neutron magnetic 
moment has been measured by its interaction Avith electrons; this inter¬ 
action leads to observable effects if the neutrons penetrate a magnetized 
sheet of a ferromagnetic substance. In such a sheet there is an excess 
of electron spins in one direction which produces an over-all effect in 
being more transparent to neutrons of one spin direction than to neutrons 

of the opposite spin direction. , 

That protons obey the Pauli principle is showm by the behavior o 
two hydrogen modifications knoum as ortho- and para-hydrogen. Para- 
hydrogen consists of hydrogen molecules in which the molecular rota¬ 
tion has an angular momentum of 0, 2, 4, etc., times In t e 

ortho-hydrogen the angular momentum of the rotation is 1, 3, 5, e c., 
times A/2Tr. It can be shown that, if the two protons not only 
absolutely alike but also could not be distinguished from each other by 
any internal characteristics such as the spin, then any collision a by 
gen molecule makes or any other action on the hydrogen ® 

could change the rotational angular momentum only by even mu ip es 
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of /i/27r. Actually the spins are only very weakly coupled with the 
motion of the hydrogen nuclei, and for this reason the molecules behave 
during collisions very nearly as though the spins were absent so that 
change of rotational momenta by an odd multiple of h/2TT is rare. Thus 
conversion of the ortho and para molecules into each other will be slow. 
There are only two ways in which such a conversion can be efTected, 
namely either by a strongly inhomogeneous magnetic field or by dis¬ 
sociation and recombination. An inhomogeneous magnetic field exer¬ 
cises forces on the magnetic moments of the protons and in this way 
establishes a coupling between the spin of the proton and its orbital 
motion. Inhomogeneities which occur in macro.scopic magnetic fields 
are far too small to act effectively on the minute nuclear magnets. More 
strongly inhomogeneous magnetic fields are produced locally by para¬ 
magnetic molecules; colhsions vdth such molecules, for instance with 
O 2 or NO, give rise to the ortho-para transformation in conveniently 
measurable times. The other type of conversion does not rely on the 
spin-orbit coupling; if the hydrogen molecules are dissociated and 
protons coming from different molecules are reunited, there is no rule 
prohibiting the atoms from forming an ortho or a para molecule. 

Experimentally pure para-hydrogen can be produced at low tempera¬ 
tures at which according to the Maxwell distribution only molecules in 
the rotational state \\'ith zero angular momentum (nonrotating mol¬ 
ecules) arc present in appreciable quantity. Para convei-sion mil be 
completed if an appropriate catalyst is introduced which maj' act with 
the help of inhomogeneous magnetic fields or else by dissociating some 
of the hydrogen molecules. If this para-hydrogen is heated in the ab¬ 
sence of a catalyst, no conversion takes place. Subsequent conversion 
by added catalyst can be used to get information about reaction mech¬ 
anisms involving hydrogen or to show the magnetic nature of the 
catalyst. The conversion can be followed with the help of the differ¬ 
ence of the thermal and spectroscopic properties of the two modifica¬ 
tions. 

In thermal equilibrium at high temperatures there are three times as 
many ortho as para molecules. This remarkable preference of the 
hydrogen molecules for an odd rotational angular momentum can be 
explained by assuming the validity of Pauli’s exclusion principle for the 
protons. In fact the ortho-para ratio at high temperatures is the best 
proof for the exclusion principle. The connection between the abun¬ 
dance of ortho- and para-hydrogen and the Pauli principle are outlined 
in the following paragraphs. 

If a hydrogen molecule is rotated by 180®, the electronic structure 
gets back into exactly the same spatial position as originally, and the 
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.inly iiltoration cfforted is the oxcliange of the two protons. The rota¬ 
tional wave fiinetions have the property of remaining unchanged by 
rotation through the angle 180° if the angular momentum is an even 
multiple of h/2Tr and of changing their sign if the angidar momentum is 
an odd multiple of h ‘2 tt. A similar statement holds for the motion of 
an electron in the hydrogen atom. Rotation by 180° changes the sign 
of the wave funetion for odd values of I and leaves the wave function 
imehanged for even values of 1. This can be verified by inspecting Figure 
2 . 8 ( 1 ). 

Now, if the Pauli principle is as.sumcd, the wave function should 
cliunge sign when both the positions and the spins of the two protons 
are exchanged. In even-rotational states, rotation by 180° interchanges 
tlic positions of the nuclei and leaves the wave function unchanged. 
Tlicrefore interchange of the spins sliould cause a change in sign. This 
is possible only if the spins point in opposite directions, which amounts 
to the old rule that, if there is sjunmetry in the wave functions, the 
spins cannot be in the same state. Actually the two spins will have to 
form one well-defined state called a singlet state in which their angulai 
momenta and magnetic moments compensate (see section 11.4). This 
is the same kind of a spin state as formed by two electrons occupying 
one orbit such as the wave function of a K' shell or the bonding orbital 
function in the Ha molecule. 

In odd rotational states, when nuclei are interchanged by rotation 
through 180°, the rotational wave function changes sign. Therefore 
exchange of spins should leave the wave function unaltered. This can 
be accomplished by allo\\'ing both spins to point in one definite direc¬ 
tion, that is, by letting them occupy the same spin state. There exist 
three independent spin states for which symmetry A\ith regard to the 
interchange of spins is established. These three states have practica y 
identical energies because the spins interact very weakly ^nth each 
other and with other degrees of freedom. The three states toget er 

foiTO a triplet state. 

According to the laws of quantum statistics the a prion probability 
for any state to be occupied is the same, and therefore it is three tim^ 
more probable to find a hydrogen molecule in an odd-rotational sta e 
which in reality is a triplet (that is a coUection of three states as far ^ 
spin is concerned) than to find the molecule in an even-rotational state 
which stands for a single definite spin state. Thus ortho-hydrogen ^ ^ 
be three times more abundant than para-hydrogen. This is essentia 5' 
due to the fact that there is just one way in which an antisymmetnca 
spin function can be constructed but three w’ays in which a sjunme nca 
spin function can be obtained, and the PauU principle Unks the para- 
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hydrogen state ^^^th antisymmctrioal spin functions and ortlio-hydiogon 
states with symmcthcal spin functions. 

If in the liydrogen molecule one of tlie two protons is replaced by a 
deuteron,* the HD molecule so obtained uill be able to change its rota¬ 
tional quantum number by even or odd multiples of h/2Tr with approx¬ 
imately equal ease. In fact, the reason wh 3 ' a change by odd rotational 
quantum numbers was practically ruled out for liydrogen was that any 
kind of force could act in almost exactly the same way on the two atoms 
of the molecule. In the rotation of the HD molecule, the H atom is 
farther from the center of mass which is also the center of rotation and 
for this reason the H atom and the D atom will act differently in a col¬ 
lision. Thus transitions between odd and even rotational states will 
become pos.sible, and the reason for a distinction between para and 
ortho modifications disappears. 

The two kinds of modifications will regain their importance in the D 2 
molecule in which again both atoms act in an exactly similar manner as 
long as the influence of spins is disregarded. In the case of deuterium, 
it is usual to designate the even and odd rotational states as ortho- 
deuterium and para-deuterium, respectively. Thus the prefixes ortho- 
and para- are associated with different rotational states in H 2 and D 2 . 
The even rotational states, or ortho-deuterium states, can be produced 
by similar methods as the para-hydrogen states, and al.so their conver¬ 
sion into odd rotational states or para-deuterium states is effected bj" 
the same kind of magnetic or dissociating catalyst. There is, however, 
this difference between hydrogen and deuterium molecules; in e(pii- 
librium at high temperatures para hydrogen is three times less abundant 
than ortho-hydrogen whereas under the same conditions para-deuterium 
is less abundant by a factor of two. 

The behavior of ortho- and para-deuterium can be explained by 
making an assumption about the exchange of deuterium nuclei, opposite 
to the one we made about the exchange of protons: we a.s.sumc that the 
wave function remains completely unchanged when both positions and 
spins of the deuterons are exchanged. This links the para-deuterium 
states with antisymmetrical spin functions which can be constructed in 
smaller number than the symmetrical spin functions associated with 
the ortho-deuterium states. The fact that the numerical ratio between 
symmetrical and antisymmetrical spin states is now 2:1 instead of 
3:1 can be explained by endowing the deuteron with an internal angu¬ 
lar momentum A/27r rather than h/Atr found for the proton. A count 
of the possible spin states then gives the experimental result. 

• The deuteron, denoted by D, is a hydrogen isotope containing a protrm and a 
neutron. 
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The diflcronco in spin and statistical properties between protons and 
douterons can be easily understood if the deuteron is considered as 
composed of a proton and a neutron. If both of these component parti¬ 
cles carry the angular momentum h/Air, it is not strange that the nu- 
(!leus wliieh tiiey form sliould have an angular momentum h/2ir. To 
explain why wave functions are s>Tnmetrical nith regard to exchange of 
deutcrons, we shall liave to consider the application of the Pauli prin¬ 
ciple to neutrons as well as to protons. In fact, since direct interactions 
of neutrons are experimentally almost impossible to observe, the study 
of the behavior of the deutcrons is the simplest method through which 
the application of the Pauli principle to neutrons can be verified. 

We assumed that a wave function changes sign if positions and spins 
of two protons are interchanged, and we now assume the same thing 
for the neutrons. If we interchange spins and positions of two deu- 
terons, then we have effectively interchanged spins and positions of a 
pair of protons and a pair of neutrons. The wave function therefore 
must have suffered two changes of sign; that is, the wave function 
finally returns to the same value that it had before the exchange of the 
deutcrons. This is the same behavior which we had to postulate in 
order to explain that the abundance of ortho-deuterium is greater than 
tlie abundance of para-deuterium. 

Similar considerations apply to other diatomic molecules in which 
the two nuclei are the same isotopes. For instance the existence of a 
para- and ortho-nitrogen modification has been effectively proved by 
the alternating intensities of rotational lines in the nitrogen spectrum. 
A chemical separation has not been possible up to now. If it were 
attempted by similar methods to those used for hydrogen, the lower 
energy of rotational quanta in nitiogen would necessitate a cooling of 
nitrogen to lower temperatures (about 1** K.) at which nitrogen is 
solid * and the use of any kind of catalyst extremely difficult. 

Spectroscopic observations on diatomic molecules yielded values for 
angular momenta of a few nuclei, and it has also sho^m whether or not 
a change in sign is caused by the interchange of the two nuclei. It has 
been found that a change in sign occurs if the mass number of the 
nucleus is odd, and a change in sign does not occur if the mass number 
of the nucleus is even. This is in agreement \vith the assumptions that 
the nuclei are composed of protons and neutrons and that the protons 
and neutrons behave according to Pauli’s exclusion principle. 

An interesting situation arises if the nucleus does not pi^ess any 
spin, that is, if its internal angular momentum is zero. This is the case 

• Potential barriers occurring in the solid state are likely further to reduce the 
energy difference between ortho- and para-nitrogen. 
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for the predominant isotopes of oxygen or of carbon. The foregoing 
rules show that, for instance, exchange of two O*® nuclei will leave the 
wave function unchanged. Since no .spins are present, this imposes a 
strict symmetry condition on the exchange of the two oxygen positions, 

^3 es il t a*t every second rotational level of 
oxygen is actually realizable. Thus only one oxygen modification exists. 

In the pui-suit of the chemical separation of modifications .similar to 
ortho- and para-hydrogen we need not be confined to diatomic mol¬ 
ecules. Such modifications must be expected whenever rotation can 
result in the exchange of similar atoms. For instance, we would expect 
two water modifications and three different methane modifications. 

The behavior of the nuclei in clianging or retaining signs when inter¬ 
changed corresponds closely to the behavior of electrons. In discussing 
the Pauli principle for electrons wc were led to the conclusion that elec¬ 
trons are indistinguishable. The .same line of reasoning leads to the 
result that protons are identical in their i)ropcrtics and that there is no 
difference between neutrons. 

12.5 BETA RADIOACTIVTTY It has been assumed in the early 
speculations about nuclear structure that the nucleus contains electrons. 
Experimentally tliis idea is supported by the fact that some nuclei emit 
electrons and arc transformed into isobaric nuclei of practically the 
same weight and one more charge. The fast electrons emitted by nuclei 
are known by the designation of beta rays and the spontaneous nuclear 
transformations giving rise to these rays as Ixjta radioactivities. 

It has proved impossible to obtain a consistent theory of nuclear 
structure in which electrons occur as nuclear constituents. The main 
reason why attempts at such a theory must fail is the uncertainty 
principle. We have seen that a particle can be localized with high pre¬ 
cision only if wide tolerance is allowed in the accuracy of the momentum. 
When an electron is confined to the small volume of the nucleus, the 
electronic momentum will assume high values with considerable prob¬ 
ability. High momentum means, for a light particle, high kinetic 
energies, and we find that we cannot have an electron within the nu¬ 
cleus \vithout giving it a kinetic energy that is great compared with the 
binding energies of the nucleus, so that an electron even if present in a 
nucleus cannot be held there. 

The mere argument that, if an electron comes out of a nucleus, it 
must have been within the nucleus previously is not more convincing 
than the statement that, if a light quantum is emitted by an excited 
atom, this atom must have bodily contained the light quantum pre¬ 
vious to the emission. 
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Tho argiimont about the presence of electrons in nuclei was further 
infiuonce<l by the discovery of the i)ositron beta activity. Although all 
the known naturally beta-active elements emit electrons, it was found 
pos.sible to produce by nuclear collisions, a number of elements which 
showed an activity similar to the beta activity in all respects save the 
o!ie, namely, that they emitted positrons rather than electrons. Such 
positron activity results in the transformation of the element into an 
isol)ar of one less charge. Would it then be necessary to assume the 
presence of both electrons and positrons in the nucleus? Such an hy- 
jjothesis would put into the nucleus two kinds of particles which outside 
the nucleus arc known mutually to destroy each other. The only reason 
why in atomic reactions electrons are conserved and thus act as inde¬ 
structible particles is that the appearance or disappearance of an elec¬ 
tron-positron pair is accompanied by an energy change of 10® electron 
volts, that is more than 10® times the energy available in a chemical 
reaction. 

The electron and positron activities which are both called beta- 
activities have been systematized by the assumption that transforma¬ 
tions of this kind can take place for the simplest nuclear particles, that 
is, for protons and neutrons. Actually a neutron has a slightly greater 
mass than a proton plus an electron, and it is assumed that a neutron 
is in reality beta-active and can transform into a proton and an electron. 
In this process the excess mass of the neutron would be transformed 
into the kinetic energy of the radioactive products. From the knowl¬ 
edge of the available energy and from the experimental fact that the 
periods of beta transformations decrease rapidly with the energy o 
transformation, we can estimate that the lifetime of the neutron is o 
the order of one hour. Direct verification of this is still lacking. 

Conversely, we may consider the possibility of the transformation o 
a proton into a neutron and a positron. This process actually does not 
occur since the proton is lighter than a neutron plus a positron, and so 
this nuclear transformation is “endothermic.” But, if a proton happens 
to be within a nucleus in such a state that its transformation ^ 
neutron would sufficiently increase the binding energy, the origina j 
endothermic, proton ^ neutron -|- positron, transfoipnation can 
changed into an exothermic one, and the positron activity niay proce^ 

It may be noticed that, according to the picture that is 
here, protons and neutrons cannot be considered as two really m eren 
elementary particles. Nor is it very clear whether the designation 
“elementai-y particle” is descriptive for entities which can suffer trans¬ 
formations. 
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12.6 THE NEUTRINO HYPOTHESIS The electrons (or j)osi- 
trons) ejected in a definite beta transformation (‘merge from the nucleus 
with varying energies. Tliis fact is remarkable because in a beta trans¬ 
formation a nucleus starting from a d(‘fiiiite initial state is as a general 
rule transformed into a definite isobaric end state, and so the nucleus 
should lose in the transformation a definite amount of energ,v. There 
seem to be only two ways in wliich to e.xplain the varying kinetic en¬ 
ergies of the ejected electrons. We must assume that in the beta process 
either energy is not conserved or leaves the nucleus in some other form. 
Nonconservation of energj'^ would necessitate far-r(*aching changes in 
many branches of physical theory and would meet with great difficulties 
in the theory of gravitation. The second a.ssumption is preferred; in 
fact, as wc shall see presently, there arc further indicatioius that in a 
beta process the electron (or the positron) is not the only particle 
ejected. 

This can be illustrated in connection with the assumed beta trans¬ 
formation of neutrons into protons. Let us consider two neutrons just 
before the beta transformati<jn. The wave function of tho.so neutrons 
IS antisymmetrical with regard to their exchange. Now let us assume 
that the two neutrons undergo beta transformations. If the}' have 
been sufficiently far apart, and if the two transformations occurred in 
a sufficiently short time interval, then immediately after the transforma¬ 
tion there will be two electron-proton pairs near the oiiginal positions 
of the two neutrons, and those paiis are far apart compared to the 
distance between members of one pair. Exchanging the two pairs, we 
find that the wave function must undergo two changes of sign, one 
because of the exchange of the protons, another because of the exchange 
of the electrons. Thus, after the transformations the wave function is 
symmetrical with regard to the exchange of pairs, whereas befoi-c the 
transformations the wave function wa.s anti.symmetrical with regard 
to the exchange of the neutrons. This would mean a change in the 
long-range behavior of the wave function caused by spontaneous local 
processes. Such long-range effects seem unlikely and actually cannot be 
incorporated in the present foimalism of atomic phy.sics. 

It is assumed therefore that a further particle, a neutrino, is emitted 
simultaneously with the electron (or the positron) in the beta process. 
The wave function for neutrinos is supposed to be antisymmetrical 
wth regard to their exchange, and thus the difficulty described in the 
previous paragraph is avoided. It is also as.sumed that the neutrinos 
an amount of kinetic energ}' which added to the kinetic energy 
of the electron gives a constant energy emitted in every individual 
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l)i(>coss of a definite beta disintegration. If we furthermore endow the 
iieiitrino.s with the internal angular momentum we may account 

for the spin changes accompanying beta transformations wliich changes 
would otherwise present as great a difficulty as the apparent noncon¬ 
servation of energy and of the symmetry with regard to exchange. 

The existence of neutrinos has not been proved by any direct experi¬ 
ment. An attempt has been made to measure the total energy liberated 
in a beta transformation by calorimetry. The amount of heat obtained 
correspond.s to the integiated energy' of the ejected electrons. The 
energy supposedly carried by the neutrinos must have escaped thiough 
the walls of the calorimeter. 

The neutrino is a particle devoid of charge (its emission does not 
cause change of charge), devoid of rest mass (details of beta disintegra¬ 
tion are best explained by the assumption that all or almost all the 
energy or mas.s carried by the neutrino is carried as kinetic energy), and 
also devoid of noticeable interaction wth other particle.s. We hope, 
however, that the neutrino is not devoid of existence since it is needed 
as the carrier of energy, angular momentum, and symmetry properties 
which scorn to disappear in beta transformations. There is no definite 
proof that only one such unobserved particle accompanies the emission 
of a beta ray, but the assumption of more than one particle of this kind 
seems only to give rise to unnecessary complications. The assumption 
of the emission of one neutrino not only accounts for the qualitative 
changes taking place during the beta process but also gives a good quan¬ 
titative explanation of the energy distribution of the observed beta rays 
and of the connection between disintegration energy and lifetime of the 
radioactive substance. 

12.7 ENERGY-PERIOD RELATION IN THE BETA DECAY 
One characteristic constant is attached to each radioactive transfor¬ 
mation: the decay constant. Given at an instant a radioactive nucleus, 
that is one which can undergo a radioactive transforaiation, the decay 
constant is the probability that the nucleus will disintegrate in the next 
second. Apparently this probability statement is the only prediction 
that we can make about an impending disintegration. There is noth¬ 
ing in the nucleus that would indicate that the time of occurrence of 
the process is near. 

From this probability law we can obtain the law of survival of radio¬ 
active nuclei. If we have initially N such nuclei, then after a time t, 

there will remain Ne ' unchanged nuclei. Here 1/r is the decay constant 
and r is the average life of a nucleus. The number of disintegration 
processes occurring in unit time is proportional to the number of un- 
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changed atoms. Thus, if there is no fresh supply of radioactive atoms, 
the number of disintegration proee.sses will change i)roportionately to 

e Wc can therefore determine the lifetime r by counting the decay 
processes over a time not short compared to r. 

The decay time will in general be different not only for different 
species of radioactive atoms but also for two radioactive isotopes. 
Ihere are even cases of radioactive excited nuclei which stay in tlie 
excited state for a sufficiently long time to l)e studied separately. Such 
nuclei are called isomers; they differ only in their energy content and 
not in their charge or mass number. Kach isomer has its own character¬ 
istic decay constant and lifetime. 

The known decay periods range from a fraction of a second to time 
intervals comparable with the usually as.sumed age of the uni\'erse 
(a few times 10^ years). The latter periods are of course based not on 
any observation of the change of ra<lioactivity with time but rather on 
an actual count of decay processes in a given mass of the faintly radio¬ 
active material. There is no clear-cut rule which would allou us to 
calculate the periods, but some regularities can be detected. As a gen¬ 
eral rule, the lifetime will be the shorter, the more eneigy the beta 
particles carry. A quantitative relation has been suggested between 
the decay energy and the lifetime. Here the decay eneigy is defined as 
the energy of the fastest beta particles that leave the nucleus. This 
upper limit can be determined fairly sharply; it is assumed that, if an 
electron is emitted with an energy close to the upper limit, only the 
small difference between the upper limit and the electron energy is left 
over for the kinetic energy of the neutrino. If the number of emitted 
electrons are plotted against their energy, we find that this number 
tends to zero as the upper limit is approached. This behavior is to be 
expected on the basis of the neutrino hypothesis, and in fact the energy- 
isWbution curve of electrons can be obtained from the hypothesis by 
making very simple assumptions about the emission probabilities of 
e ectron-neutrino pairs. If the neutrino does not possess any mass, the 
w ole change in energy and mass accompanying a beta decay is given 
by the maximum energy carried by the beta particle. 

*^*^*^*"^^6 fhc empirical data, the lifetime changes roughly as the 
t power of the decay energy. This relation holds approximately if 
^riM of similar’' beta transformations are considered. In Table 
■*•7(1) a few artificially radioactive (positron-emitting) elements are 
ted which are similar in that they all contain one more proton than 
neutron, and they all transform into an element with one more neutron 
ban proton. It may be seen in the last column that the decay period 
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times tile fiftli power of the decay energy does not change much through¬ 
out the series. 

Tlie increase of decay probability with the fifth power of the decay 
energy can be understood on the basis of the neutrino hypothesis. The 
reason bncHy is that, if more energy is available, there are more possi¬ 
bilities of dividing up this energy between the electron and the neu¬ 
trino and a greater range of momenta can be given to the two particles, 
'i'he same simple assumption which explains the energy distribution 
of the beta rays also leads to the observed fifth-power relation at least 

TABLE 12,7(1) 


ENEnCY-LlFETIME RELATION KOR SoME PoSITRON-EmITTINO ELEMENTS 


B Activity 

Maximum Energy 
in 10« VolU 

Average Lifetime 
in Minutes 

Lifetime X (Energy)^ 

C“ -* B" 

1.17 

30.2 

66.2 

N13 _ c'3 

1.25 

14.3 

43.5 

Qis 

1.70 

3.02 

42.8 


for decay energies higher than a million volts. For low decay energies 
the lifetime should vary less rapidly with the energy. 

The fifth-power law here discussed holds only very roughly when 
applied to nonsimilar nuclei. It seems that besides the decay energy 
the lifetime depends on another factor which can be interpreted as the 
necessary rearrangement of nuclear constituents which accompanies 
the beta decay. The more unlike the initial and final nuclear configura¬ 
tions are, the less probable is the decay. In particular, transformations 
may become very improbable when the nucleus has a greatly d^erent 
angular momentum before and after the disintegration. This is illus¬ 
trated in the beta decay of Rb®^ into Sr®^; the decay energy is 1.26 
If rubidium were a member of the series given in Table 12.7(1) it woul 
probably have a lifetime of a quarter of an hour whereas actually t e 
lifetime is 0.27 X 10^^ years. The angular momenta of the rubidium 

and strontium isotopes are ^ and ^ , respectively. It may be seen 

Z dir d dir 

that the rubidium activity is very closely analogous to a forbidden 

transition in spectroscopy. j > 

Among the radioactive elements there are a few that do not emi 

positive or negative beta rays. We shall use the element Be as an ex 
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ample. If the Be^ nucleus had more energy than the Li' + jjositron, 
transformation into Li^ could occur by emission of a positron, and in fact 
Be^ would then be a member of the family given in Table 12.7(1). Ac¬ 
tually there is not enough energy available for this transformation. The 
Li^ nucleus in turn cannot transform into the Be' nucleus, because the Li^ 
nucleus is lighter than the Be^ nucleus. But a transformation of Be' 
into Li^ is possible if Bc^ captures one of its own electrons. The Be^ 
atom is hea\ner and has more energy than the Li^ atom, and so, ener¬ 
getically, the transformation is feasible. It follows from the theory of 
the positrons that it is no more difficult to absorb an electron and create 
a hole in an inner sliell of an atom than it i.s to emit a positron, that i.s, to 
create a hole in the omniprc.sont (and unobservable) sea of electrons 
with negative energy. In the Be’-Li^ transformation only the neutrino 
is emitted immediately. Subsequent ly elect rornagnet ic gamma radiation 
may be emitted by the nucleus if it happened to transform into an 
excited state of Li^. Radiation will be necessarily emitted by cloctron.s 
falling into the hole that was created during the transfomiation. This 
latter radiation consists of well-known X rays of the product nucleus. 
In the case of the Be^ + electron ^ Li^, the gamma- and X-ray activ¬ 
ities are the only experimental indications of the transformation. 

If there are two isobaric elements, the charges of which differ by one, 
then according to the preceding argument it should be always possible 
for one of these isobars to transform into the otlier. If the atom with 
the smaller Z value is heavier, then the weight of its nucleus must exceed 
the weight of the isobaric nucleus by more tlian the mass of an electron, 
and the clement wth the smaller Z may therefore emit an electron. If 
the atom with the liigher nuclear charge is heavier, then its nucleus can 
capture an electron and transform into the other isobar even though the 
nuclear mass should have to increase in the transformation. This argu¬ 
ment of course presupposes that there is no fixed amount of mass or 
energy that has to be carried away in a beta transformation. In par¬ 
ticular, the argument is not valid if we assume that the mass of the 
neutrino is different from zero. According to experimental evidence, 
the neutrino mass is not more than a small fraction of the electronic 
mass, but it has not been demonstrated that the mass of the neutrino 
actually vanishes. 

Several isobaric pairs with charge numbers differing by unity are 
kno^vn. For instance Cd^*^ and both seem to be stable isotopes. 
It is possible, however, that one of them is actually beta-active but that 
the activity is so weak that it has not been observed. Such exceedingly 
weak activity may be due to the smallness of the available decay energy 
or to a strong selection rule or to both. 
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12.8 XITCLEAR STABILITY If it were not for the possibility of 
l)eta decay, the number of stable isotopes would be very much greater 
than it is. As has been stated in the previous section, an atomic species 
is usually unstable if one of the neighboring isobars in the periodic table 
(that is, an clement with the same mass number but with one more or 
one less nuclear charge) has a smaller mass. Among all possible isobars 
of a given mass number there must of course be one which has the lowest 
mass, and this isobar alone is absolutely stable with regard to beta decay. 
11 is, however, quite frequcntl}' found that isobars differing by two charges 
exist while the inteimodiate isobar is missing. This can be explained by 
assuming that the intermediate i.sobar has a greater mass than either of 
its neighbors so that it could disintegrate into either of them. Of the 
two stable isobars one will in general have a greater mass, and its “exo¬ 
thermic” transformation into the other stable isobar is possible in prin¬ 
ciple, but such transformation would require as a first step the change 
into the intermediate isobar which is energetically impossible. We 
might assume that two beta processes take place simultaneously and 
that the charge number jumps by two units. The beta transfonnation 
is, however, a very improbable process since it takes, even in the most 
favorable cases, a much longer time than the periods with which parti¬ 
cles inside the nucleus are supposed to move, approximately 10“^* sec. 
There is at present no known theoretical reason why particles in the 
nucleus take much longer to emit an electron than to change their posi¬ 
tions and why the beta process is on the nuclear scale of time so slow. 
The improbability of beta transformations is an empirical fact which 
enters into the present beta theorj' in the form of a constant, the value 
of which is unexplained. If a beta process takes a time equivalent to 
10^^ nuclear vibrations, then it will be necessary to wait for 10^® vibra¬ 
tions for two such transformations to occur “simultaneously.” The 
period for a double decay is therefore estimated as nuclear time 

units which is about 10‘® years. A transformation of this period would 
not be observable. 

It is interesting from the point of view of nuclear stmeture that all 
stable isobaric pairs, the charge number of which differ by two, have 
even mass numbers and even charge numbers. This means that they 
have an even number of protons and an even number of neutrons. On 
the other hand, stable nuclei with an odd number of protons and an odd 
number of neutrons are found only in the beginning of the periodic 
system (H^, Li®, N^^). No stable nucleus of this kind heavier 
than is knowm. It seems that, if the total number of parti¬ 
cles is even, the neutrons and protons have a marked tendency to 
occur in pairs which is in simple and significant analogy to the fact 
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that very few stable chemical compounds possess an odd number of 
electrons. 

Another tendency particularly strongly noticeal)lc for the lisht eh'- 
raents is that tlie number of neutrons and protons are appioxirnateiy 
equal so that the mass number is approximately twice the charf>e 
number. This fact can be qualitatively explained by assumirift tliat- 
the orbits in which neutrons and protons can move within the nucleus 
are similar to each other. If for the stuhle nucleus the lowest a^■ailabIe 
orbits are to be filled ujj su(;cessivoly, we find that each neutron orbit 
vill be capable of holding two neutrons, and tliere will he a proton orbit 
of similar energy^ capal^Ie of liolding two proton.s. Thus the filling up 
of neutron and proton orbits will j)r()gress in a roughly parallel way. 

The absence of hea\'icr nuclei with an odd numl)er of protons and an 
odd number of neutrons is explained most easily l)y assuming that the 
presence of two neutrons or two protons in the same oibit is energeti¬ 
cally favorable. This makes elements with an odd proton and an odd 
neutron unstable, because energy may be gained by tran.sfoi-ming the 
odd neutron into a proton and putting it into the same orbit with the 
odd proton already present; or cl.se it should be possible to transfoim 
the odd proton into a neutron and pair it off with the neutron which is 
alone in its orbit. However, the existence of light odd-odd nuclei shows 
that these qualitative considerations do not suffice to systematize our 
knowledge of nuclear stability. It seems that a neutron-proton inter¬ 
action leads to a lower enorgj' than a neutron-neutron or a proton- 
proton interaction provided that the interacting neutron and proton 
occupy practically identical orbits. One can show that this last condition 
can be fulfilled only for light elements. 

The stability relations for isobars with an even mass number are 
represented in Figure 12.8(1). The figure refers to nuclei of a given 
even mass number. These nuclei differ in their charge, that is, in the 
number of their protons, and this number is plotted as the abscissa. 
The ordinate is the energy content of the nuclei which are represented 
by various kinds of circles. The nuclei containing an even number of 
protons and an even number of neutrons fall on one curve in this figure, 
whereas the nuclei with an odd number of protons and an odd number 
of neutrons have their positions along a roughly parallel line of higher 
energy. Somewhere in the region of equal numbers of neutrons and 
protons both curves ^vill have a minimum. 

The atom of lowest energy is the only really stable nucleus of the 
isobaric set. It is represented in the figure by a full circle. Two other 
nuclei on the lower curve indicated by empty circles are metastable 
smee no exothermic transformation into a neighboring isobar is possible. 
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Tho other nuclei, indicated by circles containing a cross, are unstable 
and emit electrons or positrons or both. Arrows in the figure indicate 
possible beta transformations. The figure illustrates the reason for the 
instability of the odd-odd nuclei and also the possibility for several 
even-('ven isol)ars which cannot undergo single beta disintegrations. It 
als<j sliows that, if an even-even isobar is too far removed from the most 
favorable neutron-proton ratio, it becomes unstable, thus explaining 



Fia. 12.8(1). Stability relations for isobars of even mass number. 

# Stable nucleus. 

O Metastable nuclei. 

0 Unstable nuclei. 

why all knowm isobars of any mass number are found within a relatively 
narrow range of charges. 

For nuclei wth an odd mass number it does not seem to make much 
difference whether the odd particle is a neutron or a proton. Thus a 
diagram similar to Figure 12.8(1) would reduce essentially to one curve 
in which beside radioactive elements only one stable nucleus is to be 
expected. There is no reason for the occurrence of metastable nuclei. 
Actually among the nuclei with odd mass numbers only a few neighbor¬ 
ing stable isobaric pairs are kno\vn. As has been said, the reason for 
their stability is uncertain. 

In reality, nuclear energies wall probably not lie on such smoo 
curves as indicated in the figure, but the usefulness of this representa¬ 
tion in understanding the stability of isobars shows that the distinction 
indicated by the two separate curves in Fig. 12.8(1) is not ^nthout poin . 
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It may happen that all iiucloi of n certain charge number are unsita])le. 
Thus wc would expect from tlu' proton-neuti'on ratios of tlie neighbor¬ 
ing elements that the element with the t-harge 43 would h;ue a mass 
number in the ncigiilmrhood of OS. But the element with the charge 42, 
that is, molybdenum, has isotopes with tlie ma.-^ses 02, 04, 05, 00. 07, OS, 
and 100. The nucleus with the charge 44, that is ruthenium, hns’iso- 
topcs with musses 00, 99, 100, 101, 102, and 104. 4'hus, if (he element 
43 is to have a mass number dilhaont from its neighbors, this muss 
number must be as low as 03 (whieh happens to be the mass number of 
the element 41), or a.s higli as 103 (which happens to he the mas.s num¬ 
ber of the element 45, that is, rhodium). It seems therefore likely that 
none of the conceivable nuclei with the charge 43 are stable and that 
no stable element 43 exists. An unstable element of this charge has, 
however, been produced by nuclear reactions. Thi.s artificial element is 
valuable in rounding out the systematic chemical knowletlge incorpo- 
lated in tlie periodic table. It has been named technetium. In the same 
"ay the element 01 may fail to appear in a stal)le form since all ma.ss 
numbers which we may expect associated with this chaige actually 
occur in the neighboring dements. 


12,9 THE INFLUENCE OF COULOMB FORCES, THE END OF 
THE PERIODIC SVSTICM In light nuclei the number of neutrons 
and the number of protons arc freciucntly equal and are always nearly 
equal; yet a dissyminctiy between neutrons and protons is noticeable. 
There arc only two stable nuclei, tlie pj’oton and IIc'^ in ivhich the num¬ 
ber of protons exceeds the number of neutrons, and for higher mass 
numbers the number of neutrons becomes markedly greater than the 
number of protons. For instance, the most abundant isotope of kiyp- 
ton has 36 protons and 48 neutrons, whereas the most abundant isotope 
of lead has 82 protons and 12C neutrons. This is due to the effect of 
the coulomb forces. 

For light nuclei the coulomb forces arc rather unimportant. For 
eavier nuclei, however, they become more significant. The reason for 
this is that the nuclear forces liave a short range and act practically 
only between neighbors, whereas the coulomb forces have a longer range 
and act effectively over the whole nucleus. Thus whereas the binding 
energy of a nucleus, owing to the short-range nuclear forces, increases 
proportionally to the number of particles within the nucleus, the cou¬ 
lomb interaction increases as the number of pairs of protons, that is, as 
t e square of the number of protons. Though the increase of nuclear 
radius cuts down in heavier nuclei the coulomb effect, its relative impor¬ 
tance continues to increase. 
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Tho behavior of light nuclei indicates that the optimum neutron- 
proton ratio, as far as the short-range nuclear forces are concerned, is 
one to one. As the coulomb effect becomes important, however, energy 
can be gained by converting some protons into neutrons. Though this 
is soimnvhat disadvantageous for the close-range forces, the lowering of 
coulomb r(‘pulsion overcompensates the loss. 

Another important consequence of tlie coulomb forces is that they 
make the heaviest nuclei unstable in that it becomes energetically 
favorable for them to split into smaller parts. Though such splitting 
or fission causes an increase in the surface of nuclear matter and there¬ 
fore an increase of the potential energy of the short-range forces, this 
increase is overcome by the dccrea.se of potential energy occurring when 
two charged particles separate. 

It actually has been observed that, if uranium or thorium is excited 
by a few million volts, these nuclei can undergo fission and separate 
into particles of approximately equal size, liberating about 200 million 
volts in the process. The original excitation by a few million volts 

must bo con.sidered as an activation energy. 

Such activation energy does not seem to be required for a disintegra¬ 
tion of the heaviest nuclei into strongly dissimilar parts, that is,^ for the 
emission of alpha particles. Alpha particles are helium nuclei of the 
mass number 4 and the charge number 2, the particular stability of 
which is discussed in the next section. This stability makes emission 

of alpha particles energetically favorable. 

It is not certain what delimits the periodic system toward the higher 
elements. It is possible that all elements beyond uranium will show a 
too fast alpha decay. It is possible that the chief reason for the 
bility is fission; but, whichever of the two is the case, these highly 
charged nuclei are essentially unstable because of the coulomb forces 
acting on the positive chaises crowded into the nucleus. Radioact^e 
elements following uranium, that is, vdth the charge 93, 94, 95, and , 
have been produced and studied. They are called neptunium, p u- 
tonium, americium, and curium. Of these plutonium is best known ^ 
a fissionable element which can be used in releasing nuclear energy m 
an explosive or in a steady and controlled manner. 

12.10 THE ALPHA-PARTICLE MODEL, BINDING ENERGIES 
IN NUCLEI The alpha particle has played a particularly important 
part in the development of nuclear physics. These particles are ejec e ^ 
from heavy radioactive elements, and many very stable lig t nuc ei 

(such as 0'“, Ne“, Mg"^ Si^«, and A“) may be 
composed of alpha particles. It has been therefore assumed that aipn 

particles are among the constituents of nuclei. 
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From our present viewpoint this statement lias a rather limited 
validity. The alpha particle is actually the first closed shell that can 
be built from neutrons and protons. It contains two neutrons with 
opposite spins and likewise two protons, and its position as tlie first 
closed shell explains its great stability. Light nuclei may be considered 
as built from alpha particles, but this is valid only in the same sense in 
which a solid crystal may be considered as being built up from molecules. 
Such a picture is significant only as long as the binding energy witliin 
the molecule is great compan'd to the binding between different mol¬ 
ecules. It is true that in light nuclei the binding energy within an alpha 
particle is somewhat greater than the energy binding the alpha particles 
together, but the difference of thase energies docs not justify far-reaching 
conclusions. 

Actually the particular stability of the elements to Ca"*® can he 
equally easily summarized by postulating as has been done prenously 
that nuclei with equal and even numbers of neutrons and protons are 
more stable. The alpha-particle picture may be considered as a par¬ 
ticular illustration of a system in which this more general postulate is 
fulfilled. 

It is, however, significant that among light nuclei very little and some¬ 
times no binding energy is gained if a neutron or proton is added to one 
of the pure alpha-particle nuclei. On the other ^land, a particularly 
great amount of binding energy is obtained if a particle is added to a 
nucleus and an alpha particle is thereby completed. Thus, the last 
neutron in is but lightly bound, and He'* is not at all capable of 
binding a further neutron and foiming He^. On the other hanrl, a great 
amount of energy is liberated if Li^ or captures a proton. The most 
direct and simple explanation of this phenomenon is given by the alpha- 
particle model, though other explanations are possible. 

In heavier nuclei the energies liberated on attaching neutrons or pro¬ 
tons do not show such marked fluctuations. On the average one fourth 
of the binding energy of an alpha particle is liberated when a proton or 
neutron is attached to a nucleus, giving thus a binding energy of about 
8,000,000 volts for either. For the heaviest nuclei this figure is reduced: 
the protons are less strongly bound becau.se of the coulomb repulsion, 
and the neutrons are also held less tightly because their excessive num¬ 
ber forces the least strongly bound neutrons into higher orbits. 

12.11 ALPHA RADIOACTIVITY By tearing out an alpha particle 
from the nucleus, the short-range forces that hold the protons and neu¬ 
trons together are not greatly decreased, since it is a closed “molecule” 
that left the nucleus. The long-range coulomb potentials are, however, 
Breatly changed by removal of the twce-charged alpha particle, par- 
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ticiilaily if ll»‘ cliargo (if the* nucleus is high. Thus emission of an alpha 
liarticlc is an oxotliormic n'action for the liiglily charged nuclei. Such 
nuclei actually .show al|>ha activity. Emission of a proton or neutron 
is always endothermic on account of the strong potentials that hold the 
nucleus tog('ther. 

'I'he aljiha disintegration is similar to th(* beta decay in that it shows 
a definite lifetime and also in that this lifetime though varying greatly 
from nuch'us to nucleus is extitanely long compared to the short period 
of 10“"‘ sec. with which particles wifhin the nucleus move. 

The long life of alpha-active eh'ments has been explained by the 
cjuantum-mechanieal tunnel eh'ect. If an alpha particle is being sep¬ 
arated from a nucleus, the first effect is an increase of potential energy 
due to the action of the short-range nuclear forces. When tlie distance 
of the alpha particle from the nucleus is increased, a decrease of poten¬ 
tial energy follows because of the coulomb repulsion. The repulsion 
eventually overcompensates the initial attraction and makes the reac¬ 
tion exothermic. Thus the alpha particle must penetrate a potential 
barrier in order to leave the nucleus. According to classical theory this 
would be impossible. 

When discussing the wave function of one electron in the field of two 
distant protons (Cdiapter 7), we have seen that the wave function pene¬ 
trates the region bftween the two protons into which, according to 
classical mechanics, the electron cannot enter. We also have seen that 
the penetration probabilitj' decreases exponentially with the distance 
lictwecn the two protons. If tlie electron originally is placed near one 
of the protons, it does get over to the other proton, but the time re¬ 
quired for the penetration of the intervening barrier increases exponen¬ 
tially with the distance between the two protons. In a similar wa}' the 
alpha particle can get through the barrier and leave the nucleus, but 
the time needed to do so increases exponentially with the thickness and 
also with the height of the barrier. In first veiy rough approximation, 
the time of disintegration is given the Gamow formula 

= h exp. (- ^ 12.11(1) 

Here /o is the nuclear time unit, about 10“^^ sec., v is the velocity of the 
alpha particle leaving the nucleus, and Z is the charge of the residu^ 
nucleus. The radius of the nucleus is tq, and is a length associated 
with the alpha particle. Its value is 


12 . 11 ( 1 ) 


= 


25Gjr^c^il/ 


= 1.15 X 10“^^ cm. 


12 . 11 ( 2 ) 
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where M is the mass of the alpha })articlo. It is to bo noted that has 
no connection with the radius uf tlu> alijlia i)articlo. I’liis formula do(‘S 
not take into account the (hdails of tlic way in wlii<-li the alpha particle 
separates from the nucleus. Apart from the nuclear time unit /o. it 
includes only the i)enetration factor. The first teiin in the expoiumt of 
tliis factor gives, in rougli approximation, the eiVect of the couloml) 
repulsion, if it is assumed that the alpha particle stalls out from r = 0. 
The second tcmi takes into account that tin? alpha particle when be¬ 
ginning to penetrate the barrier is on the surface of the nucleus and so 
is already the distance ro away from tlie center. 

The detailed formula in sj)it{i of its rough nature explains qualitatively 
in a satisfactory manner tlic relation between the decay oncig>' and the 
lifetime of alpha acti^■itics (Geiger-Xuttal ic'lation). Tlic decay 
energy appears as tlie kinetic eiuMgy of the aljiha jiarticlc and is there¬ 
fore related to the velocity v, apiicaring in the penetration factor, hy the 
formula E — \Mv^. The validity of the expression which is based on 
the tunnel effect is shown Iry the fact that it remains in reasonably good 
agreement witli the experimental lifetimes of radioactive elements when 
the latter vary from about 10**’ years (thorium, uranium) to 10“^ sec. 
(radium C'). This variati<;n is eaused hy a corresponding increase of 
the disintegration energy from -1,(K)0,000 to a little less than 8,000,000 
electron volts. 

12.12 NUCLEAR FISSION Uranium may di.sintcgrate spontane¬ 
ously by emitting alpha particles and also by splitting into two approxi- 
niately equal fragments. \Vc liuve already referred to the latter process. 
It is designated as fission. 

Spontaneous fission of uianium is a much less probable process tlian 
alpha decay. This is due to the fact that in the alpha di.sintogration 
only the relatively small mass of an alpha particle need pass through a 
potential barrier, whereas in a spontaneous fission process practically all 
of the nuclear matter must participate in the tunnel effect. Fission be¬ 
comes a much more probable pnxre.ss when the nucleus is given an acti¬ 
vation energy of a few million volts. Then the initial distortion can 
proceed without a tunnel effect. 

The distortion whicli leads to fission is a stretching of the nucleus into 
the shape of an elongated ellij)soi<i. This distortion is favored by the 
coulomb forces, but it is opposed by a force which is analogous to surface 
tension. During the initial displacement this second stabilizing force is 
the more powerful one. But, after a certain elongation has been at¬ 
tained, the effect of the electrostatic repulsion becomes predominant, 
the nucleus is stretched at an accelerated rate, and it breaks into twe 
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[ission fragments which separate, carrj'ing an energy of nearly 2 X 10® 
volts. 

Tlio groat energy release in the fission process is not the most impor¬ 
tant feature of this phenomenon. It is more important to note that 
the fission fragments also carry considerable amounts of internal energ}’ 
as a result of which they emit several neutrons as a sequel to the fission. 
These neutrons may enter further fissionable nuclei. Thus a chain reac¬ 
tion starts which makes it possible to utilize the energy of nuclei on a 
macroscopic scale. 

As we have noted before, the ratio of neutrons to protons in uranium 
is considerably greater than in lighter elements. When fission separates 
uranium into two fragments of smaller mass number, these fragments 
still have tlie high neutron-to-proton ratio characteristic of uranium. 
Thus the fission fragments must undergo several consecutive beta-decay 
processe.s to adjust their neutron-proton ratio to the value which for 
their mass number corresponds to a maximum binding energy. These 
beta dcca 5 ’^s have been observed. Many new beta-active substances have 
been discovered in this manner. 

12.13 ALPHA-PARTICLE REACTIONS The alpha and beta 
decays are analogous to unimolecular reactions. In the last two dec¬ 
ades “bimolecular” nuclear reactions have been studied to an increasing 
extent. The chief difficulty with this type of reaction is that all nuclear 
particles save the neutron are positively charged and do not undergo 
transfoiTOations unless brought to within a nuclear radius of each other. 
To obtain a nuclear reaction we must either start from particles of very 
high kinetic energy which are capable of overcoming the coulomb repul¬ 
sion, or else neutrons must be used. The latter particles, however, were 
themselves produced by some .sort of nuclear reaction, and in the last 
analysis we are therefore always reduced to the necessity of using high 
energies to initiate a nuclear reaction. Only the chain reaction opened 
up the way to copious neutron sources and to abundant nuclear reactions. 

The fii*st nuclear reactions have been studied by using the high-energy 
alpha particles emitted by alpha-radioactive elements. As has been 
said in discussing the Rutherford scattering (section 12.1), such alpha 
particles can approach lighter nuclei to within a nuclear radius, and it 
has been found that collisions of alpha particles ^vith light nuclei do 
produce nuclear transformations. Thus nitrogen bombarded wit 
alpha particles emits protons according to the reaction: 

He^ + H* -t- O'^ 12.13(1) 

This finding was all the more remarkable since at the time it was made 
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no other evidence of an 0^' isotope was available. Later evidence of a 
stable 0*^ isotope was found in the spectrum of Oo. 

The bombardment of beryllium with alpha particles led to the dis¬ 
covery of neutrons which wei*e formed according to the reaction: 

Be^ + He"* —> C*^ + 12.13(2) 

Whenever a steady fast-neutron source of not too high intensit}' is 
required, it is still one of the best procedures to bring beryllium under 
the action of an alpha emitter. 

12.14 ARTIFICIAL SOURCES Great impetus was given to re¬ 
search in nuclear reactions by the various dc^■ices wliich made it possi¬ 
ble to accelerate stronglj' charged particles and to give tliem kinetic 
energies which often exceed the energies of natural radioactive products. 
Many different kinds of such apparatus have been developed. The fii'st 
operates by throwing several ordinary high-voltage apparatus for a short 
period in series (Cockroft machine). 7'he second is a simple enlarge¬ 
ment both in scale and in voltage of the ordinary electrostatic generator 
(Van de Graaff generator). The tturd, the c 3 Tlotron, involves the fol¬ 
lowing ingenious trick. Charged particles moving in a magnetic field in 
a plane perpendicular to the field have a rotational period which is 
independent of the velocity of the particles. If these charged particles 
are now subjected to an electric field which is perpendicular to the mag¬ 
netic field and which oscillates in phase with the motion of the charged 
particles in the magnetic field, the electric field will accelerate the 
charged particles during their whole motion. Through this resonance 
effect the same electric field acts repeatedly and finally speeds up the 
charged particles to a high velocity. More modern variations of the 
cyclotron permit an adjustment of the oscillating electric frequency 
during the acceleration of the particles. This permits acceleration of 
the particles to much higher velocities. A similar apparatus is the 
synchrotron in which the magnetic field, rather than the frequency, is 
adjusted. In a machine now under construction called Ilje linear accel¬ 
erator the electric field is forced to travel along with the particles, and 
thus high energies are reached without the establishing at any time of 
a great potential difference in the apparatus. Finally the betatron 
utilize the circular electric field produced by a varjing magnetic flux. 

A he strongest and most extended sources of neutrons are noAv obtained 
from the controlled chain-reacting systems called piles. 

The chief advantages of artificially produced particles over the 
*^tural sources is that they can be obtained in much greater quantities, 
can reach higher ener^es, and these energies can be regulated 
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Tho natural sources, on the other hand, possess the advantage of the 
maximum possible steadiness. Tlic Cockroft machine is perhaps the 
least ilifhcult to construct, but the existing machines of this type give 
{)articles of only a few hundred thousanci volts. The van de Graaff gen¬ 
erator is (*apal)le of giving a few million volts and has the advantage 
tliat its voltage can be easily varied and measured. The cyclotron has 
been developed tecdinicaliy to a higher degree and gives high voltages 
and great particle currents. In this apj)aratus heavy particles can be 
aecelerateil to several hundred million volts. The same can be done to 
ele<'(3-on.s l)y betatrons. There is definite expectation that machines 
now und(!r eonstruetion, such as the linear accelerator, will give parti¬ 
cles beyond the 10'’ volt limit. If such particles arc used, nuclei and 
their constituents are likely to react in novel ways which at the present 
time have been studied insufficiently in cosmic-raj' observations. 

The great intensities given by the energy-producing piles permit the 
use of arrangements wliich give fine beams of neutrons, so that we can 
now start to explore neutron optics. The extremely great amounts of 
neutrons available in tliese structures make it possible to produce new 
isotopes and new elements in macroscopic quantities. 

Even the atomic bomb could bo used as an instantaneous source of 
neutrons, beta i-ays, and gamma rays. The extremely great intensity 
of this source and its short time of action would permit a number of 
experiments which are more difficult if conventional apparatus is used. 


12.15 PENETRATION FACTOR IN NUCLEAR REACTIONS 
Nuclear reactions can be produced by accelerated particles of energies 
much smaller than those necessary, according to classical mechanics, to 
bnng two nuclei into actual contact. According to quantum mechanics, 
such contact can be established bv the tunnel effect, and once contact is 
established there may be a considerable probability of an exothermic 
reaction. The probability of sufficiently close contact can be approxi¬ 
mately described by a collision ci’oss section equal to 


/-47rVZ,Z2 , li2S7r'-e^ZiZ2mro\ loiK/n 


The first factor contains the de Broglie wavelength X characteristic of 
the collision which is equal to h divided by the momentum of the rela¬ 
tive motion of the two colliding particles. The cross section X" is often 
much greater than the geometrical cross section of the nuclei. The 
actual collision cross section, however, will be much smaller than the 
geometrical nuclear cross section owng to the exponential penetration 
factor. The fact that the actual cross section is proportional to the wave- 
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mechanical magnitude X“ rather than to a classical geometrical cross 
section is due to the essentially \va\-c-the<)reHcal character of the tunnel 
effect. The actual cross section inu.st be proportional to a {piantity 
characteristic of the state of incipient penetration, and, when tlie pene¬ 
tration starts, the particle cannot “know” yet to wliat i-adius it lias to 
intrude until it meets the other nucleus. 

The penetration factor is similar to the exponential factor a{)pcaiing 
in the alpha-decay formula. Zi and Zo are the charges of the colliding 
nuclei, v is their relative velocity, w? their reduced mass (wliich for rallu'r 
different masses is practically equal to the smaller mass), and ro is the 
distance at which the two nuclei begin to undergo an internal rearrange¬ 
ment. The formula as has been said i.s rather rough, and its validity is 
restricted to small penetration probabilitie.s. In particular, it liecomcs 
invalid if it yields cross sections greater than the gcometiical nuclear 
cross section. If the energy of the colliding particles becomes siifficienll>' 
large to surmount the coulomb repulsion, the reaction cross section will 
be given in order of magnitude by the geometrical cro.ss .section of the 
nucleus. The penetration formula for nuclear leactions has been tc.sted 
in many cases by observing the dependence of the j'ield on the bombard¬ 
ing energy, and the formula has been found in good qualitative agree¬ 
ment uith experiment. 


12.16 REACTIONS WITH ACCELERATED PARTICLES The 
reactions which can be performed mo.st easily (that is at lowest voltage) 
"'ith artificially accelerated particles are reactions involving the liglitost 
nuclei and theiefore the smallest charges. In fact, nuclear reactions in 
deuteron-dcuteron collisions can be observed, even if the impinging 
deuterons have only a kinetic cnergi' of about lO.CXlO volts. If heavy 
water is bombarded with such deuterons, only very few of the bombard¬ 
ing particles will come clo.se enough to the deuteron nuclei in the target 
to produce nuclear reactions. Those which do can produce one of the 


two reactions, 


U- -h He^ + n‘ 

H2 + H* -h h‘ 


12.16(1) 


Both these reactions are exothermic by a few' million volts, and the 
particles produced even if small in number arc easily obsciw'ed over the 
background of the slow’er bombarding particle.s. 

Another reaction w'hich proceeds at rather low bombarding energies is 


-h Li^ — He** -t- He" 12.16(2) 

This reaction was the first one to be observed by using accelerated 
particles. 
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W'ith more strongly accelerated particles it is possible to obtain reac¬ 
tions among j>rotons, cleuteroiis, and alpha particles on the one hand 
and heavier ekanents on the other. Heavier mielei could also be used as 
bombarding jjarticles, particularly if the corresponding atoms were 
accelerated in a high state of ionization. In this way a sufficiently great 
energy could be imparted to the heavy nucleus. 

For the deuterons there exists a special mechanism of reaction bj' 
which nuclear transformations can occur, even if the deuteron does not 
have enough energy to penetrate the coulomb barrier with a sufficiently 
high probabilit 3 '. This mechanism is made possible by the rather small 
l)in<ling cnerg>' of the deuteron, the dissociation of which into a neutron 
and a proton requires only 2 X 10*^ volts. It may therefore happen that 
the deuteron does not penetrate all the way to the surface of the other 
nucleus, but before crossing the region of strongest repulsion it disso¬ 
ciates into a proton and a neutron. On the last part of the way to the 
other nucleus, the neutron may travel alone unopposed by electric 
forces. The net effect is that a deuteron enters, a proton leaves, and 
there remains the originally bombarded nucleus plus a neutron. 

12.17 NUCLEAR RESONANCE, THE COMPOUND NUCLEUS 
It has been mentioned that, when Li^ is bombarded with protons, the 
reaction complex breaks up into two alpha particles. These particles 
carry away vith them the rather high reaction energy of 16,000,000 
volts. If the bombarding energy of the protons is around 440 kv., we 
find in addition to the fast alpha particles numerous alpha particles of 
much smaller energj'. It seems that there is a possibility of forming a 
reaction complex wliich because of some selection rule cannot break up 
into alpha particles immediately but must first go over into some other 
state by emitting gamma rays in doing so. The alpha particles even¬ 
tually obtained have an energy that is diminished by the amount car¬ 
ried away by the gamma rays. 

This phenomenon has been observed in a rather restricted energj' 
region of bombarding particles. If the proton energy deviates by more 
than a few thousand volts from the optimum value, the effect disappears. 
Actually the yield is proportional to 

_ I _ 12.17(1) 

(E - Eo)^ + 

Here E is the energy of the bombarding particles, Eq is the optimum or 
resonance energy and AE can be called the breadth of the resonance. 
In fact, the yield decreases rapidlj-^ when the difference between bom¬ 
barding and resonance energies becomes greater than AE. The formula 
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is analogous to the dispersion formula in optics, Eq corresponding to 
an absorption frequency, E to the incident frequency, and AE finds its 
counterpart in the breadth of the spectral line. The analogy is not 
purely formal; in order to explain wluit happens in spectra near an 
absorption line \vc must consiilcr an excited state of the atom, and the 
breadth of the spectral line corresponds to the lifetime of the excited 
state; a broad line indicates a brief life. In a similar way nuclear res¬ 
onance is explained by a more or less stable intermediate state called 
the compound nucleus (it is compoundo<l of the reaction partners). Tiie 
time h/AE is connected, according to the uncertainty princi]ile, with 
the energy breadth of the resonance and is the lifetime of the compound 
nucleus. The compound nucleus may decay either by going back into 
the original reacting partners or into other reactioJi products, or, finally, 
by emitting gamma radiation. 

Resonance phenomena are not at all uncommon in nuclear reactions. 
Only when the reaction complex can break up into some reaction 
products within the short time 10~-‘ sec. apjiropriate for nuclear re¬ 
arrangements of the simplest kind, does the resonance breadth AE be¬ 
come great enough (approximately 10° volts) to wipe out any apparent 
selectivity in energies. Then the reaction is better described by a 
straightfonvard rearrangement than bj' a more or less unstable inter¬ 
mediate compound. There are several reasons why nuclear reactions 
may take times long compared to 10“^* sec. and may thus necessitate 
the introduction of an intermediate compound. The transformation of 
the compound nucleus into the resulting product may involve penetra¬ 
tions through potential barriers. Or the transformation may be im¬ 
probable by itself such as the emission of gamma rays which as a gen¬ 
eral rule takes times upward from 100,000 times longer than 10 sec. 
Or the disintegration may involve violation of a selection rule. Finally 
the disintegration may require rearrangement of many particles or re¬ 
distribution of energies which may take, relatively speaking, as long a 
time as the untangling of one of the more familiar mechanical puzzles 
by mere shaking. Here as there, it is necessary that the constituents 
should occupy rather narrowly defined positions before decomposition 
can take place. 

12.18 PRODUCTION OF NEUTRONS Neutrons can be produced 
in a great variety of ways. The general procedure is to bombard ap¬ 
propriate nuclei with protons, deuterons, or alpha particles. If in the 
ensuing nuclear reactions charged fragments arc produced in addition 
to neutrons, the former can be eliminated by the use of any kind of 
absorbing material. The neutrons penetrate this material with prac- 
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lically no loss in intonsity. Although it is a little more difficult to 
sepufiito the neutrons from gamma rays, this separation is possible, be¬ 
cause gaiunia rays primarily interact with electrons and neutrons inter¬ 
act with nuch'i. Thus hca\y elements such as lead which contain many 
(‘leetrons and relatively few nuclei will stop gamma rays more elTectively 
than neutrons. 

Among the reactions which can produce neutnms, we may mention 

H- + ir^ ^ lie* + 

Be^ + He^ - 12.18(1) 

Li' + Be^ + n^ 

The first of these reactions proceeds at the lowest voltage since only 
singly charged nuclei are involved. It also gives neutrons of a well- 
d<‘fined although not too high energy, the reaction being exothermic by 
3.18 X 10^ volts. If the deutcrons are accelerated in a high-voltage 
van de Graaff machine, the energy of the neutrons can be conveniently 
increased witliin certain limits by increasing the energy of the impinging 
deutcrons. 

The bervllium-plus-alpha-particle reaction has the advantage that it 
can be applied if only naturally radioactive sources are available. One 
reason for using natural radioactive sources is that the output of neu¬ 
trons is free from the variations which always result when artificial 
sources are employed. The alpha-particle-plus-bcryllium reaction gives 
high-energy neutrons, the fastest of which have energies in the neigh¬ 
borhood of 10’’ volts, but the neutrons obtained are not homogeneous 

in energy. 

The Li^ -f reaction is endothermic by 1.7 X 10 volts. The reac¬ 
tion can be used to produce neutrons of definite energies around and 
below 10® volts. For energies higher than 2,000,000 volts neutrons 
obtained from the deuteron-deuteron reaction may be used instead. 

Another way to obtain neutrons is by photodissociation. If a gamma 
ray of sufficiently high energy is absorbed by a nucleus, a neutron may 
be emitted in a way similar to the ejection of an electron from an atom 
by ultraviolet radiations. Such photoneutrons can be obtained from 
any substance but particularly easily from nuclei like deuteron or 
beryllium which contain a rather loosely bound neutron.^ In the c^e 
of the deuteron nucleus, the energy of the photoneutron is always ho¬ 
mogeneous when monochromatic radiation is used. The photoproc^s 
may be produced by natural gamma rays or by gamma rays eimtted by 

the fast electrons of a betatron. The natural-gamma-plus-berylhum 
source has the advantage over the alpha-particle-plus-berjdlium process 
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that the radioactive sul)staiico need not be mixed with the neutron 
emitter. 

Recently neutrons of about 10^ volt.s liave been obtained bv collisions 

% 

of very fast (2 X 10^ volts) deuterons with nuclei, ^\’hen such a deu- 
tcron passes near another nucleus, the deuteron is exposed to the rapidly 
varying field of the nucleus. The neutron continues its flight with 
approximately the same velocity it liad when it was in.side the deuteron. 

I’inally neutrons may be obtained from the fission process. 'I'lic-se 
neutrons do not have so high or so sharply defined cneigies as those 
which we can get from some other proces.ses. If, in particular, neutrons 
are obtained from energy-pro<lucing piles, these neutrons usually collide 
with nuclei of the pile material and thus emei’ge with modified energy. 
Piles are, however, by far the most coj)ious souices of neutrons. 

In the preceding discussion some attention was jiaid to the energy 
and particularly to the homogeneous or inhomogeneous nature of the 
neutrons produced. Homog(?ncity is often more e.s.sontial in neutron 
sources than in sources of charged particles, because, if charged particles 
are inhomogeneous, we always can select a homogeneous group by deflec¬ 
tion in a magnetic or electric field; for neutrons this is imjjracticablc. 

The neutrons discussed so far are usually termed fast neutrons. If 
a neutron collides elastically with a nucleus, some of its energy is con¬ 
verted into kinetic energy of that nucleus, and the converted fraction 
will be considerable if the mass of the collision partner is not great com¬ 
pared to the muss of the neutron. Collisions with pioton.s arc most 
effective. After collision ^\^th a proton, the energy is shared on the 
average equally between the two collision partners. In this way about 
20 collisions aie sufficient to slow down the fast neutrons to thermal 
velocities. The thermal or slow neutrons react often rather differontlj' 
from the fast neutrons. They are the only known particles which can 
enter into nuclear reactions even though their energy is small, The 
reason, of course, is that they are not repelled by the nuclei. The same 
would hold for electrons too but the onl}’ known reaction involving 
electrons and nuclei is the beta process whicli has an exceedingly small 
probability. Of course, stable nuclei do not react with slow electrons 
at all. They are constantly surrounded by such electrons, and, if they 
could react with them, they would not be stable. 

Although neutrons can be slowed down very efficiently in hydrogen- 
containing substances, they are also absorbed in such media. After an 
average of 140 collisions with protons, a neutron will unite with the 
proton to form a deuteron nucleus, and the binding energy of 2.2 X 10“ 
volts is emitted in the form of gamma radiation. This is the reverse 
of the photoneutron process previously discussed. 
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if neutrons are slowed down in )>arafrin, we actually obtain a mixture 
of fast and slow neutrons. This is due to the relatively rapid capture of 
sk)w neutrons by the protons and to the fact that the mean free path of 
slow neutrons in a hydrogenous material is considerably smaller than 
the mean free path of fast neutrons. Thus slow neutrons disappear 
within a rather short distance from the position Avhere they attained 
tlierintd velocities, ami neutrons of medium and high energies are there¬ 
fore admixed with the slow neutrons. 

The separation of fast and slow neutrons can be carried out more 
easily in other substances, for instance, graphite. Though more col- 
li.sions with carbon nuclei arc needed to slow the neutrons down to 
thermal energies, yet graphite has two decisive advantages. One is 
that slow ncuti ons are loss readily captured by carbon than by hydro¬ 
gen. The other is that the mean free path of the slow neutrons in 
graphite is not much shorter than the mean free path of the fast neu¬ 
trons. It is, therefore, possible to separate in graphite the slow neutrons 
from the fast neutrons by a simple diffusion process. 

It is of interest that we can obtain slow neutrons of sharply defined 
energies. This can be done in three different ways. One is to pass 
neutrons through rotating absorbers. Arrangements can be con¬ 
structed which will allow only neutrons of certain velocities to pass. 
This method is based on the same principle on which the mechanical 
velocity selectors operate which have been used to prove the Maxuell 
velocity distribution in gases. The applicability of this method to 
neutrons depends on the existence of substances which absorb slow 
neutrons very efficiently. 

The second method of producing slow monoenergetic neutrons is to 
derive these neutrons from a sharp pulse of fast neutrons and to observe 
the slow neutrons at a somewhat removed position after a given short 
delay. One produces the pulse of fast neutrons by allowing an acceler¬ 
ating equipment to operate for a very short interval. In the immediate 
neighborhood of the accelerating equipment the neutrons are slowed 
down by a paraffin block. The slow neutrons are then observed at a 
distance of several yards. The time of flight of the neutrons determines 
their velocity and energy. 

Finally monoenergetic neutrons may be obtained by reflection from 
crystals. Reflections will occur only at definite angles, the Bra^ 
angles of the neutrons so reflected have a definite de Broglie wavelengt . 
In this way we obtain neutrons of sharply defined momenta and 
kinetic energies. This method is entirely similar to the production 
of monochromatic X rays by crystal reflection. Not only can we 
get in this manner neutrons of a given energy, but we can, con- 
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versely, use slow neutrons in exploring the properties and tlie struc¬ 
ture of crystals. 


12.19 FAST-NEUTRO\ KR.VCTIOXS When a fast neutron col¬ 
lides with a nucleus the ensuing reactions are in a general way similar 
to the reactions produced l>y other nuclear collisions. Tlie only practi¬ 
cal difference is that collisions with lieavy nuclei arc more easily pro¬ 
duced with neutrons than with charged particles. 

As an example we will consider the bombardment of zinc by fast neu¬ 
trons which results in the attachment of the neutrons to the zinc and 
the emission of a proton. One obtains in this way a copper nucleu.s 
which is isobaric with the original ziiui michMis. The copper nucleus 
then can revert into the original zinc nucleus by beta emission, a process 
which takes a long enougli time * to be observed after the neutron 
bombardment has been stop{)oil. Processes of this kind can occur for 
any one of the several zinc isotopes so that a number of radioactive 
copper nuclei can be expected. These will have different decay periods, 
and indeed several beta periods have been observed (2.8 hr. and 5 min.). 

Another fast-neutron reaction of the same type is 


S32 ^ + n‘ 


12.19(1) 


The resultant phosphonis nucleus is again beta-active and has the 
rather long period of two weeks. This makes it a convenient indicator 
in chemical or biological experiments. 

A fa.st neutron can knock out an alpha particle from a nucleus. This 
happens, for instance, in the reaction, 

Nc2o + n' O'^ + He^ 12.19(2) 

In this case the products are stable nuclei, and the reaction is studied 
by observing the alpha particles emitted immediately rather than by 
finding the electrons emitted later. 

If the neutron possesses a sufficiently high energy (about 8 X 10° 
volts), it may knock out a neutron from a nucleus without being itself 
attached. This happens for instance with antimony which under fast- 
neutron bombardment gives rise to a positron-emitting element \vith a 
period of 15.4 min. It seems that in the reaction a neutron is detached 
from Sb*^^ giving Sb*^°, and the latter nucleus emits a positron and 
transforms into the stable nucleus Sn'^°. 

Examples of fast-neutron reactions of the tj'pes previously described 
could be very greatly extended. These reactions are in general endo¬ 
thermic and do not proceed if slow neutrons are used. The most typical 


• Cu** has a half life of 12.8 hr. 
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r-xotliCMinio roartions will bo disousscd under slow noiurons. Of course, 

« a( h <»f the cndotlitMinic reactions will require a certain amount of en- 
and so soni(> of tliem ma\- not bo observed if neutrons are produced 
l,y ) i' _j_ collisions using not too fast protons, whereas the neutron 
reactioTi profe<*ds readily if He'^ + Be® collisions are used as a neutron 
soiu'ce. Because of the ease with which heavy nuclei react with neu¬ 
trons, th(‘se reactions together with the slow-neutron reactions were the 
first to >'iel<l new beta-active elements in great numbers. Owing to the 
development of energy-producing piles and other artificial sources, the 
numb(‘r of isotopes synthesized by man exceeds the number of nuclei 
occurring in nature. 

12.20 RADIATIVE CAPTURE. SLOW-XEUTRON REAC¬ 
TIONS There is one nuclear transfoiTnation that may proceed, how¬ 
ever small the energy of the neutron. The neutron may attach itself to 
the nucleus, and the binding energy may be emitted in the form of 
gamma radiation. This process occurs for fast neutrons and protons as 
well. Thus, when C*^ is l)ombarded by protons having sufficient energj' 
to penetrate a coiiloml) barrier, the proton may be captured with for¬ 
mation of the nucleus N*'*. This nucleus is a positron emitter of the 
period 10 min. For neutrons, similar processes are very frequent and per¬ 
sist when the neutrons are .slowed down. In this way for instance so¬ 
dium, potassium, chlorine, bromine, iodine, phosphorius, arsenic, and very 
many other elements can be converted into radioactive isotopes. These 
can be used often as indicators in biological and chemical experiments. 

The radioactive elements so produced all have an excess of neutrons 
and therefore transform by electron emission into elements having fewer 
neutrons and more protons. Neutron capture can proceed of coui-se 
without being followed by radioactive disintegration. For instance Cd 
absorbs thermal neutrons veiy strongly and does not get radioactive. 

The absorption of .slow neutrons by various materials seems at first 
glance to follow rather com[)Iicated laws. For instance, silver absorbs 
slow neutrons apparently strongly since a thin sheet of silver placed in 
a neutron beam becomes very active while activity decreases rapidly in 
further sheets of silver placed behind the previous sheets. At the same 
time activity can be induced in iodine by neutrons which have passe 
through silver almost as easily as by neutrons that have not done so. 
But the efTectivencss of neutrons on iodine is greatly reduced by prexdous 
filtration through iodine. It foUows that different kmds of neutrons 
must be responsible for the activation of silver and of iodine. 

Actually, practically all elements capture slow neutrons only 
small energy ranges of the breadth of about 1/10 electron volt. Ihe 
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neutrons specifically affecting silver and iodine difi’ej- in their energy, the 
energy of the former being a few ehu-tron volts, tliat of the latter about 
100 electron volts. Within the narrow eneig>' range in which neutrons 
can be absorbed, the elTective cross section for absorption is often sur¬ 
prisingly high and becomes sometimes 10,()tK) times greater tluin the 
geometrical cross section of the nucleus. This ran be explained only by 
remembering that the neutrons as well a.s all other partieles have wave 
properties. When the energy is appropriate for ab.sorption, resonance 
phenomena occur, and absorption cross sections in these regions may be 
as great as the square of the neutron wavelength. For slow neutrons 
the neutron momentum is .small, and, according to tlic dc Broglie rela¬ 
tion, the wavelength is great. Tins introduces the po.ssibility of great 
cross sections. For fast neutrons the cross section could not become so 
great even though resonance occurs sometimes at higher energies as 
well. 


The slow-neutron re.sonanccs just mentioned indicate the presence of 
compound nuclei possessing a rather long life, that is about .sec. 

Indeed a shorter lifetime t of the compound nucleus would result ac¬ 
cording to the uncertainty relation, 


h 

12 . 20 ( 1 ) 

2ir 


in a greater breadth AE of the energy of the compound nucleus. It is 
not surprising to find a long life whenever strong radiative capture is 
observed. Radiation is a slow process and could stabilize the nucleus 
only in very few cases if the neutron had a chance to escape within a 
time comparable to nuclear time units, 10“^* sec. Only if the compound 
nucleus has a life about a million times longer, does it become probable 
that energy loss by radiation occurs before the neutron has a chance to 
escape. 

The reason why the neutron stays in the nucleus for such long times 
can be understood by considering the energies involved. The binding 
energy of a neutron to a nucleus is approximately 8 X 10*^ volts. The 
energy of a slow neutron outside a nucleus is a few volts in the later 
stages of the slowing down process and of a volt for the final stage 
of thermal energies. Therefore the neutron is very strongly accelerated 
when it enters the nucleus, and additional kinetic energy is distributed 
among the numerous particles within the nucleus. If the only chance 
for a nuclear disintegration is re-emission of the neutron, the lifetime 
may be very long indeed, because one will have to wait until by chance 
practically all the large binding energy is concentrated on a neutron 
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ru'ar the surface enabling that neutron to eseape. The process is very 
siiiiilur to the addition reaction of two big molecules where the reaction 
product though possessing sufficient energy to disintegrate still does 
stay together for a long time because the energy of dissociation is dis¬ 
persed among tin* many degrees of freedom in the molecule. Such mol- 
e<*ules may wait a long time for a stabilizing collision because it is un¬ 
likely that the required energy should be concentrated on one bond 
which is to bo broken. In a similar manner the compound nucleus ob¬ 
tained by neutron addition can spend a long time waiting for emission 
of a gamma ray because concentration of all energy on one neutron is 


very improbable. 

It is practically hopeless to understand quantitatively why the res¬ 
onance energies for slow neutrons have particular values for various 
elements. These resonance energies lie several million volts above the 
ground state of the compound nucleus, and a relatively small change in 
total energy may cause the resonance level to be much closer to or much 
farther from the particular energy at which a neutron is just able to 
escape from tlie compound nucleus. 

Although the radiative capture of slow neutrons occurs in various 
resonance regions for various elements, all elements show a general 
tendency to absorb slower neutrons more strongly. The simple reason 
for this tendency is that a slower neutron spends a longer time near any 
particular nucleus. Thus all elements capture neutrons at very low 
energies, the capture cross section in this region being inversely propor- 


There are some in- 


tional to v, the velocity of the neutron law ^ 

stances in which neutron capture is promptly followed by highly prob¬ 
able nuclear disintegrations. This is, for instance, the case in the 

reaction: gio qI ^ Li" -b He^ 12.20(2) 


The lifetime of the compound nucleus is here so short that any trace of 
resonance is wiped out, and the neutron-capture cross section obeys the 

- law up to rather high neutron energies. 

V 

Some nuclear species can undergo fission if bombarded by slow neu¬ 
trons. This is the case for the light isotope of uranium, This 

property of makes this nucleus particularly suitable as a nuclear 
energy source. The isotope U^®® can also be used as a sensitive neutron 

detector. 

12.21 NUCLEAR ISOMERS It sometimes happens, as, for in¬ 
stance, in the case of the bombardment of indium by neutrons, that a 
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greater number of periods are observed than can bo explained by dif¬ 
ferent radioactive nuclei. It is then necessary to assign two periods 
to two different states of tlic same nucleus. This is possible only if one 
of these states is excited and has a lifetime long enough to be measured. 
Excited nuclear states of long life are called nuclear isomers. It requires 
careful analysis to decide whether a nuclear isomer is present, and, if so, 
which of the periods belongs to the excited state. 

All nuclear isomers may transfonn into the ground state of the nucleus 
either by gamma-ray emission or by transferring their energy to an 
electron in the atomic shell and consocjuently ejecting this electron. 
The last process is called internal conversion and is observed frequently 
in isomers and also in excited nuclear states of shorter lives which are 
not called isomers. 

It is also possible for the nuclear isomer to suffer a beta decay before 
a transition to the ground state occurs. From the mere piescnce of two 
beta-decay periods, it is not po.ssible to conclude whether the isomer 
and the ground state disintegrate independently with two different 
periods or whether the ground state is the only one wliose beta decay is 
observed and the second period is due to a gamma transition from the 
isomer to the ground .state followed by a beta decay of the latter state. 
A decision between these two possibilities can be made by studying the 
presence and properties of gamma rays or by investigating the energies 
of the beta rays. 

For all practical purposes i.somers can be considered as additional 
nuclear species. Thus their number must be added to that of the active 
bodies produced in nuclear collisions. 

12.22 CHEMICAL CHANGES DURING NUCLEAR REACTIONS 
Artificially produced radioactive nuclei are becoming increasingly im¬ 
portant as indicators in biology, chemistry, and physics. The usefulness 
of a substance as an indicator may be greatly influenced by the concen¬ 
tration in which it is available. If a radioactive element is produced 
from another atomic species such as the formation of from then 
the radioactive element can be separated chemically from the mother 
substance. Chemical separation increases greatly the concentration 
of activity. Often the amount of present after bombardment is so 
small that a trace of ordinary phosphorus must be added as a carrier 
for the separation to be effective. 

If, on the other hand, a radioactive body is produced from its own 
isotope by neutron capture, concentration of the radioactive element 
might seem more difficult. Such concentration become.s possible if dur¬ 
ing the neutron capture the activated nucleus is knocked out from its 
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ol iliituil ohomical surr<«indings. The radioactive species is then present 
ill a chemical form dilTerent from the unaffected atoms and can there¬ 
fore he separated by appropriate treatment. 

The effect just discii.ssed may be undesirable if a complicated molecule 
is being bombarded uith the object of making it active without destroy¬ 
ing it. Sometimes the chemical synthesis of a molecule cannot be ear¬ 
ned out, and the only alternative to the direct activation of the molecule 
is introducing the radioactive matter into the plant or animal body and 
prodmang the desired active molecule “biologically." This procedure is 
possible only for isotopes of sufficiently long life, and even in the most 
favorable cases it involves considerable dilution of the activit}'. In view 
of these facts, it is of interest to find out whether the activated atom can 
be expected to stay in its original place in the molecule or whether it is 
more likely to be knocked out. Of course, even if the atom is knocked 
out from its original position, it still has a chance to replace another 
atom of the same kind. However, there are often many possibilities of 
forming other compounds as soon as an atom is liberated, and these 
possibilities may increase greatly when the atom is knocked out with a 
high velocity and if it has left a certain number of its original electrons 

beliind. 

Whenever a reaction is produced by fast particles, that is, by alpha 
particle-s, dcutcrons, protons, or fast neutrons, the reacting nucleus 
will with practical certainty he ejected from its surroundings. How¬ 
ever, in most cases where a radioactive nucleus is produced from its 
stable isotope, the process consists in capturing a slow neutron. As a 
general rule, this slow neutron does not carry sufficient momentum to 
break the atomic bonds. Molecular breakup may occur, nevertheless, 
as a consequence of the emission of energy which follows neutron cap¬ 
ture. This can happen in two ways: (1) High-energy gamma radiation 
may be emitted, the momentum of which is sufficient to hurl the atom 
out by the recoil. (2) Internal conversion may take place, the mol¬ 
ecule may lose an electron, and the new electronic configuration might 
give rise to repulsion between atoms which have been previously chem¬ 
ically bonded. ^ r 

Among the internal-conversion processes, ejection of a K electron 

most likely. An atom with an electron missing from the K shell will act 
on a neighboring atom as though it carried one more nuclear charge, an 
the nucleus of the neighboring atom will be repelled. This repu sion 
may be sufficient to break the bond. It is also possible that a bonding 
electron mil drop down and fill the hole in the K shell, and, since now 
there is one bonding electron less, dissociation may ensue. 
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A simple estimate would iudicate that dirert recoil is always sufficient 
to eject the atom from its molecular sun'oundings, provided that the 
capture enei^y of the neutron, which is several million volts, is carried 
away by a single gamma ray. Then the recoil momentum is sufficient 
to impart even to the heavi(>st atoms more than their binding energy. 
The recoil energy of lighter nuclei would be even greater. But it is 
probable that the binding energy of the neutron will be emitted in sev¬ 
eral gamma rays rather than in one step. It is unlikely that, with so 
many intemaediate states available, direct tran.sition into the lowest 
nuclear state should take place. The fii'st gamma lay to be emitted is 
likely to lead to one of the extremely great number of excited nuclear 
levels. During the usual time required for gamma radiation, 10“^^ sec., 
the nucleus remains in the neighborhood of its original position and will 


finally be affected only by the vector sum of momenta obtained in the 
individual recoils. As a general rule, there is at lea.st a partial cancella¬ 
tion of these momenta, and, depending on the number of quanta emitted, 


there will be a higher or a low'cr probability for the nucleus to remain in 
its original surroundings. Great numbci-s of gamma rays and great 
nuclear mass are factors favoring such retention. Even in relatively 
unfavorable cases, it may be worth while to separate chemically the 
small fraction of radioactiv'c atoms which remains in the original chem¬ 


ical combination from the radioactive atoms which have been knocked 


out from their positions. The radioactive atoms retained in their 
original positions will be of particular interest if the chemical compound 
in question is difficult or impossible to synthesize. 


12.23 NUCLEAR FORCES In conclusion, we shall summarize our 
present knowledge concerning the forces which are responsible for the 
stability of nuclei. More properly, we should talk about our lack of 
knowledge. Yet a few general features arc clear, and a few' hypotheses 
are plausible. These w’e shall mention in the following paragraphs. 

There exists at present no satisfactory theory which explains nuclear 
forces in terms of other known forces such as electromagnetic or gravita¬ 
tional forces. Our experience concerning nuclear forces is derived from 
simple, experiments with nuclear particles, such as scattering of neu¬ 
trons or protons by protons. In addition, valuable information is ob¬ 
tained from the properties of the simplest nucleus containing more than 
one particle: the deuteron. Some further conclusions may be dra\vn 
from the properties of complex nuclei. But in these the mathematical 
difficulties of an exact analysis arc groat, and we cannot expect that 
study of heavy nuclei wiU suffice to give us a clear-cut picture of nuclear 
forces. 
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From tho previous evidence the following conclusions have been 
tibtained. Xuclear forces seem to have an extremely short range of 
3 X cm. or perhaps less. It is even doubtful if the concept of 

length retains its usual significance when such small dimensions are 
considered. Within their range the nuclear forces are much more effec¬ 
tive ('-^100 times more effective) than electrostatic forces. At least 
over a part of their range nuclear forces act as an attraction. This is 
shown by the fact that neutrons and protons are bound into stable 

nuclei. 

Apart from the electrostatic repulsion of the proton,’ we find that the 
interactions between two protons, between two neutrons, and between 
a proton-neutron pair are the same. But, although the nuclear forces 
do not seem to deirend on the charges of the particles, they do depend 
on the spins. The exact foi-m and nature of this spin dependence is 

unknown. 

Nuclear forces shoiv a peculiar effect of saturation. Crowding of too 
many neutrons or protons into too small a space does not seem to lower 
the potential energy. Some theories of nuclear forces actually postulate 
that neutrons and protons attract each other strongly only if they 
occupy the same orbit. 

Many of the hypotheses concerning the origin of nuclear forces have 
one common element. The existence of nuclear forces is assumed to be 
in close connection with the emission and absorption of a certain parti¬ 
cle, the meson. Several kinds of mesons have been observed in cosmic 
rays. Recently artificial production of mesons by 4 X 10 -volt alpha 
particles has been demonstrated. Their emission and absorption by 
protons and neutrons may be related to nuclear forces in a way similar 
to the relation of the emission and absorption of light quanta to the 

electric forces acting within atoms. ^ 

Study of meson emission by nuclei requires particles of very mgh 
energies. This is one of the main incentives for constructing high- 
voltage equipment capable of giving particles which carry energies o 
more than 10^ or even 10® volts. These particles will also have exceed¬ 
ingly high momenta and short de Broglie wavelengths. Short 
lengths are necessary if the detailed behavior of nuclear forces is to be 

explored. 
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13.1 COMPOSITION AND APPEARANCE OF STARS Accord¬ 
ing to spectroscopic evidence, practicallj' all elements arc found in the 
stars, and there is no reason to assume that the surfaces of the stars 
have a composition greatly diffeiing from each other or from that of the 
earth. Of course, different spectral lines appear with greatly varying 
intensities in different stars, but this may be explained b}' the different 
temperatures and densities on the surfaces of dilTerent stars. Some 
stars indeed show indications of a chemical composition diffeiing from 
others, but on the whole the stars can be considered as rather alike in 
chemical composition. 

In striking contrast to these statements is the great variety of physical 
conditions and appearances of stars. The majority of the known stars, 
the so-called main-sequence .stars, have average densities not diffeiing 
greatly from the density of w'ater. Their surface temperatures and 
luminosities, how'cver, differ widely, the most brilliant ones emitting more 
than 1000 times the sun’s radiation as contrasted with the faintest ones 
radiating only that of the sun. The intensity shows a definite cor¬ 
relation with the stellar mass; heavier stars emit much more radiation 
than light stars. The most luminous and heaviest stars have a very hot 
surface and a white or even bluish color. They arc called the blue giants. 
The faintest stars have cooler surfaces and emit mostly red light and 
are called red dwarfs. The sun is a star of the main sequence and lies 
approximately in the middle of the main sequence. 

If finer subdivisions are disregarded, there exist tw'o other kinds of 
stars in addition to the main-sequence stars. First, we have the red 
©ants with a luminosity greatly exceeding that of the sun. Their masses 
are about the same as the masses of the main-sequence stars having a 
comparable luminosity, but they differ from the main-sequence stars by 
emitting their radiation from a much greater and rather cooler surface, 
and therefore they appear red. Their mean density is often very low; 
a density of 10~® g. per cubic centimeter is not uncommon. Second, a 
group of very faint stars called white dwarfs is known whose mass is 
about equal to or smaller than the sun’s mass. Their faintness is due 
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(o tlioir relatively small surface, but the surface temperature is rather 
high, and so they emit much radiation per unit surface. For this reason 
they appear white and are called white dwarfs. Their striking feature 
is their extremely liigh density exceeding in some cases 100,000 g. per 
culjic centimeter. 

13.2 IXTEIIIOK, OF THE STARS Nothing is kno\™ by direct 
evidence about the interior of the stars, but the high average density of 
tile white dwarf.s .shows that at least in these stars matter must exist in 
a state very different from that ordinarily obseiwed. 

Indirect evidence about the interior of the stars can be obtained by 
assuming that known physical laws operate inside the stars and by cal¬ 
culating what conditions in the interior will produce the known effects 
on the surface. Even though the conditions in the interior are far 
beyond conditions obtainable in the laboratory, the application of 
physical laws to this region is not so uncertain as it would appear. The 
main deviations from ordinary conditions are that the temperature 
always greatly exceeds those experimentally realizable and that densi¬ 
ties are in some cases extremely high. Both these conditions tend to 
impart, as we shall see presently, high kinetic energies to electrons so 
that their orbits will not be influenced by the coulomb forces so strongly 
as the orbits of the outermost electrons in atoms or molecules. But it 
is just the complicated nature of these outermost orbits which makes 
the physical properties of chemical compounds so difficult to calculate. 
The great electronic velocities vdthin the stars disrupt any chemical 
combination in the ordinary sense, and the equation of state and other 
characteristics of the resulting state of matter are relatively easy to 
treat. 

The great temperatures just mentioned have to be assumed for the 
interior of the stars in order to produce a sufficient flow of energy from 
the interior to the surface. Such energy flow is necessary if it is assumed 
that the greatest part of the energy emitted by the stars is produced in 
a region not close to the surface. Since no physical process can be 
reasonably assumed which will localize the energy production on the 
surface, an energy flow from the interior must indeed occur. The most 
efficient method of energy transport at the temperatures involved is by 
radiation, but even this requires a high-temperature gradient for a suffi¬ 
cient energy flow. This leads to temperatures for the interior which are 
measured in millions of degrees. As we shall see, it is probable that in 
at least a great number of cases the energy is produced near the center 
of the star. If we integrate the equation of state and the equation for 
energy transport witliin a star \vith a central energy source, we obtain 
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about 2 X 10^® C. for flic central tcmiieraturc in the main sequence 
and about 5 X 10®'’ for the red giants. The actual figures vary of course 
from star to star and depend to some e.vtent on tlie detailed assumptions 
about stellar composition. At these high temperatures the kiiu'tic 
energies of the electrons are such that all elements are almost com¬ 
pletely ionized, and matter can be considered as a gas consisting of free 
electrons and nuclei. At high tcmiieraturcs the picture is somewhat 
complicated by the influence of radiation pressui'c which at the highest 
temperatures outstrips the gas pressure. Thi.s radiation pressure can be 
visualized by the inclusion of light (pianta among the particles of the gas. 

According to the direct evidence of great densities, the volume avail¬ 
able for one atom \\'ithin a white dwarf is much smaller than the usual 
atomic volume. We have seen in discussing the repulsive van der Waals 
forces that one important reason why repulsion results if two closed 
shells are pushed too close to each other is that, as a result of operation 
of the Pauli principle, some electrons are shifted into states of iiighcr 
momentum and higher kinetic encigy. Indeed, if the probable distance 
of two neighboring electrons is denoted by Ar and the difference of prob¬ 
able momentum by Ap, the two electronic orbits become indistinguish¬ 
able, according to the uncertainty principle when Ar Ap becomes smaller 
than h/2iT. If, therefore, the electron density increases and the average 
distance between electrons becomes small, electrons can continue to be 
m different orbits only if the differences of their momenta increase as 
h/2v divided by their distance. 

The high densities in white dwarfs make it necessary that the elec¬ 
trons have vciy high average momenta and that the kinetic energies 
greatly exceed the usual energies of ionization. Though in this condi¬ 
tion the electrons are constantly closer to some nucleus than thej' 
usually arc wthin atoms, yet owing to the high velocities their path is 
not greatly affected by coulomb forces, and the electrons may for many 
purposes be considered as free. The kinetic energy also exceeds the 
thermal energy corresponding to the calculated temperatures of the 
interior of the white dwarfs, even though these temperatures may be as 
high as or perhaps higher than those obtained for the main-sequence 
stars. Under these conditions the behavior of electrons within a white 
dwarf is similar to the behavior of electrons in metals. The electron gas 
18 degenerate in the sense that practically all low electron orbits are filled, 
and temperature is insufficient to lift an appreciable fraction of the elec¬ 
trons to still higher orbits than required by the Paul! principle. There¬ 
fore, up to a certain kinetic energy practically all electron levels are 
filled, and practically all higher electron levels are empty. In such de¬ 
generate electron gas, the energy flow proceeds rather easily, since most 
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transitions of tho oloctrons are luirixMl by the Pauli principle, and there¬ 
fore the electrons are not effective in dissipating the energy flow whether 
tliis eiK'igy 1)0 carried by other electrons or by radiation. In fact, cal- 
<-ulalions about the interior of tlxe white dwarfs show that the tempera- 
tui(‘ throughout the interior is fairly constant owing to the high thermal 
conducti\ity. Wlaitevor tomiM?raturo difference exists between the 
ai)i)roNiinately lO.OOO® surface and the undoubtcdl}'^ much hotter inte¬ 
rior must take place in the skin of the star. Detailed calculations have 
shown tliat temperature changes are small except in the outer 3 per cent 
of th(‘ radius. 

The cause of tho great difference between the w’hite dwarfs and the 
less dense stars is tliis: In a normal star the two main forces balancing 
each other are the thermal pressure and the gravitational attraction. 
In a white dwarf the gravitational forces are much greater owing to the 
greater tlensity. This gravitational force is balanced by the pressure of 
the high-velocity electrons in the degenerate gas, and temperature plays 
a ver\' minor role in this eciuilibrium; thus from the point of \iew of 
stellar equilibrium a white dwarf may be called a “cold” star. 

An interesting corollary of this picture is the absence of white dwarfs 
with masses greatly exceeding the mass of the sun. In nonnal stars the 
gravitation of greater masses may be balanced by higher temperatures. 
In white dwarfs tlio pressure of the degenerate electrons depends on the 
density of the electrons alone. For each mass and chemical composition 
of a wiiite dwmrf a definite equilibrium radius is prescribed, and this 
radius will be the smaller, the greater the mass is. Only through the 
greater density corresponding to tliis smaller radius can the greater 
gravitation be balanced. It is interesting to note in this connection 
that the greatest radius a “cold” star can have is about the radius of 
Jupiter. If more mass were piled on Jupiter, the shrinkage due to in¬ 
creasing pressure inside would exceed the increase of volume due to the 
additional mass. At a critical mass which depends somew'hat on the 
composition but does not exceed greatly the mass of the sun, the equi¬ 
librium radius of a cold star goes to zero. It is entirely open to conjec¬ 
ture what w'ould happen to one of the heavy stars if in the course of 
time it could get rid of its energy and contract. But at any rate the 
absence of heavy white dwarfs is in agreement with theory. 

Ultimately the difference between white dwarfs and normal stars 
must be a difference in energ}'’ production. The nonnal stars produce at 
comparatively low densities enough heat to balance the gravitational 
pressure, w'hercas in the w'hite dwarfs in spite of the higher density the 
degenerate gas pressure rather than the temperature stabilizes the star. 
We shall now proceed to discuss the energy production in stars. 
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13.3 ENERGY PRODUCTION IN THE S'l'ARS We know from 
geological evidence about life on earth that the earth’.s .'Jiiiface tempera¬ 
ture did not differ very greatly from its present temperature in the 
last 500,000,000 years. Since our energy soui'cc i.s tlio .Mjn, it is evi¬ 
dent that the energy production in the sun must have been rather 
steady for tliis long period. Accepting tlic sun as a tyjncal star, we 
shall have to account for a very great total energy output by the indi¬ 
vidual stars. 

Ordinary chemical reactions are quite insufficient as an cneigy supply. 
Even in historic times a change in the reaction would liavc been noticed 
owing to the depletion of the reactants. 

It has been suggested that the solar heat i.s derived from gravitational 


contraction. Even this would not cover the energy loss for a period 
longer than a few million ycar.s unless an cxl remely dense core is as.sumo<l 
within the sun in which gravitational cft'ccts aic unusually high. But it is 
difficult to reconcile the equation of state within the .stars ^^ith the ex¬ 
istence of such very dense cores. 

The most probable energy source is that provided by nuclear trans¬ 
formations. Nuclear reactions produce about a million times greater 
energy than ordinary chemical niactions, and transformation of about 
10 per cent of the sun’s material would keep tlie sun going at the present 
rate for the required time. The cliief difficulty in liberating great 


amounts of nuclear energ}*^ is the strong repulsion between nuclei which 
docs not allow them to get sufficiently close to each other for the pin- 
pose of reaction. Only for ncutron.s is this difficulty absent, but for this 


very reason neutrons are absorbed by otlicr nuclei in a very short time, 
both in the laboratoiy and presumably in the stars, so that neutron re¬ 
actions cannot be considered as the energy source. 

The high temperatures in the stellar interior give nuclei sufficient 
velocities to penetrate in a few instances close enough to each otlier and 
therefore to react. Nuclear reactions can be considered as having not 
only a very high energy output but also very high activation energies. 
This is exactly what is needed for a reaction which apparently is far 
from being completed though it has been going on for 500,000,000 year.s. 
Though the exact nature of the nuclear reactions is still open to some 


modification, it is remarkable that the temperatures for the interior as 
derived from the equation of state is of the right order of magnitude to 
make the thermonuclear reactions proceed at the required rate. It 
may also be seen that the nuclear-energy sources arc most efficient near 
the center where the temperature is highest. This localization of the 
energy production makes the problem of calculating the physical con¬ 
ditions within the star better defined. 
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Tl^e nuclear-reaction velocities are piimaiily regulated by the prob- 
al)ility of two nuclei getting into actual contact with each other. The 
probability for such contact e\’en in a liead-on collision is as a rule small 
and is equal to a penetration probability of the same tj'pc as discussed in 
section 12.15. The collision cross section is given by equation 12.15(1). 
At velocities prevailing in the interior of a star, the first of the two terais 
in the exponential is much the more important, and the penetration 
probability is very small. It can be made greater by raising the tem¬ 
perature and thcreljy raising tlie velocity v of the nuclei, and it may also 
be seen that reaction probabilities are highest when the product of the 
colliding charges is smallest. 

The nuclear collision most likeb' to occur is therefore a collision be¬ 
tween two protons. This is all the more to be expected since, according 
to information about the equation of state in stars, hydrogen is rather 
plentiful in most of them. Plowcver, two protons cannot combine di¬ 
rectly with each other since the resulting nucleus Hc^ very probably 
dissociates at once back into II* + II*. A combination is possible if 
during the short time of contact a positron-neutrino pair is emitted 
transforming the reaction complex into a stable deuteron nucleus. This 
transfoiTnation is, however, very improbable, because the beta process has 
a lifetime measured in seconds while the collision is measured in nuclear 
time units, 10”^* sec. Thus only a very small fraction of the contacts 
result in actual transfoi-mation. But even though this small reaction 
probability is somewhat further reduced by the penetration probability, 
the reaction may proceed sufficiently quickly to account for the cnerg>' 
production of the less luminous main-sequence stars. It should be 
emphasized that the reaction here described has not been observed in 
the laboratory, and it is indeed so improbable that we cannot expect to 
observe it. The very existence of the reaction is based on a somewhat 
dubious extrapolation of experimental data about beta-active nuclei. 

The H* H* —^ -b positron -f neutrino reaction is promptly 

followed by further reactions, the probable course of which is: 

+ PI* ^ lie^ + radiation 

He^ + He'* —♦ Be^ + radiation 13.3(1) 

Be^ —» Li^ -f positron -|- neutrino * 

Li^ + H* ^ He** + He** 

• Actually there is not enough energy for this positron activity to occur, and the 
equivalent reaction Be’ -|- electron —» Li’ -b neutrino takes place (see section 12.7). 
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Xh© net effect is that an alplia particle luis boon synthesized from four 
protons, the excess charge being carried away In' two beta reactions. 
Under conditions prevailing in the stars, the first step which lead.s to 
the production of a deutcron is the slowest and therefore thi.s is the 
rate-determining reaction. The intermediate reaction products will Ixj 
present in small amounts; this holds particularly for deuterium which 
ought to occur in the center of the sun under present conditions in such 
small concentrations (about 10“^®) that the earth’s deuterium content 
could not be derived from the sun if the part of the sun from which the 
earth was torn out was ever subject to conditions approaching tliose 
which obtain at present in the center of the sun. Among the intenne- 
diate products ITe^ is probably the most abundant, owing to the relative 
slowess of the Ile^ + —»■ Be'’ reaction in wliieh tlic product of the 

charges of the colliding nuclei is 4. 

A further building up of He'* into heavier nuclei is not likely to occur. 
Collisions between He^ and H* do not lead to a reaction since, accord¬ 
ing to laboratory evidence, the resulting nucleus Id® is unstable and 
decomposes back into lie* and H*. There are, liowever, a number of 
light nuclear reactions which could proceed in the center of the sun. 

Li® + H' ^ Ho^ + He* 

Li^ + H* He" -f He" 

Be® -b H* -* Li® + He" 13.3(2) 

+ lU -»■ C" + radiation 
B** -f II* He" -b He" -b He" 

All those reactions utilize rather rare elements which are, however, present 
in the atmo.sphcre of the sun. If the elements Li, Be, and B were pres¬ 
ent in the sun’s interior in the same concentration as on the surface, 
they would produce far more energy at the temperatures prevailing 
there than the sun emits. On the other hand, they would be used up 
in a small fraction of the known age of the sun. It seems therefore 
probable that the elements lithium, beryllium, and boron have been 
used up in the interior and that at pre.sent they do not constitute the 
sun’s fuel, ha\ing been reduced to negligible concentration. An inter¬ 
esting consequence of this is that mixing between the surface and deep 
interior of the sun does not take place or at best proceeds at a rate 
nieaaured in hundreds of million years. 
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Ainonff roactions with heavier nuclei, the follo^^■ing chain seems to 
satisfy all nc*cessaiy conditions for the energ)’’ production in the sun 
and in the lieavier stars of the main sequence: 

^ N'-* + radiation 
N''* —^ + positron + neutrino 

+ 11^ —» + radiation 13.3(3) 

1^14 jj! ^ O'® + radiation 

0^5 N'® + positron + neutrino 

N'® + H' -> C'^ + He^ 

Thus the net result again is the synthesis of an alpha particle from four 
protons. Carbon enters into the reaction in the role of a catalyst, the 
fuel being the plentiful hydrogen. Reactions invohdng still heavier 
nuclei are probably too slow to be of importance in normal stars. 

It is to be noted that the carbon cycle quoted here utilizes observed 
nuclear reactions. The observations have been made possible by the use 
of higher velocities than those occurring in the sun. Thus reactions 
which need millions of years on the sun proceed at observable rates in 
the laboratory. The observation of the reaction is of course aided by 
the fact that each indiWdual reaction process can be recorded by ampli¬ 
fying the high reaction energy. 

The carbon cycle and the H' -|- H' reaction seem to account reason¬ 
ably for the energy production in the main-sequence stars, but these 
reactions do not seem to be sufficient to explain the great amounts of 
radiation emitted by red giants. Either another source of energy will 
have to be assumed, or else the distribution of density and temperature 
differs from the results yielded by a simple stellar model. 

In the case of the white dwarfs, on the other hand, the problem is 
how to explain the absence of any appreciable nuclear reactions. In 
fact, the white dwarfs are the only stars which could easily run on their 
contraction energy alone. It would be tempting to assume that the 
^Yhite dwarfs have consumed all their hydrogen, but considerations o 
the equation of state indicates that at least one white dwarf (Sirius ) 
contains very much hydrogen. Either we must assume that ° 

our data on Sirius B are incorrect, or else we have to conclude tha ^ e 
jji ^ “h positron 4^ neutrino reaction is exceedingly mi 

probable. 

13.4 INSTABILITY IN STARS We have described the stare as 
having a relatively cool surface of a few thousand degrees and an mte- 
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rior the temperature of which is more lhaii a thousand times liigher. 
We also have soon that the e(ierffy-j)roducing meclianism in the stars is 
an essentially explosive one; its rate increases rapidly with incieasing 
temperature. It is conceivable that the analogue of a heat explosion 
can take place in a star. If the tcm{x.*rature nscs, the energy produc¬ 
tion is greatly increased; tliis in turn j)roduces a rise in temperature, and 
an explosion occurs unless expansion, adiabatic cooling, and dissipation 
of energy intermpt the cumulative piocess. 

Actually strong changes in stellar luminosities are commonly ob¬ 
served phenomena. There are typical vaiiable stais w Inch change their 
luminosity b}'^ a considerable fraction in a regular periodic wa}'. The 
period may be as short as a few hours or as long as a few months, accord¬ 
ing to the size of the star, the larger stars ha^•ing .slower ]>eiiod.s. There 
are also some stars, the novae, which flare uj) within a short time to an 
enormous brilliancy of perhaps 100,000 times their usual ^-alue and fade 


away again in the penod of about a 3 'ear. Still otlicrs, the supemovac, 
increase their light to thousands of million times that of an ordinaiy 
star and fade then like the novae do. 


As already indicated, there is no scarcity of reasons why a star under¬ 
goes large changes in luminosity. If anything is surprising, it is that no 
explosions occurred in the sun for the last 500,000,000 j'ears, for which 
period we know of life on earth, or even for the last 2,000,000,000 years, 
which is the approximate age of the oldest rocks. Calculations have 
shown, of course, that, despite the possibility of a nuclear heat explo¬ 
sion, the sun should be stable with regard to heat explosions if its energy 
is produced near the center. The reason for this in greatly simplified 
language is that, even if a small explosion should get under w’ay, it 
would be promptly stopped by adiabatic expansion, merely giving rise 
to a slight disturbance being propagated towards the outside of the sun, 
and this disturbance would be dissipated before it could give rise to 
further effects. But the fact remains that stars are composed of explo¬ 
sive material which might actually cause periodic small explosions as in 
the variable star or single immense flares as in the novae, if the condi¬ 
tions are appropriate. To mention only two of such possible conditions, 
the energy production may take place close to the surface, and the 
possible explosion waves may be damped less efficiently than in the sun, 
or “combustible” nuclei may be transported by convection into a hot 
region and cause the explosion. 

But novae may be explained even without utilizing processes analo¬ 
gous to a chemical explosion. It is quite sufficient for the explanation 
of ordinary novae to assume that, through the operation of hydrody¬ 
namics within the star, the hot interior gets exposed; in fact, stellar 
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statistics show that the average star may have been a nova several times 
in its long life of a few thousand million years. But more drastic ex¬ 
planations are needed to explain the much rarer and much more spec¬ 
tacular phenomena of supemovae. One might think of great theimo- 
nuclear explosions or perhaps of stellar collapse in wliich great amounts 
of gravitational energy are liberated by producing matter much denser 
even than that observed in the white dwarfs. But it is too soon to say 
which of these explanations should be used or whether there are still 
further reasons for stellar vibrations and explosions. 

13.5 THE EXPANDING UNIVERSE Our knowledge of the dis¬ 
tribution of matter in space is increasing. We know that our sun is one 
of many stars which arc spaced at a few light-years from each other. 
There are altogether a few thousand million stars spaced at such dis¬ 
tances which occupy a region in space almost 1000 light-years across 
and extending for over 10,000 light-years in two other directions. When 
looking along the most extended direction of tliis region, we see on the 
night sky tlie white haze of the Milky Way which is made up of these 
extremely numerous stars most of them too far away to be seen indi¬ 
vidually by the naked eye. 

In the Milky Way system stars move very much like atoms in an ideal 
gas, in fact, a very ideal gas. Stellar distances and sizes are such that 
collisions are all but excluded, and stars move in the concerted gravita¬ 
tional field of the other stars; this concerted gravitational field keeps 
the system together. By very distant collisions small exchanges of 
kinetic energy between stai*s occur which occasionally give the star 
enough energy to escape. The lenslike shape of the system is appar¬ 
ently due to rotation. The intei-stellar space A^thin the Milky Way is 
empty except for some dust and extremely dilute gases. Condensation 
of such matter might give rise to formation of new stars. The total 
amount of interstellar matter within the galaxy is not known, but its 
mass cannot exceed very greatly the total amount of matter in \dsible 
stars. Beyond the galactic system, both stai*s and other forms of mat¬ 
ter thin out. At a very much greater distance of about 1,000,000 light- 
years, we find another galaxy which appears as a milky haze and in 
which even the most powerful telescope can distinguish only the bright¬ 
est stars individually. This is the Andromeda nebula. Further galactic 
systems are found at distances of a few million Ught-yeai-s apart, each 
of them consisting of a few thousand million stars. Some of them are 
spherical, others elongated, still others have spiraling arms. Our o^Yn 
system is probably of the last type, though being inside it we know less 
about its shape than about the shape of neighboring nebulae. The 
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nebulae are interspersed fairly uniformly in space although clusters do 
appear. The nebulae do not become sparser even at the greatest dis¬ 
tances where they can be observed with the eejuipment available at 
present. The farthest observable nebulae are about 400,000,000 light- 
years away and appear even in the greatest reflectors as faint disks of 
luminosity. Their light reaching us at present has left them at about 
the time when the oldest-known fossils populated the earth. But, ac¬ 
cording to the theory of relati\'ity, simultaneity over such great dis¬ 
tances docs not have much significance. 

The distant galaxies hav'e been obseiwcd to recede from us. Evidence 
for their recession is obtained from their spectra. Their lines are the 
familiar lines of the elements but they are shifted towards the red which 
appears to be due to the Doppler effect. A proportionality is found 
between this velocity and the distance of tlic nebulae from us. The 
farthest nebulae move vith about one-fifth the velocitj' of light. This 
creates the impression in the observer that he is at rest at the center of 
an expanding universe. In reality the only conclusion one is justified 
in drawing is that we are within a system all dimensions of which are 
uniformly increasing with time. This explains proportionality between 
distance and observed velocities, and the question which part of the 
system is at rest is completely idle. Extrapolating back in time we 
find that about 2 X 10® years ago all nebulae were very much nearer to 
each other than they are now. It is interesting to note that the ob¬ 
served age of the earth has the same order of magnitude as the time at 
which all gala.\ies happened to be dose, if indeed they did not actually 
form a single dense stellar system. 

13-6 ORIGIN OF ELEMENTS Since the energy radiated by the 
stars is due to nuclear transfomiations, the hope may seem to be jus¬ 
tified that atomic transformations within the stars explain the abun¬ 
dance wth which elements occur. However, transformations which 
seem to go on at present wfithin the stars affect only the lighter dements 
up to oxygen, and even for these lighter elements the reactions, as 
postulated for the stars, faU to give the proper distribution. In fact, it 
has been mentioned that at the present stage elements between helium 
and carbon can be present only in quite negligible amounts in the inte¬ 
rior of the sun. Though these elements are not very abundant on the 
earth, they would be hardly obtainable at all if they were derived from 
urntter such as is postulated at present in the center of the sun. 

It is entirely possible that the elements have originated in some state 
of matter in which nuclear reactions go on even more readily than in 
the interior of the more common stars. It may be that even at present 
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some stars contain cores with temperatures and densities exceeding the 
highest that have been discussed in the previous sections. Again un¬ 
usually efficient transformations of matter may occur during some 
stellar explosions. At any rate, the present distribution of elements 
might give us some indication about the conditions which produced that 
distiibution. Actually it is difficult to detennine the distribution of ele¬ 
ments at present. The earth’s crust is a poor sample for at least two 
reasons: (1) The gravity of the earth is insufficient to hold hydi’ogen and 
most jjrobably helium, and therefore these two elements, which we be¬ 
lieve were originally veri-^ abundant, have escaped to a great extent. 
(2) Abundant elements and combinations such as iron and magnesium 
oxides and silicates have condensed and later at least partly solidified 
in the interior of the earth. The elements and combinations which are 
not soluble or do not form solid solutions ^^th the great masses forming 
the earth’s interior got crowded out and seem to form now a slag which 
we know as the earth’s crust. Thus the abundance of the elements in 
the earth’s crust is misleading in that it gives improperly high weights 
to comparatively rare elements. 

A more representative distribution of elements may be guessed at by 
considering other sources of information. Such a source is found in the 
study of meteorites wliich probably originate from broken-up planets 
and whose composition gives information about the interiors of the 
planets. Stellar atmospheres, the composition of which is derived 
from the spectra, is another valuable means of obtaining the distribu¬ 
tion of elements. Finally, gross considerations of matter in planets and 
stars give further help. Thus we can conclude from the average density 
and moment of inertia of the earth that its inner half is composed mainly 
of iron. Similarly we find for the heavy planets (Jupiter, Neptune) that 
they arc thickly covered by light materials such as hydrogen or possibly 
helium, and it has already been mentioned that, according to considera¬ 
tions of the equation of state, hydrogen is a very abundant element in 
the interior of stars. Table 13.6(1) gives an estimated distribution of 
elements in which the factors mentioned above have been taken into 
account. 

We have more exact information about the distribution of isotopes 
than w’e have about the distribution of elements. In fact, the relative 
abundance of isotopes is very greatly independent of the source of 
material as should indeed be expected considering the similarity of their 
behavior. Table 13.6(2) contains these data. The ratio of abundances 
of hydrogen and deuterium and probably He^ and He^ may have been 
considerably affected by their different rates of escape from the earth’s 
gravitational fi^eld. The present abundance of A^® is almost certainly 
due to decay from But otherwise we have no strong reason to 
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TABLE 13.6(1) 

Estuiated Distkibution of the Elements 


AtoiiLs per 10,000 Atoms of Si 


z 

Element 

Abundance 

Z 

Element 

Abundance 

1 

H 

1.25 X 10* 

44 

Ru 

0.15 

2 

He 

2.78 X 10’ 

45 

Itli 

0.057 

3 

Li 

1 

46 

IM 

0.12 

4 

Be 

0.2 

47 

\,r 

0.043 

5 

B 

0.2 

48 

CM 

0.10 

G 

C 

30,000 

49 

In 

0.011 

7 

N 

80,000 

50 

Sn 

0.96 

8 

0 

160,000 

51 

Sb 

0.021 

9 

F 

10 

52 

Tc 

? 

10 

Ne 

10,000 

53 

I 

0.021 

11 

Na 

462 

54 

Xe 

? 

12 

Mg 

8.870 

65 

Cs 

0.010 

13 

Al 

882 

50 

Ba 

0,25 

14 

Si 

10,000 

57 1 

La 

0.021 

15 

P 

170 

58 

Ce 

0.023 

16 

S 1 

3,300 

59 , 

Pr 

0.0096 

17 

Cl 

250 

60 

Nd 

0.033 

18 

A 

190 

61 

Unstable 


19 

K 

69.3 

62 

Sm 

0.012 

20 

Ca 

670 

63 

Eu 

0.0028 

21 

Sc 

0.18 

64 

Gd 

0.017 

22 

Ti 

26.0 

65 

Tb 

0.0052 

23 

V 

3 

60 

Dy 

0.02 

24 ! 

Cr 

93 

07 

Ho 

0.0057 

25 

Mn 

81 

08 

Er 

0.016 

26 

Fe 

20,200 

69 

Tm 

0.0029 

27 

Co 

157 

70 

Yb 

0.015 

28 

Ni 

2,130 

71 

Lu 

0.0048 

29 

Cu 

6.9 

72 

Hf 

0.007 

30 

Zn 

2.6 

73 

Ta 

0.0032 

31 

Ga 

0.54 

74 

W 

0.19 

32 

Ge 

0.39 

75 

Re 

6.8 X 10“*(?) 

33 

As 

0.73 

76 

Os 

0.057 

34 

Sc 

0.026 

77 

Ir 

0.022 

35 

Br 

0.042 

78 

Pt 

0.14 

36 

Kr 

7 

79 

Au 

0.016 

37 

Rb 

0.068 

80 

Hg 

? 

38 

Sr 

0.13 

81 

Tl 

? 

39 

Y 

0.097 

82 

Pb 

0.43 

40 

Zr 

1.42 

83 

Bi 

0.0037 

41 

Cb 

0.010 

90 

Th 

0.011 

42 

Mo 

0.28 

92 

U 

0.0027 

43 

Tc 

i_ 

Unstable 





The abundances of some of the elements given here arc knovn only very crudely. 
Most of the data are of recent work and compilation by Dr. Harrison Brown, based 
largely on earlier work by V. M. Goldschmidt, A. Unsold, and others. 
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TABLE 13.6(2) 
DiRTRiBnTioM OP Isotopes 


Nuclear 

Charge 


Atom 



HI 

W 

Li® 

Li^ 

Be^ 

RIO 

B*‘ 

C‘2 

CI3 

N14 

N‘® 

016 

O^^ 

018 

F>» 

Ne2‘ 

Na23 

Mg2^ 

Mg=® 

Al^^ 

Si^s 

Si29 

Si®® 

p3t 

§32 

S33 

QM 

S36 

C135 

CP 

A36 

A®® 

A« 

K39 

K« 

K« 


Abundance, 
Mole % 


99.98 

0.02 

^lO-* 

-100 

7.3 

92.7 

100 

18.83 

81.17 
98.9 

1.1 

99.62 

0.38 

99.757 

0.039 

0.204 

100 

90.00 

0.27 

9.73 

100 

78.41 

10.18 

11.41 
100 

92.27 
4.63 
3.05 
100 
95.1 
0.74 
4.2 
0.016 
76.4 
24.6 
0.307 
0.061 
99.632 
93.38 
0.012 
6.61 


Nuclear 

Charge 


Atom 


Ca^® 

Ca« 

Ca« 

Ca« 

Ca« 

Ca^« 

Sc« 

Ti« 

Ti47 

Ti** 

Ti« 

Tjso 

ysi 

Cr®® 

Cr62 

Cr53 

Cr®^ 

Mn®® 

Fe®® 

Fc®® 

Fe®® 

Fe®® 

Co®® 

Ni®8 

Ni®® 

Ni®^ 

Ni®2 

NP 

Cu®® 

Cu®® 

Zn®® 

Zn®® 

Zn®7 

Zn®® 

Zn"® 

Ga«9 

Ga” 

Ge"® 

Ge"2 

Ge"® 

Ge« 


Abundance, 
Mole % 


96.92 

0.64 

0.132 

2.13 

0.0032 

0.179 

100 

7.95 

7.75 

73.45 

5.51 

5.34 

100 

4.31 

83.75 
9.55 
2.38 

100 

5.81 

91.66 

2.20 

0.33 

100 

67.76 
26.16 

1.25 

3.66 

1.16 

68.94 

31.06 

50.9 

27.3 

3.9 

17.4 
0.5 
61.2 
38.8 
21.2 
27.3 

7.9 
37.1 
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TABLE 13.6(2).—(Cott^muerf) 

DlSTRIBCTlOJf OF ISOTOPE-S 


Nuclear 

Charge 

Atom 

Abundance, 
Mole % 

Nuclear 
Charge ' 

Atom 

Abundance, 
Mole % 

32 


6.5 

44 

Ru’” 

16.98 

33 

As'’^ 

100 


Ru‘02 

31.34 

34 

Se^* 

0.87 


Ru'w 

18.27 



9.02 

45 

Rh‘” 

100 


Se” 

7.58 

46 

Pd'” 

0.8 


Sc'* 

23.52 


PJ104 

12.25 


Se“ 

49.82 


Pd'” 

22.2 


Se“ 

9.19 


Pd‘” 

30.7 

35 

Br’» 

50.53 


p,,l08 

26.7 


Br** 

49.47 


Pd"o 

7.35 

36 

Kr’« 

0.35 

47 

Ag'” 

51.35 


Kr^ 

2.01 


Ag'” 

48.65 


Kr” 

11.53 

48 

Cd'” 

1.22 


Kr83 

11.53 


Cd'” 

0.98 


KrM 

57.11 


Cd"» 

12.35 


ICr®« 

17.47 


Cd"> 

12.76 

37 

Rb“ 

72.8 


Cd"2 

24.00 


Rb” 

27.2 


Cd“3 

12.30 

38 

Sr« 

0.55 


Cd"« 

28.75 


Sr“ 

9.75 


Cd"« 

7.63 


Sr” 

6.96 

49 

In'i3 

4.23 


Sr*» 

82.74 


In"* 

95.77 

39 

ySS 

100 

50 

Sn"* 

0.90 

40 

Zr« 

51.51 


Sn"* 

0.61 


Zr” 

11.27 


Sn"‘ 

0.35 


Zr” 

17.14 


Sn"« 

14.07 


Zr« 

17.30 


Sn"’ 

7.54 


Zr« 

2.78 


Sn"* 

23.98 

41 

Cb“ 

100 


Sn"» 

8.62 

42 

Mo« 

15.86 


Sn'» 

33.03 


Mo“ 

9.12 


Sn'” 

4.78 


Mo»^ 

15.70 


Sn'” 

6.11 


Mo»* 

10.50 

51 

Sb'" 

57.25 


Mo” 

9.45 


Sb'“ 

42.75 


Mo” 

23.75 

52 

Tc'2® 

0.091 


Mo‘«> 

9.62 


Te»« 

2.49 

43 

Tc 

Unatablc 


Te‘” 

0.89 

44 

Ru« 

5.68 


Te'“ 

4.63 


Ru” 

2.22 


Tc'“ 

7.01 


Ru” 

12.81 


Te'« 

18.72 


Ru*” 

12.70 


Tc'” 

31.72 
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TABLE 13.6(2).—(Con/mue«i) 
Distribution of Isotopes 


Nuclear 
C 'iiarge 


Atom 


Jl27 

Xe'-« 

Xe‘-’« 

Xc‘-9 

Xei30 

Xo‘3* 

Xo‘32 

Xc'^^ 

Xc'^s 

Cs‘2® 

Ba^o 

Ba>32 

Ba‘®^ 

Ba‘« 

Ba‘3« 

Ba'3- 

Ba‘3» 

La‘3® 

Cc'36 

Cc>“ 

Ce*« 

Cc>« 

Pri4i 

Nd‘« 

Njhs 

Nd'« 

NJHS 

Ndi« 

Ndws 

Nd^so 

61 

Sm'« 

Sm‘"’ 

Sm'« 

Sm>« 

Sm'^® 

Sm>52 

Sm‘« 

Eu*“ 


Abundance, 

Molu 


34.46 
\Q0 
0.094 
0.0S8 
1.90 


21.17 

26.96 

10.54 

8.95 
100 

0.101 

0.097 

2.42 

6.59 

7.81 

11.32 

71.66 

100 

<1 

<1 

89 

11 

100 

25.95 

13.0 

22.6 

9.2 

16.5 

6.8 

5.95 
Unstable 

3 

15.2 

10.8 

14.1 
7.7 

27.1 
22.4 

49.1 


Nuclear 

Charge 



Atom 


EuiM 

Gd>“ 

Gd>^ 

Gd‘ss 

Gd'^® 

Gd'” 

Gd‘®* 

Gd'®® 

Tb>M 

Dyiss 

I)yl60 

Dyiei 

Dy>®2 

Dy'®3 

DylM 

Ho'®® 

Er'®2 

Er‘®4 

Er'®® 

Er*67 

Er'®8 

Er"“ 

Tm'®9 

Yb'«» 

Yb^o 

Yb'^' 

Yb'” 

YbH* 

Yb>76 

Lu'’® 

Lu"® 

Hf”« 

Hf"® 

HfI78 

Hf’® 

Hf'“ 

Ta'*' 

W® 

W'82 


Abundance, 
Mole % 


50.9 
0.2 
1.5 

18.4 

19.9 

18.9 

20.9 

20.2 

100 

> 0.1 

0.1 

21.1 

26.6 

24.8 

27.3 
100 

0.1 

1.5 

32.9 

24.4 

26.9 
14.2 

100 

0.06 

4.21 

14.26 

21.49 

17.02 

29.58 

13.38 

97.5 

2.5 
0.18 
5.30 

18.47 

27.10 
13.84 

36.11 
100 

0.135 

26.41 
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TABLE 13.6(2).—(Con/;nued) 
Distribition of Isotopes 


Nuclear 

Charge 

Atom 

1 

Abundance^ 
Mole % 

Nuclear 

Charge 

1 

1 

Atom 

Abundance, 
Mole % 

74 

W-IM 

14,40 

80 

Hg200 

23.3 



30.6-1 


Hg2“‘ 

13.2 



28.41 



29.6 

75 


<io-- 



6.7 


Re'« 

37.07 

81 

'J'JSO.'J 

29.46 


Rc>“ 

<10-2 


T|20i 

70.54 



62.93 

82 

Pb20< 

1.37 


J^.188-1S0 

<10-2 


PI,200 

25.15 

76 

OS'M 

0.018 


PI,207 

21.11 



1.59 


p|,209 

52.38 



1.64 

83 

J3i209 

100 



13.3 

84 

Po 

Unstable 



16.1 

85 

At 

Unstable 


Os**’ 

26.4 

86 

Rn 

Unstable 


Os*« 

41.0 

87 

Fa 

Unstable 

77 

Ir’»i 

38.5 

88 

lU 

Xinstable 


Ir’w 

61.5 

89 

Ac 

Unstable 

78 

Pt*« 

0.8 

90 

Th^J 

100 


Pt*« 

30.2 

91 

Pa 

X'nstable 


Pt«* 

35.3 

92 

U2M 

0.00518 


ptl96 

26.6 


Aci:“i 

0.719 


Pt*®« 

7.2 


U2M 

99.274 

79 

Au»” 

100 

93 

Np 

Unstable 

80 

Hg‘« 

0.15 

94 

Pu 

Unstable 


Hg‘®8 

10.1 

95 

Am 

Unstable 


Hg>” 

17.0 

96 

Cm 

Unstable 


For radioactive elements whose lifetimes arc of the order of geological times, the 
natural abundances have been given. Radioactive elements of .shorter lifetimes do 
not occur in nature except sometime.^ in combinations with their mother substances. 
In these cases no abundances have been given, but the notation “unstable” has been 
UHcd. 


assume that the observed ratios differ from the ratios in which the 
elements were produced. 

There are three rough regularities observable in the abundance of 
elements and of isotopes: (1) Nuclei containing an even number of pro¬ 
tons and an even number of neutrons tend to be more abundant. (2) 
Elements beyond Z » 30 have a small and roughly constant abundance. 
(3) Considering the isotopes of heavy elements, we find that the isotope 
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ccMitaining fewest neutrons has often a quite small abundance. The 
first of these rcKuhuities is undoubtedly connected uith the greater 
stability of nuclei in wWch an even number of each kind of particle is 
prescait. The greater stability connected with the presence of even 
numbers of particles is analogous to the fact known in chemistry that 
stable molecules carry, with very few exceptions, an even number of 
eh‘ctrons. The reason for this rule is, as has been pointed out before, 
the exclusion principle which will permit the presence of no more than 
two particles in any orbit. The third rule, the small abundance of light 
isotopes among the heavy elements, seems to indicate that, at the time 
of formation of the heavy elements, great quantities of neutrons have 
been available in or around the nuclei. 

Two of the most frequently discussed mechanisms for building up 
elements are thermodynamic equilibiia at extremely high temperatures 
and progrcs.sing nuclear reactions with definite rates which had no time 
to I'cach equilibrium but did settle down to a steady-state distribution 
of elements and gave rise to definite ratios of nuclear species. Accord¬ 
ing to both of these explanations it is plausible to expect that more 
stable nuclei vill be more abundant, and, if pressures are not too high 
and temperatures not too low (that is, considerably higher than 10® de¬ 
grees), the presence of great amounts of hydrogen can be understood. 
The puzzling fact which cannot be explained by any of the foregoing 
considerations is the presence of uranium. Uranium is both energet¬ 
ically and, except under extremely high pressures, thermodynamicallj' 
unstable. Such extremely high pressures, however, would be in contra¬ 
diction with great abundance of light elements, particularly hydrogen. 
The building up of uranium in a steady process is also difficult to under¬ 
stand. Such a building-up process would require nuclear collisions in 
which some of the colliding particles stick and lead to heavier nuclei. 
But, if such collisions are to be effective, we must expect that uranium 
itself will be hit quite frequently, and under the effect of nuclear colli¬ 
sions uranium suffers fission rather easily. It seems that, in a steady- 
state equilibrium in which nuclei collide and react with each other, 
uranium is much more easily destroyed than produced. 

We may argue that elements are transformed into each other in 
different regions of the universe under different conditions. In some 
equilibria, for instance, enormous pressures stabilize uranium, whereas 
in other regions somewhat lesser pressures allow the formation of hy¬ 
drogen. Of course, the pressure necessary to stabilize uranium is such 
that even heavier nuclei may be formed. In fact, there is no kno^m 
reason why matter could not form macroscopic aggregates with densi¬ 
ties equaling that of nuclei. Uranium could then be formed if such dense 
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material should break \ip. It is interesting to speculate about such a 
superdense state of matter and its possible subdivision into nuclei. 
Here we shall merely state that in this superdense state all electrons 
are probably pressed into the nuclei, transforming the protons into 
neutrons, so that the actual aggregate consists of neutrons only. When¬ 
ever superdense matter breaks up, beta processes would occur and, 
together with the emission of electrons, protons W’ould be formed within 
the nuclei. 

It would seem reasonable to assume that all of the heavier elements 
have been formed from a superdense state by fission processes. The 
breaking up into drops and the further subdivision could have gone on 
so rapidly as not to allow' the formation of any equilibria or steady 
states. It would not be unreasonable to assume that more stably bound 
fragments are more often produced. During such a decomposition fission 
w'ould take place first, evaporation of neutrons might follow’, and beta 
decays would occur last. T he lightest isotopes are formed if the number 
of evaporated neutrons exceeds the average. These isotopes may thus 
be formed in smaller numbers. The fission of a droplet is, however, sucli 
a complicated process that, if the picture presented here is correct, we 
might never be able to get a complete explanation of the abundance of 
elements and isotopes. 

It is perhaps interesting to note that a few’ thousand million years 
ago the universe must have been denser than it is now'. If w’e want to 
hazard a very great extrapolation, w'e might assume that “originally" 
all matter w’as in a superdense state from which the elements have been 
formed by a universal breakup. 


(OCTTE Eig TO teXo; Tqs dTa|ias autri fj 
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Energy production, in stars, 341-344 
Ethylene, vibrations of, 226, 230 
Even state, 233, 247 
Exchange integral, 73 
Excited state, first, 8 
Excited states, higher, 12 
Exciton, 288 

Expanding universe, 346-347 

/functions, 12 
/ state, 233, 273 
/ value, 273 
Fermi sea, 167 
Fcrroelectricity, 188 
Ferromagnetism, 188, 189 
Fine structure, 244 
First excited state, 8 
Fission, 316, 319 
Fluorescence, 223 

Fluorine molecule, Fj, binding energy, 
88, 122, 123 
Fourier series, 212 
Franck-Condon principle, 255, 270 
Free rotation, 230 
Fundamental state, 7 
Fundamental tone, 212 

Gamow formula, 318 

Geiger-Nuttal relation, 319 

Germer, Davisson-Germer experiment, 

3 

Giants, blue, 337 
red, 337 

GrapWte, structure of, 121, 128, 177 
Group theory, 232, 239, 267 
Group velocity, 161 
Group of waves, 161 



INDEX 


359 


H states, 13-16 

Hall effect, 169, 170 

Harmonic oscillator, 194 

Harmonic vibrations, 205 

Hartree model, 235, 238, 242, 246, 247 

Heitler-London model, 71, 74, 78 

Helium, solid, 174 

Helium ion, Hc 2 ''', structure and binding 
energy, 85, 86 
Hetcropolar bond, 28, 29 
Hume-Rothery rule, 179 
Hund-Mulliken method, 78, 91, 247 
Hand’s case a, 265 
Hand’s case b, 265 
Hybridization, 96, 97, 145 
Hybridized functions, 94-99 
Hydrogen, metallic, 174 
solid, conductivity of, 173, 174 
Hydrogen atom, 7 
Hydrogen bond, 67, 137 
Hydrogen bridge, 67, 116, 137 
Hydrogen bromide, dipole moment of, 
55 

Hydrogen chloride, dipole moment of, 
54, 55, 201 

Hydrogen iodide, dipole moment of, 55 
Hydrogen ion, hydrated, HjO'*', 113 
Hydrogen molecule, structure of, 74, 75, 
84, 85, 92. 115, 248 

Hydrogen molecule ion, Hj"*", structure 
of, 80 

Hydroxyl bond, 134, 137 
Hyperiine structure, 233 

Ice, structure of, 134 
Indicators, acid-basc, theory of, 277 
Infrared spectra, 103, 200, 205, 216 
Instability of stars, 345 
Insulators, 166, 167, 202 
Internal conversion, 333 
Internal photocffcct, 292 
Interstitial structures, 179-180 
Iodine molecule, size, 134 
Iodine spectrum, 259 
Ion interactions, 68-70 
Ionic complexes, 142-145 
Ionic crystals, 137-142 
Ionization energies, 29 
Isobars, 300 
Isomers, 309, 333 


Isotope effect, 39, 40, 228 
Isotopes, 300 

K shell, electrons of, 20 
Kekul6 formulae, 117-121 
Kekuld structures, electronic spectra of, 
271 

Keto-enol isomerism, 116 

L-S coupling, 240, 253 
L shell electrons, 23 
Lattice energies of alkali halides, 139 
Linear accelerator, 321 
Liquids, infrared spectrum of, 216 
Lithium, metallic, structure* and conduc¬ 
tivity of, 174 

Lithium molecule, Lij, 86, 87 
London forces, 60 

Low temiwratures, magnetism and pro¬ 
duction of, 187 

Magnetic moment, 183, 184, 300 
of neutrons and protons, 300 
Magnetic properties of mutter, 182-192 
Main sequence stars, 337 
Ma&s number, 299 
Mathematics, use of, 1 
Maxwellian velocity distribution, 208 
Meson, 336 
Metals, 147, 166 
Methane, shape of, 99 
Methyl radical, 97 
Methylene group, 96 
Molecular-orbital method, 76-78, 85, 92, 
104-111 

Molecular rotation, 199-200 
Molecular vibrations, 193 
Moment of inertia, 199, 203, 208, 209 
Multiplicity of states, 240, 242, 253, 266 

Naphthalene, structure of, 110, 111 
Necessary degeneracy, 10, 197 
Neon molecule, Ncj, binding energy in, 
88 

Neutrino, 307 
Neutron, 298, 299 
Neutron diffraction, 42 
Neutrons, fast, reaction of, 329 
pro<Juction of, 325-328 
slow reactions of, 330-333 
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Nickel atom, energy levels of, 24 
Nickel cyankk* ion, Ni(CN )4 , shape of, 
144, 14o 

Nitric oxule, parainagnelism of, 185 
Nitrite ion, shape of, 144 
Nitrogen molecule, vihiatinn tif, 201, 220 
Nitrogen mok'cule inn. Nj"*", hiiuling en- 
<Tgv in, 80 

Nitrophenol, para-, resonance in, 118 
Nitrosyl eliloride, sha()e of, 144 
Normal vibrations, 194-108, 206, 210, 
213, 218, 229, 270 
Normalization factor, 8 
Novae, 345 
Nuclear atom, 1 
Nuclear fission, 319 
Nuclear forces, 335 
Nuclear isomers, 332 
Nuclear resonance, 324, 325 
Nuclear stability, 312-315 
Nuclear vibrations, 39 
Nuclei, size of, 298 
Nucleus, compound, 325 
Nuttal, Geiger-Nuttal relation, 319 

Odd states, 232, 246 
One-electron spectra, 237 
Optical branches, 218 
Organic dyes, color and resonance, 274- 
278 

Origin of elements, 347 
Ortho-deuterium, 303 
Ortho-helium, 242 
Ortho-hydrogen, 300 
Orthogonality of wave functions, 9-10 
Oscillator, harmonic, 193 
Overtones, 212 

Oxygen, paramagnetism of, 185 
Oxygen molecule, binding in, 88, 102 
Oxygen molecule ion, O 2 , binding energy 
of, 89 

P branch, 207, 208 
p state, 11, 233 
P states, 233 
states, 246 
n states, 246 

Palladium, hydrogen in, 179 
Para-deuterium, 303 
Para-helium, 242 


Para-hydrogen, 300 
Para-nitrogen, 304 
Parallel bands, 209, 253, 263, 267 
Parallel transitions, 253 
Paramagnetism, 185, 190-191 
Parity, 232 

PauU principle, 21, 35, 237, 239, 240, 
242, 300, 304 
Penetration factor, 322 
Periodic system, 22, 315, 316 
Perpendicular bands, 209, 253, 263, 267 
Perylene, resonance in, 111 
4' state, 246 

Phenol, resonance in, 122 
Phonon, 289 
Phosphorescence, 293 
Phosphorus, black, structure of, 129 
Photoconductivity, 171, 292 
Photoeffect, internal, 292 
Photographic process, 171, 172 
Photoneutrons, 326 
Planck’s constant, 2, 3 
Polarizability, anisotropic, 59 
electronic, 57, 68 
and light scattering, 220 
Polarizability ellipsoid, 60, 61 
Polarizability tensor, 60 
Positron, 123, 306 
Predissociation, 278-287 
Probability, 3 
Protons, 299 

Pyrene, resonance in, 110 
Pyroxene minerals, structure of, 130 

Q branch, 209 

Quadrupole radiation, 202, 234 
Quadrupole transitions, 204 
Quantum of charge, 2 
Quantum mechanics, 3, 4 
Quantum theory, 2, 3 

R branch, 207, 208 
Radiationless transitions, 278-287 
Radiative capture, 330 
Radicals, stability of, 120, 121 
Radioactivity, beta, 305, 306 
Raman effect, 220-227 
Raman spectrum, 216, 228 
Rare-earth elements, structure of atoms 

of, 27 
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Rare-earth ions, crystal structure of 
salt6 of, 260 
paramagnetism of, 186 
Rare-earth salts use in low-tcmpc'rature 
production, 187 

Rare gases, structure in solid state, 131 
Rayleigh scattering, 222 
Red dwarfs, 337 
Red giants, 337 
Residual valence, 137 
Resonance, 34, 112-122, 272-278, 324, 
325 

in metallic conductors, 17C 
Rotation, free, 230 
Rotational spectra, 202 
Hutherford law, 205 
Ritherford's model, 1, 2 

8 function, 8 
o functions, 87 
8 Slate, 8, 12, 233, 235 
S state, 233 
<r State, 87, 246 
S state, 246 
Scattering of light, 220 
Selection rules, 201-206,241, 254,266,270 
Selenium, structure of, 130 
Semiconductors, 171 
Silver iodide, structure of, 147 
Singlet state, 74, 240-242, 249 
Sodium atom, electronic spectrum, 237 
Sodium chloride, infrared sjwctrum, 219 
lattice energy, 140 
Specific heat, vihrationul, 228-230 
Spin, 34, 182, 184, 233, 238-241, 300 
Spin degeneracy, 74 
Stark effect, 243 
Stokes line, 223 

Structure of lighter elements, 22, 23 
SulfaU; ion, resonance in, 143 
Sulfite ion, shaix; of, 144 
Sulfur, structure of, 129 
Superconductivity, 169 
Superconductors, 102 
Supemovac, 346 

Superposition, of time-dependent func¬ 
tions, 17-19 
of wave functions, 9 
Surface effects, 180 
Synchrotron, 




Technetium, 315 

Tellurium, structure of, 130 

Tetrahedral carbon, 99 

Thermal condurlivit 3 ', 167 

Thomjus-Fermi model, 30 

Thorium 316 

Timc-<lei>oci<lent wave functions, 16 

Tolman effect, 149 

Transition elements, 30-33 

Triplionjd methyl, 120 

Triple buruls, 103 

Triplet state, 74, 240, 241, 249 

Tunnel effe e t, 38, 78-SO, 82-84. 318, 322 

Uncertainty priTiriple, 4, 5, IGI, 331 
Unshared electrons, 93 
Uranium fission, 319 

Valence, 71 

Valenei*-oil)itul meth<jd, M\, 92, 95, 9 (> 
Valence vibrations, 210 
Valences, direct<»d, 92-91 
Van de Graaf generator, 321 
Van der Waals forces, 63 
Van der Waals repulsion, 72 
Van der Waals solids, 120, 130-134 
Wetor-addition rule, 236, 237, 239 
Vibrations, deformation, 209, 210 
harmonic, 205 

normal, 194-198, 206, 210, 213, 218, 
229, 270 
nuclear, 39 

Water molecule, shai>o of, 94 
Water molecules, attraction between 
134-135 

Wave function, 3 

W^avc functions, time-dependent, 16 

Wave numlx*r, 200 

W^avc packet, 101 

W'a VC-par tide picture, 4 

W’hite dwarfs, 337 

Work functions, 180, 181 

X-ray diffraction, 41 

Zeeman effect, 243 
Zero line, 204 

2Jero point energy, 39, 40, 194 
Zinc sulfide, structure of, 146 
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